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OPINIONS OF THE PRESS. 

"Mr. Sonnenscbein is a pupil, and a tboroiighly taagbt pupil, of ICr. De Mor- 
gan's, and it is scarcely necessary to say more in order to oonrince aJl who know 
Mr. De Morgan's works that there is nothing like half -digested work in this arith- 
metic. This first part of Mr. SoAnenschein*s book is admirable of its kind, and 
better fitted for oidinaiy school use than Mr. De Moi^n's Arithmetie, which is 
more suitable to students and teachers. Brevity and lucidity in the exposition of 
principle are its main characteristics as a scientific book ; and great care in the 
explanation of simple practical rules for shortening or verifying calculations is its 
main characteristic in reference to the art of computation. It gives a clear proof 
of all the rules, — insisting on the exact meaning of the various operations and their 
interpretation, — and contains a remarkably good chapter on the general properties 
of numbers, so &r as they can be explained to beginners who have only mastered 
the arithmetic of integers. It is hardly possible to speak tbo well of this little book, • 
which we have examined very carefully.** — Spectator, 

'* . . . Nor should we notice this lucid and clever work, except with a word of 
commendation in our short notices, but for the chapter on the ready decimaliza- 
tion of our weights and measures, which is worth the attention of all calculators. . . . 
Still, it is an ingenious suggestion to decimalize all the different tables of weights 
and measures by observing the analogies between the relations of those tables and 
those of the money table, and so making one rule do for all alike. . . . We should 
add, as we have noticed a x>articular chapter in this excellent arithmetic, that the 
book is throughout good, though some portions of it are better adapted for the use 
of teachers than for the use of pupils. These portions, however, can easily be 
omitted by the pupil until he is sufficiently advanced. The thoroughness of the 
methods of proof is exceedingly praiseworthy.'* — Spectator, 

''Forty years have elapsed since the appearance of Prof. De Morgan's 'Elements 
of Arithmetic,' at a time when perhaps few teachers, as they submitted the rules 
of the science to their pupils, cared to establish them upon reason and demonstration. 
The effect of this work was that a rational arithmetic began to be taught generally, 
and the mere committing of rules to memory took its due subordinate position in 
the course of instruction. Such a method of treatment will go far to develop and 
exercise the reasoning powers, and in the case of many pupils, there is hardly any 
other subject which can so well be made a groundwork for the exercise of the reason- 
ing faculty. The book before us is avowedly drawn up in agreement with the prin- 
ciples of Mr. De Morgan's work, and the aim of the authors is to lead the student 
'to the discovery of the several rules by some path such as an original discoverer 
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might £ft^ tiaTeVed.' lb. this first part, whic^ treats of Integral Aritbmetic, we 
eengider tlutt they bave carried oat their principles successfnlly, and hop6 they will 
succeed as well with the remaining two parts, which are to embrace respectively 
Vulgar Fractions and Approximate Calealations. The roles enunciated are few 
and tersely given ; there is a great store of illustration ; elementary difficulties are 
well stated and honestly grappled with, and cleared up in a way that brings the 
subject to the level of the capacities of junior students ; at the same time advanced 
as well as young teachers may gather much that is useful from the book. A reader 
who has carefully gone through the work, can hardly fail to master the early details 
of the science ; if he fail, it will not be the fault of the authors. The subjects 
treated of are numeration, modes of computation, the so-called first four rules, 
contracted operations, scales of notation, and properties of numbers. Under this 
last division we have much valuable matter grouped under the several heads of 
Divisibility of Numbers, Casting out Nines, Resolution into Prime Factors, Greatest 
Common Measure, and Least Common Multiple. Throughout and at the end of tho 
work occur numerous examples, very varied, all of which are carefully arranged, 
and many fully worked out in two or more ways. With this short analysis of the 
contents, we heartily commend the work to teachers generally, assuming, of course, 
that thay will regulate their use of it in proportion to the requirements of age and 
ability (^ their pupils. Tha work is neatly got up, and we have detected hardly 
any errata." — Nature, 

''The authors of this excellent school arithmetio are to be congratulated on 
lukidng brought their work to a successful termination. . . . The same good arrange- 
sotent, ample store of illustration, and copious examples for practice, are to be found 
m. this volume as had place in the first. ... In this Volume we have more advanced 
subjects treated in like manner. But an analysis of the contents will give a good 
idea of the work. Under Part IL we have the subject of Vulgar Fractions clearly 
treated, with applications to Practice, and a chapter which treats of Proportion, 
the Chain Eule, Compound Proportion, and Proportional Parts. In Part III. are 
chapters on Converging Fractions, Decimals with their properties, and several 
applications to Money, Weights, Measures, &c., the Metric System, Progressions, 
Interest, Discount, Stocks, Evolution, and a good chapter on Arithmetical Compie- 
ments. There is also a chapter in which we have Continued Product to a given 
limit. Compound Interest, Equation of Payments, Complex Decimals, Duodecimals, 
and International Calculations. At the end of the work are given 250 Miscellaneous 
Exercises. There is enough here to satisfy any youthful arithmetician, and the 
methods sinployed are the 'latest out.' The complete work gives ample evidence 
that it is the composition of men who have given much time and thought to the 
subject, and have had much tuitional experience." — Nature, 

<< Decidedly' the clearest, most useful, and easiest method we have seen of teaching 
the principles and practices of arithmetic. It combines the excellences of Colenso, 
De Morgan, and Barnard Smith, with excellences peculiar to itsell" — The Rock. 

** It is a very original and well-reasoned system of educating the mind by means 
of numbers. The authors, working upon the principle ' that the student must be 
led to the discovery of the several rules by some path such as an original discoverer 
might have ti-a veiled,' have really begun at the beginning and logically deduced one 
8tep from another, making all so clear as they proceed, that the merest beginner 
should understand not merely the * how' but the * why.' It is perfectly true that 
more time and space than some may judge necessary are occupied in presenting 
what is merely one and the same fact under differwit aspects, and that what appears 
to be a complete system of arithmetic may be, and often is, packed into less space 
Uban the volume before us, which is but the first of three parts. Those, however, 
Ifho have any experience in teaching, or perhaps remember their own difficulties in 
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working by nile of ^tmA, will entirely agree with the anthon tbai progreai is not 
mere advance from role to rule. Any process onoe properly realized can never be 
quite forgotten, and to impart to students what our authors term ' a thorough and 
all but visual realization of each process,' should be the aim of every teacher. They 
can scarcely have a more efficient book to ^ork with than that of Messrs. Sonnen- 
schein and ITesbitt." — Standard^ 

''Some little time aa» we'ctew attention to Fart I. of Messrs. Sonnenachein 
and Nesbitt's S(j|||jiptf ''aiii ^rt of Arithmetic We have now Farts II. and III., 
dealing witb vulgarffi^ctions and approximate calculations, in which again we notice 
an independence of thought and originality of treatment which go far to shew how 
little the educational value of arithmetic has hitherto been understood." — Standard. 

'' If we mistake not, Messrs. Sonnenschein and Nesbitt's volume will altogether 
revolutionize the old methods of teaching what has hitherto been supposed a dry 
study. It is divided into three parts, viz., 'Integral, Vulgar Fractions, and 
Approximate Calculations.* New methods are given for very rapid, and in most 
cases, 'mental,* decimalization of money, weights and measures to any assigned 
degree of accuracy, and for the ready intro-conversion of the coins, weights, and 
measures of different nations. The volume must supersede the old-fashioned 
methods, and will be invaluable to young teachers, as well as learners, and will 
rapidly make its way as 'the* text-book of arithmetic.'* — Naval and Military 
Gazette, 

"This is a work on Arithmetic of a peculiar, and in some respects an original 
character. Following in the steps of Frofessor De Morgan, the chief aim of the 
authors in explaining the rationale of the various arithmetical processes is not to 
give logical demonstrations of the several rules which a student is required to learn, 
but to carry him along some ^uch path of reasoning as must have been travelled by 
an original discoverer ; the present concise and conventional processes being unra- 
velled, so to speak, and traced up to their first principles. .... There is much to 
recommend in this view of teaching arithmetic ; for, as the authors remark in the 
preface, no subject is so well fitted as this for the early training of the reasoning 
powers, ' principally because the student is enabled, without apparatus of any kind, 
steadily to test all his d priori conclusions by the light of experience.* "-^Edttca" 
tiondl Times. 

"This is the second part of a treatise on Arithmetic, the first of which has been 
already favourably noticed in these columns. The subject of Fractions is here taken 
up and treated with the fulness and completeness due to the important place it 
occupies as the Key-stone of Arithmetic. ... In dealing with Decimals the authors 
have introduced the principle of 'Approximate Calculations,* by means of which 
much trouble is saved in working out results. ... It is here that the great utility 
and simplicity of Decimals is seen, and the book before us does good service in 
giving prominence to this feature. ... We are disposed altogether to entertidn a 
high opinion of the merits of this work. The way in which it leads up to the 
various rules, by mental calculations and other preparatory steps, which serve to 
- break the difficulty felt by the young learner, and its general adherence throughout 
to the best principles and methods of teaching, distinguish it as a work out 6t the 
common run on treatises of School Arithmetic.** — Educational Times, 

"We have no hesitation in saying that the right note has been struck by the 
authors of the little book, a second edition of which lies before us. . . . We are 
happy to conclude with an assurance that, take it as it is, the work of Mesara. 
Sonnenschein and Nesbitt is the best in the language on the subject of which it 
iresi,ts,"-~Inquirer. 

London : Whiiiaeeb & Co., Ave Maria Lane. 



Answers to the Exercises to be had on application to the Pub- 
lishers, price : 

Part L, in paper covers, 6d. 
^ Parts IL& III, „ 9d. 

Complete, in doth, 1«. 6d, 
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PEEPACE TO THE FIRST EDITION. 



There is no need now to insist on a rational study of Arithmetic. 
It is admitted on all sides that no subject is so well fitted for the 
early training of the reasoning powers, and principally because the 
student is enabled, without apparatus of any kind, steadily to test 
all his a priori conclusions by the light of experience. In History, 
Physics, and even in Language, the student must have premisses 
supplied him; but his Mathematical studies can all be ^^ evolved 
from his inner consciousness.*' 

Ever since the pernicious plan of teaching by mere rote and rule 
of thumb was abandoned, the teaching of Elementary Mathematics 
has steadily risen towards higher levels, and we may perhaps be 
allowed to note down some of the most remarkable stages. A certain 
school of teachers very early felt the necessity of enlisting the child's 
reason on their side ; but the means they adopted were not always 
wise or even honest. In a modest little work on Vulgar Fractions, 
which is otherwise very meritorious, we find the following " proof" 
of the formula -f- =^^ :— 1 = 8 =|= « = « =| = |, &c. If of | both 
terms be multiplied by 3, we obtain |- ; by 4, f ; and so on. If, on 
the contrary, of |^, both terms be divided by 5, we obtain, f , &c. ; 
hence (!), &c. &c. 

We can imagine that inexperienced children would readily give 
their assent to such a proof; but the teacher ought to have known, 
1st, that f , f , ^, &c., are only integers very thinly disguised as frac- 
tions, and that it does not follow that what is true of integers is 
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necessarily true of fractions ; 2nd, that from this proof we might 
equally deduce -| = -?^-^ which, though true for these disguised 
units, is false for fractions. 

Another school of teachers have resolutely shrunk from such 
slurring over of difficulties, and are satisfied with nothing short of 
irrefragable proof. This is, of course, a great step in advance, but 
they fail in one point. The proof in each case, is given to the 
student, and he has to learn it. Now following and even mastering 
and remembering a chain of reasoning, though it certainly is an 
instruotion and e^en a discipline, is not yet true education. 

The discipliBS of Professor De Morgan well know that **each new 
notion to be acquired must be attached to and assimilated with the 
notions already existing in the mind." The logical consequence of 
this maxim is, that the student must be led to the discovery of the 
several rules by some path such as an original discoverer might 
have travelled. Thus each rule furnishes the vai&oai ditre of its 
successor ; for example, Subtraction must lead through Cumulative 
Subtraction to Division, which, in its turn, leads to Fractions, and 
theise again lead to the idea of Eatio and Proportion. How absurd, 
then, were those systems which taught Proportion before Fractions; 
. the advanced notion before the earlier one ! The steady educing of 
new and wider notions from old and narrow ones is true education^ 

Some might object to this method as being slow ia shewing results. 
Even though we must admit the necessity of " payment by results ;'* 
yet we hold that for educational purposes the " seeking of the truth 
is worth more than the finding of it." In other words, Processes are 
worth more than Eesults ; the highest wages of work is work itself. 

But we deny that the method of teaching here advocated is slow and 
barren of lesulto. Progress is not synonymous with mere advance 
from rule to rule. A thorough and all but visual realization of 
<iach process, gives ,the young student a feeling of power and per- 
fect mastery, which obviates the necessity of perpetual recapitu- 



PREFACE TO THE FIRST EDITION. 

lation. An experience of upwards of twenty years has shewn us 
that the more nearly we have at any time approximated to this our 
ideal, the better the results have been, even when subjected to the 
severe test of a competitive examination. 

In the following pages we have endeavoured to carry out these 
principles. The attempt is doubtless imperfect enough; but all 
shortcomings we trust will be treated indulgently, if we have 
made but one step further in the right direction. The book is 
intended to guide young teachers ; for although the pupil must use 
the work for the sake of the examples, he is pretty sure not to read 
the letter-press. We hope, however, that the teacher will find his 
work, if not lessened, at least rendered easier by it. The sequence 
of Chapters is not necessarily a sequence of lessons ; indeed, we 
should recommend that two or more Chapters be taken in hand 
simultaneously. 

The First Part treats of Integral Arithmetic purely ; the Second 
Part, of Vulgar Fractions and the notions immediately deduced from 
them. The Third Part is devoted to Approximate Calculations, and 
new methods are given for very rapid, and in most cases mental 
decimalization of money, weights and measures, to any assigned 
degree of accuracy, and for the ready interconversion of the coins, 
weights and measures of different nations. Wo have reason t<r 
believe that these methods will prove a considerable boon to the 
commercial world. 

A. SONNENSCHEIN, 
H. AETHUR NESBITT. 

Jan. 1870. 
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We think it desirable to make to teachers using this book the 
following suggestions, the results of our own experience : 

1. In teaching the series a — as (pp. 9, 10), ask questions after 
each series upon that and all the preceding series, and also give rows 
of digits for addition similar to that given in § 3, p. 11, adapted to 
the stage arrived at ; e. g. at the stage m, ask questions such as the 
following: 25 + 41 37 + 61 28 + 21 91 + 31 &c.; and ^vrite on 
the board a row of digits for addition containing no numbers higher' 
than 6 ; e.g. 2, 5, 3, 1, 4, 2, 1, 5, 3, 6. Ans. 32. 

2. Give much practice in Notation. The Answer-book will fur- 
nish numerous examples. Also in Analysis. (Ch. I. p. 7.) 

3. "We have altered the note on p. 4, to which we invite special 
attention. 

4. Insist upon constant examination and interpretation of results, 
so as to preclude the possibility of receiving answers manifestly 
absurd. The answers to Ex. XX. (I) and (2) are 135 times and 
217 articles respectively, and not vaguely 135 and 217, which num- 
bers some pupils are tempted to treat as money. Again, the answer 
to (16), p. 165, cannot possibly exceed 10^. 9|c?. per gallon, nor fall 
short of 7s, 6d. per gallon ; and pupils should, wherever possible, 
be required to verify results by some rough guess at the answer that 

might have been expected. 

A. SONNENSCHEIN. 
Feb. 1878. H. A. NESBITT. 



PKEFACE TO THE THIED EDITION 



Since the publication of the Second Edition of Part I., we have 
published our "ABC of Arithmetic," in which we have given a 
full analysis of the Multij^lication Table. We have consequently- 
omitted from the present edition the portion of this analysis given 
in former editions. 

To accompany the " AB C of Arithmetic" we have also published 
an Apparatus, described in the note on p. 4, infroi. 

Guided by our experience in using the book, we have made the 
following additions : 

1. In Ex. XIY. two diflferent processes had been treated together; 

these have been separated by premising Exercises XIV. (a) 
and (6), the former Ex. XIY. becoming XIV. (c) ; p. 62. 

2. A paragraph on " Continued Product" has been introduced on 

p. 65. 

3. To bridge over the passage from Ex. XIX. to Ex. XX., we 

have added Ch. VII. § 4 (p. 78), and a corresponding Exer- 
cise, viz. Ex. XX. (a). 

4. Casting out elevens has been transferred from the Preface of 

the Second Edition to the body of the book, p. 137 ; and a 
comparison of the relative values of the tests by casting out 
nines and elevens is given, p. 159. 

5. Criteria for divisibility of numbers has been applied to £. s, d, 

p. 160. 
Instead of Ex. XXV I. of the First and Second Editions, we have 
given an application of the same principle of more general utility, 
p. 99. 

The Table of Contents has been amplified. 

A. SONNENSCHEIN, 
Apbil, 1876. H. A. NESBITT. 
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ARITHMETIC. 



CHAPTER I. 
NUMERATION AND NOTATION. 

1. The word Arithmetic is derived from the Greek word Arithmott, 
number, and designates the study of number. It divides itself 
naturally into two branches, viz. such calculations as can be done 
without the aid of signs or symbols, and such as require this aid. 
The former is called Mental Arithmetic ; the latter. Slate Arithmetic, 
or, more properly, Written or Symbolic Arithmetic. It is of this 
latter branch that we propose chiefly to treat. 

2. The word symbol also is Greek, and has the same force as the 
Latin '* sign" or the Germanic " mark ;" the figures, 1, 2, 3, &c., 
being symbols, signs or marks of their respective quantities. Sym- 
bols have a language of their own, amenable to all the rules of logic, 
to the illustration of which rules they are especially adapted ; and 
we are endeavouring, in the study of Arithmetic, to acquire a first 
knowledge of this peculiar language. 

3. When we reckon with counters, say pebbles, each pebble may 
be made to represent one or more things : if we had, for example, 
to sum up the number of oxen in two herds, we might count two 
collections of pebbles, each of which should be equal in number to 
one of the herds of oxen. There would be no connection between 
a pebble and an ox further than this, that the pebble is a represen- 
tative or a symbol for the ox. Similarly, written strokes or dots may 
be made to render a like seiTice, and hence our whole system of 
Symbolic Arithmetic. [The word calculation is derived from the 
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Latin calculus, a pebble, and the professional calculator in ancient 
Eome, by means of slave labour, adopted some such mechanical 
method of computation.] 

4. The first step necessary to an advance in this study was to 
agree upon a fixed set of symbols, which should be the alphabet of 
the common language. Several such attempts have been made ; the 
two sets of symbols in present use are the Eoman and the Arabic. 
The principal Eoman symbols are I, V, X, L, C, D, M, signifying 
respectively one, five, ten, fifty, one hundred, five hundred, and one 
thousand. * 

Exercise A. 

Eead from the board the following : 

XII, XXV, XXXVIII, L, LX, LXV, LXXin, LXXXVII, C, 
CC, CCL, CCCLX, CCCCni, D, DL, DCLXXXVI, M, MC, MD, 
MDC, MDCLXXXVIII, MDCCLX, MDCCCXV,MDCCCLXVIL 

5. The Eomans made a remarkable addition to their scheme of 
notation, by making the function of the symbol occasionally depend 
on its position : thus, VI denotes fiYQ cmd one, or six ; but IV 
denotes five diminished by one, or four. If, then, the smaller quantity 
precede the larger, it is to be taken away from the larger; if it 
follow, to be added ; consequently, XL denotes forty, and LX sixty. 

E^ROISE B. 
Eead from the board : 

XL, LX, XC, CX, MDXCIV, MDCCLXXXIX, MDCCCXLVIII, 
MDCCCLXIV. 

6. These symbols are of little use for complicated calculations, for 
many reasons, but chiefly for this ; that their value depends on their 
shape, and not at all on their position. The set of symbols in 
common use relies for its power of expressing any number, however 
large, almost exclusively on the artifice that the value of each figure 
increases tenfold for every place it is moved further to the left, and 
this has entailed the necessity of introducing a symbol for notMn^, 

* For an account of the origin of thes« and other numerical symhols, see Penny 
Cyclop., art. Numeral Characters* 



0^. l] ]fUSCBRATION AND NOTATION. 3 

yIz. 0,* and so important is this symbol, that from the word cipher, 
the whole art has derived its name, Ciphering. These symbols are 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and they are called Arabic Figures, because 
they came to us from the Moors of Spain, the most cultivated people 
of t3ie Middle Ages. They, however, were not the inventors, having 
received them from the Hindoos,+ among whom they were in use 
about the commencement of the Christian era. 

7. We may write down any number with only two symbols, viz. 
and 1, if we agree that the value of the symbol 1 shall be doubled 
every time we move it one step further to the left. Thu% 

ome = If 

two = 10, 

three =: 11, being one two and one. 

four zz 100, „ a double two. 

five =: 101, „ a double two and one. 

six :zr 110, „ a double two and a two. 

seven z=z 111, „ a double two, a two, and one. 

eight = 1000, „ the four doubled, &c. 

Exercise C. 

Write down all the numbers up to 65 on this system of nota- 
tion, which is called the Binary Scale, from the Latin Uni, two at a 
time. 

8. Similarly we may write down any number with three symbols, 
viz. 0, 1, 2, if wo agree that the value of each symbol shall be trebled 
every time we move it one step further to the left Thus, — 

one =1 six rz: 20 

two zz: 2 seven in 21 

three = 10 eight = 22 

four = 11 nine nz 100 

five =: 12 &c. 

* Bead naughtf wbich means nothing, and not a/ugJitf wMck means amifthinff 
(cf. "For aught I know"). 

f ** Dutch" clocks only come from Holland, but are made in the Black Forest ; 
similarly " Hamburg" grapes come from Hamburg, but do not grow there, 

b2 
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9. Or we may employ the four symbols 0, 1, 2, 3, if we agree 
that the value of each symbol shall be quadrupled every time we 
move it one step further to the left 

10. The Scale of dotation requiring three symbols (0, 1, 2) is 
called the Ternary Scale ; that with four symbols (0, 1, 2, 3) the 
Quaternary Scale. Similarly we have the Quinary, Senary, Septe- 
nary, Octonary, Nonary, Denary or Decimal, Undecimal, Duodecimal 
Scales, &c., requiring respectively 5, 6, 7, 8, 9, 10, 11, and 12 
symbols. The Undecimal and Duodecimal Scales would of course 
acquire new symbols, viz. for ten in the Undecimal, and for ten 
and eleven in the Duodecimal Scale, The most useful of all these is 
the Decimal Scale, because, owing to our having ten fingers, we count 
by tens ; thus eleven means one and ten ; twelve means two and 
ten; thirteen means three and ten; fourteen, four and ten, &c ; 
twenty means twain tens ; twenty-one, two tens and one, &c. 

Exercise D. 

On the Ternary Scale write all the numbers up to 82 ; on the 
Quaternary, up to 65 ; on the Quinary, up to 126 ; on the Senary, 
to 37 ; on the Duodecimal (making t stand for ten and e for eleven), 
up to 145, 

NoTB. The teacher will find it advisable to deal with concrete rather than with 
abstract numbers. The authors have published an apparatus consisting of : (a) a 
small case opened by an upper and lower lid ; the upper compartment contains one 
hundred cubes, a centimetre each way; the lower, twenty " staves," each ten times 
the size of a cube, and one " plate," ten times the Rize of a stave, or a hundred times 
the size of a cube: (6) a box containing ten such plates, equivalent to a hundred 
staves, or a thousand cubes : (c) a long box containing frameworks to illustrate ten 
thousand, a hundred thousand, and a million. This apparatus will also be found 
useful at many stages of the whole course of Arithmetic. — Sec the A B C of Arith- 
metic, Fart II., Appendix. 

11. On Decimal Notation. 

(a) Write down all the numbers up to one hundred. 

<6) Head off 43. 

Question, Why does this represent 43 and not 7 1 
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AnswerJ* Because in the Decimal Scale the value of the symbol is 
increased tenfold by moving the symbol one place to the loft, so the 
4 represents four tens, the 3 three units ; [or on the apparatus, 43 
stands for four staves and three cubes.] 

a If you had to arrange 43 marbles in heaps of ten each, how 
many such heaps would there be 1 

A. Four heaps, and three marbles over. 

Q. Would not the three marbles give another heap % 

^. No ; I am seven marbles short. 

Q, If these seven marbles were added, how many heaps of ten 
would there then be % 

A. Five heaps. 

Q, Write that down. 

A, 50. (And so on with other numbers under one hundred.) 

Q. Kead off 99. 

A, Ninety-nine. 

Q. Why ninety-nine, and not eighteen f 

A. Because it means nine tens and nine ones. 

Q. If you had to draw ninety-nine pounds £:om the Bank, how 
many ten-pound notes should you receive ? 

A, Nine ten-pound notes. 

Q. And nothing more 1 

A, Tes, and nine sovereigns in gold. 

Q. Would not these make up another ten-pound note f 

-4. No ; I should be one pound short. 

Q, If that pound were supplied, how many ten-pound notes would 
you then have 1 

A, Ten ten-pound notes, t 

Q, Write that down. 

A. £100. 

* These answers will not be obtained fully at first. The questions must be so 
amplified as to lead to them, the requisite amount of amplification depending on 
the ability of the class ; but the subject sbould not be carried farther until each 
■tep is thoroughly mastered. 

t NeTer allow the answer '*ten,*' but insist on a reply to the question, *Hen 
vlnt f Am, Ten ponnds, ten times, &o., as the case may be. 
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Q. How mzmy tens are there in one hundred f 
A. Tentena 

Q, How many units are there in one huadred f 
A, One hundred units, 
a Bead off 173. 

A, One hundred and seventy-three. 

Q. Why should this mean one hundred and seventy-three, and 
not eleven ] 

A, Because it means one hundred, seven tens, and three ones. 

Q. If 173 marhles were arranged in heaps of ten marbles each, 
how many such heaps would there be 1 

A, Seventeen heaps and three marbles over. 

Q. Prove it. 

A, Because one hundred gives ten tens, and seven more tens are 
seventeen tens. 

[Q. Eepresent this quantity on the apparatus. 

A. One plate, seven staves, and three cubes. 

Q. Would not these three units give another ten ? 

A. No j there «re seven units short. 

Q. If these seven units were added, how many tens would yon 
then have ? 

A, Eighteen tens. 

Q. How many hundreds can be o'btained from 173 units f 

A. One hundred, and seventy-three imits over, 

Q. Would not the 73 units yield another hundred. 

A, No ; I am twenty-seven units short. 

Q. If these 27 units were supplied, how many hundreds would 
you then have 1 

A, Two hundreds. (And so on with other numbers under one 
thousand.) 

a Eeadofe999. 

A, Nine hundred and ninety-nine. 

Q. Why should this mean nine hundred and ninety-nine, and 
not twenty-seven ? 

A. Because it represents nine hundreds, nine tens and oiue units^ 
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Q. If 999 matbles were aaranged in heaps of ten, how many such 
heaps wonld there be ? 

A, Mnety-nine heaps of ten, and nine marbles over. 

Q. Prove it. 

A. Nine hundreds yield ninety tens, and nine more tons make 
ninety-nine tens. 

Q. Would not the nine units which are over give another ten ? 

A. Xo ; I am one unit short. 

Q, If that unit were supplied, how many tens would you then 
have? 

A. One hundred tens. 

Q. How many hundreds could you get out of 999 marbles ? 

A. Nine hundreds, and ninety-nine marbles over. 

Q, Would not these ninety-nine marbles yield you another hun- 
dred] 

A. "No; I am one marble short. 

Q. If that marble were supplied, how many hundreds would you 
then have 1 

A. Ten hundreds. 

Q. Write it down, 

A, 1000. 

Q. Ecad off 5743. (And so on with numbers under 10000, as 
was done with the numbers 43 and 173.) 

After some practice the pupils can be trained to answer as follows : 

Q. Eead off 5872. 

A. Five thousand, eight hundred and seventy-two units ; or five 
hundred and eighty-seven tens, and two units over, wanting eight 
units to make up 588 tens ; or fifty-eight hundreds, and seventy- 
two units over, wanting 28 units to make up fifty-nine hundreds ; 
or five thousands, and eight hundred and seventy- two units over, want- 
ing one hundred and twenty-eight units to make up six thousands. 

Next, treat 9999 as 99 and 999 have been treated, and work as 
before till all numbers under 100000 are rendered familiar. Next, 
treat 99999 and numbers up to 1000000 similarly. Beyond this it 
will not be found necessary to go, because higher numbers are very 
rarely required, and if they are present no new difficulty. 
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12. The following table of symbolic headings to the several 
columns should be leamt by heart gradually, as the necessity arises, 
during the progress of the study of section 11. 

X =X.I 
C =X.X =0.1 
M =X.C =C.X =M.I 
XMzzXM =:C.C =M.X=XM.I 
CMz=X.XMz=C.M =M.C =XM.Xz=CM.I 
MM or M2 = X.CM =: C.XM = M.M = XM.C = CM.X = M^.I 

Note. This table is read : 
Ten equals ten times one. 

One hundred equals ten times ten, equals a hundred times one. 
One thousand equals ten times a hundred, or a hundred times ten, or a thousand 

times one. 
One ten-thousand (a myriad) equals ten times a thousand, or a hundred times a 

hundred, or a thousand times ten, or ten thousand times one. 
One hundred-thousand (a lac) equals ten times a ten-thousand, or a hundred times 

a thousand, or a thousand times a hundred, or ten thousand times ten, or a 

hundred thousand times one. 
One million equals ten times a hundred-thousand, or ahundrcd times a ten-thousand, 

or a thousand times a thousand^ or ten thousand times a hundred, or a hundred 

thousand times ten, or a million times one. 
[Point out that just as a balloon is a big ball, a saloon a big salle, so a million is a 

big miUe, viz. a thousand thousand, and that this nomenclature is analogous to 

the word gross, a big dozen, viz. a dozen dozen.] 

13. Hitherto we have treated Numeration analytically ; we pro- 
ceed to the synthesis. 

Learn by heart : Teii is a one-ciplier number occupying the second 
place. 

Write down forty, seventy, ninety, sixty-eight, fifteen, thirty-niiio, 
&c. 

A hundred is a two-cipher nwmber occupying the third plac-e. 

Write down one hundred, five hundred, seven hundred, eight 
hundred and forty -three, seven hundred and fifty-nine, six hundred 
and twelity, six hundred and two, two hundred and six, two hundred 
and sixteen, six hundred and twelve, six hundred and twenty-one, 
&c. 

A thousand is a three-cipher number occupying the fourth place, a 
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ten thousand a four-cipher number occupying the fifth place, a hun- 
dred thousand a five-cipher number occupying the sixth place, and a 
million a six-cipher number occupying the seventh place, [The whole 
subject of Numeration and Notation is more fully treated in the 
« A B C of Arithmetic," Parts I. and IL] 

14. Unity followed by any number of ciphers exceeds by unity 
the quantity expressed by the same number of nines : thus 1000 
exceeds 999 by 1 ; and since the largest numbers by which each of 
the places can be filled up is 9, unity in any place is always greater 
in value than all that is to the right of it. 



CHAPTER IL 
ON MODES OF COMPUTATION. 

1. To read off numbers with fluency, group them into periods of 
throe, making the units' figure the last figure of a period, and remem- 
bering that the lowest period of three is read off as units, the next 
as thousands, the next as millions, and so on ; e.g. 378,894,216 wijl 
bo read off 378 millions, 894 thousands, 216. 

The same method of grouping quantities will be found advan- 
tageous in writing numbers from dictation. 

2. Learn to count as follows, uttering the icords as fast as you can 
talk : 

a. 1, 2, 3, 4, 5, &c. up to 100 h. 1, 6, &c. up to 101 

101 I. 2, 7 102 



h. 

e. 


1, 3, 5, 7 

2, 4, 6. 8 


d. 

€. 


1, 4. 7. 10 

2, 5, 8, 11 

3, 6, 9, 12 


9- 
ft. 
i. 


1, 5, 9 

2, 6,10 

3, 7,11 

4, 8,12 



100 m. 3, 8 103 

n. 4, 9 104 

0. 5, 10 100 



100 
101 

102 i>- 1» 7, 13 103 

5r. 2, 8, 14 104 

101 r. 3, 9, 15 105 

102 t, 4, 10, 16 100 

108 I. 5, 11, 17 101 

100 tt. 6, 12, 18 102 
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v» 


1, 8, 15, kc. np to 


106 


ah. 


6, 14, 22, frc up to 


102 


to. 


2, 9,16 


100 


a». 


7, 15, 23 


103 


X, 


3,10,17 


101 


aj. 


8, 16, 24 


104 


y- 

z. 

aa. 

ah. 


4,11,18 
6, 12, Id 

6, 13, 20 

7, 14, 21 


102 
103 
104 
105 


ok. 
al. 
am. 
an. 


1, 10, 19 

2, 11, 20 

3, 12, 21 
^, 13, 22 


100 
101 
102 
103 


ae. 


1, 9,17 


105 


ao. 


5, 14, 23 


104 


ad. 


2, 10, 18 


106 


op. 


6, 15, 24 


105 


ae. 


3, 11, 19 


107 


aq. 


7, 16, 25 


106 


9f. 


4, 12, 20 


100 


ar. 


8, 17, 26 


107 


Off. 


5, 13, 21 


101 


as. 


9, 18, 27 


108 



Learn the series a, 5, and c backwards. 

The following ring will facilitate the learning of the series, for 
the addition of threes, fours, fives, sixes and sevens, viz. d — /, g—j\ 
k — 0, p — w, and v — ah. 




For d^ e,/, begin with 1, 2, 3, respectively, and read off the suc- 
cessive figures, travelling with the hands of a clock, the ring supi)ly- 
ing the figures in the units' place only. 

For g, h, % j, begin with 1, 2, 3, 4, respectively, taking every 
alternate figure, but travel in the direction opposite to the hands of 
a clock. 

For hy I, m, n, o, begin with 1, 2, 3, 4, 5, respectively, and alter- 
nate with the figure diametrically opposite. 

For 2?, g, r, s, t, u, begin with 1, 2, 3, 4, 5, 6, respectively, taking 
every alternate figure, and again travelling toith the hands of a clock. 
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For t;, w^ x, y, 2, aa, ab, begin with I, 2, S, 4, 5, 6, 7, respectively ; 
take every figure, but travel in the qpposUe direction to the hands 
of a dock. 

For ac — aj, begin with 1, 2, 3, 4, 5, 6, 7, 8, respectively, and 
remembering that 8 is 10 all but 2, add 10 and deduct 2. 

To add nine, ak — asj add ten and deduct one. 

In the series ak — as, note that the ultimate sum of the digits 
(separate figures) of each number equals the initial number of the 
series; e.g. 7, 16, 25, 34, 43, 52, 61, 70, 79, 88, 97, 106, &c. 
7 = 7, 1 and 6 = 7, 2 and 5 = 7, &c.; 7 and = 7, 7 and 9^16, 
but 1 and 6 again = 7, 8 and 8 = 16, and 1 and 6 = 7, &c. 

Or take ak: 1, 10, 19, 28, &c. :— 1 = 1, 1 and = 1, 1 and 9 = 
10, but 1 and = 1, &c. 

Or take as: 9, 18, 27, 36, 45, 54, 63, 72, 81, 90, &c Com- 
mencing with 9, we have 1 and 8 = 9, 2 and 7 = 9, &a 

3. Question, Add the digits of :— 7, 9, 3, 6, 2, 4, 7, 8, 5, 1, 2, 9, 
3, 7, 1, 6, 8, 5. 

Answer, Ninety-three. 

Q. Add aloud. 

A, '' 7, 16, 19, 25, 27, 31, 38, 46, 51, 52, 54, 63, 66, 73, 74, 80, 
88, 93." 

N.B. Never allow '* 7 and 9 are 16, 16 and 3 are 19, 19 and 6 are 25," and so 
on, as this wording is fatal to rapidity. 

4. Casting out Nines. Add the above series, rejecting nine as fast 
as it is obtained, and therefore disregarding the figure 9 itself when- 
ever it occurs ; thus : 7 (omitting 9) and 3 is 10, rejecting 9 leaves 
1, and 6 is 7, and 2 is 9, rejecting this leaves 0; 4 and 7 is 11, 
rejecting 9 leaves 2, and 8 is 10, rejecting 9 leaves 1, and so on. 
Wording: 7, 10, 1, 7, 9, 0, 4, 11, 2, 10, 1, 6, 7, 9, 0, 3, 10, 1, 2, 
8, 16, 7, 12, 3. Now it will be found that the ultimate sum of 
the digits of the result (in this case 93) will also be 3. That this 
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coincidence always holds will be proved further on, and it is a 
useful test of the correctness of the addition. Practise examples on 
§§ 3 and 4 until very great fluency is obtained. Time spent on this 
subject will be found a most profitable investment for the teacher, 
and still more forthe pupil, who will after this one effort be relieved 
of much irksome drudgery in subsequent operations. 

5. On Dozens. One shilling is worth twelve, or one dozen, pence, 
therefore every dozen articles will cost as many shillings as each 
article costs pence ; e. g. if 1 article costs 7 pence, a dozen costs 7 
shillings ; if 3 pence, 3 shillings ; if 9 pence, 9 shillings, and so on. 

Exercise E. 

Case I. Find the cost of a dozen things at 2 pence each. Ans. 2ii. 

„ „ 4 pence „ 4^. 

„ ^ 8 pence i, Stt, 

„ „ 5 pence „ 5*. 

Case II. Find the cost of a dozen things at 1 shilling and 2 pence 
each. One shilling is 12 pence, one shilling and 2 pence is 14 pence, 
so the dozen costs 14«. 

Exercise F. 



J> 




99 


J» 




n 


Learn by heart : 




(1) 1 shilling : 


= 12] 


[)ence. 


2 shillings. 


.. 24 




3 


.. 36 




4 


.. 48 




5 


.. 60 




t; 


.. 72 




7 


.. 84 




8 


.. 96 




9 


..108 




10 


..12T) 




11 


..132 




12 


.144 





Is. 5d. each. 


Ans 


.17«. 


\8. Id, 


» 


19«. 


U. \d. 


jj 


135. 


Is. 8d 


» 


20«.=£l. 


\8.\\d. 


?> 


23«. = £1.3«. 


\8. M. 


jj 


2U = £1. U 


(2) 20 shillings 


= £1. 


30 ... 




,. £1. 10». 


40 ... 




. £2. 


60 ... 




. £2. 10«. 


60 ... 




. £3. 


70 ... 




. £3. 10«. 


80 ... 




,. £4. 


90 ... 




. £4. 10». 


100 ... 


.••••••< 


.. £5. 
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Case III. Find the cost of a dozen things at 6«. each. 6«. is 72 
pence, a dozen vfiU cost 72«. ; 70& is £S, 10&, and 72«. is £3. \2s. 

Exercise G. 

Find the cost of a dozen things at 5«. each. Ans, £3. 

H 8«. „ £4. 16«. 

3*. „ £h IGs. 

n 4«. „ £2,88. 

„ 91 65. 4df. ,, £3. 16& 

„ „ 7a. 3d. „ £L Is. 

„ 4«. lid „ £2. 19.<». 

„ „ 5«. lOdf. „ £3. 10«. 

Case IV. Find the cost of a dozen things at IO5. each. 10«. =: 120 
pence, the dozen will cost 120s. ; 100«. is £5 ; 120«. is £6. Similarly 
a dozen things at Ws. id. will cost £6. 16«., since 11«. = 132 pence, 
Us. Ad. = 136 pence; 136s. = 100s. and 36s. = £5 and £1. 16s. 
= £6. 16s. 

Exercise H. 

Find the cost of a dozen things at 9s. 2d. eacL Ans. £5. 10s. 
„ „ 10s. 3d. „ £6. 3s. 

„ „ 8s. lid. „ £5. Is. 

„ „ lis. lOd „ £7. 28. 

„ „ 12s. 6d „ £7. lOs. 

12s. \\d. „ £7. 15s. 

Case v.* If one thing costs half a penny (a half-penny), a dozen 
tilings will cost half a shilling, or M. 

Find the cost of a dozen things at 3\d. eacL Ans. 3s. 6d, because 
the 3d. yields 35. and the Jc?. 6c?. 

If one thing costs one quarter penny (a farthing), a dozen will cost 
one quarter shilling, or 3d. 

Find the cost of a dozen things at 5\d. each. Ans. 5s. 3d. 

If one thing costs three quarter pennies (three farthings), a dozen 
will cost three quarter shillings, or three three-penny pieces, or 9d 

Find the cost of a dozen things at 8|d each. Ans. 8s. 9d 

* Any difficulty in appreciating this reasoning will be removed by exhibiting to 
the papil a shilling and four three-penny pieces side by side with a penny and four 
furthings. 
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EXEBCISE K 








Find the cost of a dozen 


things at 2^d. each. 


Ans. 


2^. M. 


99 » 


5i(i. 




99 


58. 3d, 


JJ 9% 


7id. 




f> 


Is. M. 


J> w 


Hid. 




99 


\\8. 3 J. 


» n 


lOhd. 




99 


10«. 6d 


99 99 


4d. 




» 


45. Qd, 


3> » 


sld. 




99 


8«. 3c?. 


Find the cost of a dozen things at 2«. 


Hd. 


each. 


2a = 24d ; 



2s. 3d = 27d ; 2«. 3^i. = 27Jd, therefore a dozen will cost 27J 
shillings = £1. 7^. 6d 

Find the cost of a dozen things at 3«. 8|d eacL S*. = ZM. ; 
3s. 8d. = 44d ; 3^. 8^d = 44Jd, therefore a dozen things will cost 
44J shillings = £2. 4«. 3d. 

Find the cost of a dozen things at 7a l^d. eacL 7«. = 844 ; 
78. Id. = 85c?. ; Is. Ifd = 85|d, therefore a dozen things will 
cost 85f shillings = £L 5«. 9d. 





EXEBOISB L. 
















%. 


d. 




£. 


t. 


rf. 


id the cost of a dozen things at 2 


7J each 


I. 


.4w«. 1 


11 


9 


99 » 




8 


^ 




„ 5 


1 


6 


99 99 




9 


lOi 




„ 5 


18 


3 


99 99 




3 


2f 




„ 1 


18 


9 


9» 99 




1 


Hi 




« 1 


3 


6 


99 99 




2 


7* 




« 1 


11 


6 


99 « 




3 


6i 




„ 2 


3 


9 


ft 99 




6 


8i 




„ 3 


8 


6 


9> 




4 


li 




« 2 


9 


3 


99 




6 


2i 




„ 3 


14 


C 


99 




T 


3i 




» 4 


1 


9 


Case VL ILeam by ] 


beart: 














«. d. 








«. 


({. 






12 penco = 10 




80 pence — 


2 


6=:liaU 


;-a-orown. 


18 1 « 




86 


3 









20 1 S 




4{ 




3 
4 


4 







24 2 


5 ZZ.L 
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8. d, 8. d. 

60 pence = 50 100 r^ence =884 

70 5 10 120 10 

72 6 150 12 6 

80 6 8 180 16 

84 7 200 16 8 

90 7 6 240 20 = onepoana. 

96 8 

If a dozen things cost 1&, each thing will cost \d, ; if Gdf., \d, ; 
a 3d, Id. ; and if 9d, |d. 

Jind the cost of one thing at 9«. a dozen. Ans, dd. 

Find the cost of one thing at £1 a dozen. Ans, Is, Sd.^ because 
£ I = 208., therefore each article will cost 20d, and 20d = Is, Sd. 

Find the cost of one article at 8& 6d, a dozen. Ans. 8Jc?., because 
8^;. Qd, is edght and a half shillings, therefore each article costs eight 
and a half pence. 

Find the cost of one article at Ids. 9d. per dozen. Ans. Is. 3|<i., 
because 15s. 9d. is fifteen and three-quarter shillings, therefore each 
article will cost fifteen and three-quarter pence. 

Find the cost of one article at £1. Is. $d. a dozen. Ans. Is. 9^d., 
l)0(jause £1. Is. 3d. is twenty-one and a quarter shillings, therefore 
each article will cost twenty-one and a quarter pence, or Is. 9^d. 

Exercise M. 
Find the cost of one thin<? at 



£. t. 


d. 




t. d. 


5 


9 per dozen. 


Ans. 


51 


10 


3 


» 


lOi 


2 


& 


» 


2J 


15 


& 


» 


1 3J 


1 3 


9 


» 


1 llf 


16 


3 


» 


1 H 


2 5 





» 


3 9 


3 8 


S 


j> 


5 8J- 


4 7 


9 


» 


7 3| 


2 1 


3 


*i 


3 5J 


4 13 


G 


»» 


7 9J 


3 9 


9 


» 


6 91 


1 6 


3 


» 


2 2| 


2 17 


3 


99 


4 9i 
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MODES OF COMPUTATION. 



[oh. n. 



£. $. 


d. 






«. d. 


3 15 


9 


per 


dozen. 


Ant. 6 3f 


i 8 


6 






,. 7 4i 


4 18 


9 






„ 8 ^ 


3 11 


6 






„ 5 IH 


2 14 


3 






„ 4 6i 



Find the cost of one thing at 



These six cases are intended to give the pupil facility in inter- 
converting pounds, shillings, and pence. Other applications of the 
shillings and pence tables may be found equally serviceable, as, for 
instance, the calculation of interest at 5 per cent, per annum, which 
amounts to a payment of a shilling per pound each year, and a penny 
per pound each month. 

Case I. Find the interest to be paid on a loan of £45 for one 
month. Ans. 3«. 9d,, because for one pound we pay one penny, 
therefore for £45 we pay 45 pence, or 38. 9d, 





Exercise K 


8. d. 


ind the interest on 


£70 for 


one 


month 


Ans. 5 10 


j> 


50 


99 




„ 4 2 


99 


66 


» 




„ 5 6 


99 


94 


99 




„ 7 10 


99 


100 


99 




„ 8 4 


99 


37 


99 




„ 3 1 


99 


120 


99 




„ 10 



Case II. Find the interest to be paid on a loan of £56 for one 
year. Aiis. £2. 16«., because for one pound we pay one shilling, 
tlierefore for £56 we pay 56 shillings, or £2. 16*. 

Exercise 0. 
Find the interest on £17 for one year. 



iS* 


99 


38 


n 


41 


99 


52 


99 


60 


99 


79 


99 


83 


19 





£. 9. 


d. 


m. 


17 





»9 


1 4 





9> 


1 18 





J> 


2 1 





99 


2 12 





» 


3 





99 


3 19 





99 


4 3 
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Exercise 


P. 




8. d. 


How many shillings are 14 pence ? 


Ans. 


1 2 


99 


21 




99 


1 9 


i} 


32 




99 


2 8 


n 


87 




99 


7 3 


99 


79 




>9 


6 7 


» 


53 




»9 


4 5 


» 


46 




99 


3 10 


» 


95 




99 


7 11 


» 


41 




99 


3 5 


J> 


12 




99 


1 


99 


23 




>9 


1 11 


t> 


78 




99 


6 6 


99 


97 




99 


8 1 


99 


35 




>9 


2 11 


»9 


60 




19 


5 


99 


59 




99 


4 11 


99 


48 




99 


4 



Exercise Q. £, ,. rf. 

How many pounds are 91 shillings? Ans, 4 11 

82 .,420 



99 


73 


>9 


64 


99 


55 


99 


46 


99 


37 


99 


28 


f9 


89 


t9 


70 


99 


68 


99 


100 


99 


115 


99 


120 


99 


128 


99 


138 


99 


150 








3 


13 





3 


4 





2 


15 





2 


6 





1 


17 





1 


8 





4 


9 





3 


10 





3 


8 





5 








5 


15 





6 








6 


8 





6 


18 






7 10 
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CHAPTER III. 

ADDITION. 

1. CojfCBBTE. The word Addition is derived from the Latin add',, 
and mcauB putting together. 

2. Learn by heart : This sign (+) m called Plus, and means that 
tlie quantities between which it stands are to he added together. 

3. Learn by heart : In Addition, the quantities to he added toge- 
ilier are called the Addenda, and the answer is called the Sum. 

4 Add together £5, £4, £8, £7. Ans. £24. 
Find the sum of 6«., 5s., 9«., 4«., 7«. Ans. 31«., or £L lis. 
Simplify Id. + ^d. + M. + 6d + lid Ans. 37 pence, or 35. \d. 
Add together 8«. 3d and Is, Ad. Ans. 15s. Id. 
Add together 4^. 9(i., 58. 4d, 6«. 7d, 9a 3d, and 25. 8d It is 
usual and convenient to write the addenda under one another, thus : 

«• ^ 

4 9 

5 4 
« 7 
9 8 
2 8 

Let us begin with the shillings, as the more important. Ans. 2G 
shillings and 31 pence ; but as 31 pence are 28. 7d, the handier 
answer is 28«. 7d, or £1. 8«. 7d From this it will be seen that 
labour would be saved by beginning with the pence, as the sum of 
the shillings can make no alteration in that of the pence, while the 
sum of the pence may yield some shillings. 

Simplify 6«. 8d + 4a 3d + 58. 9d + 3«. lid + 9«. lOd + Is. 2d. 

8. d. 

Mod/as opercmdit 6 8 

4 8 

5 9 

8 11 

9 10 
1 2 

Add up the pence column, 43 pence, which are 3«. 7d. ; put down 
the 7d under the pence, and add on or carry the 3«. to the shillings' 



CH. III.] ADDITION. 19 

column, which now yields 31 shillings, or £1, lis, ; hence the total 

answer is XI. lis. Id, 

Simplify £5. 6«. Od + £8. 3«. Qd. + X9. 7«. Oci. + £1. 4«. Od 

+ X3. 95. Od + £4. 8«. Oi. 

£. «. (2. 

ITod op.; 5 6 

8 3 

9 7 
14 
8 9 
4 8 

Add the shillings' column, which yields 37 shillings, or £1. 17*. ; 
write the 17 shillings under the shillings, and carry the £1 to the 
pounds' column, which now yields £31 ; therefore the total answer 
is £31. lis. 

Find the sum of £6. 8«. 3d, £2. 5«. 7d, £3. 9«. 2d, £5. 7«. 4d., 
£9. 6«. 9d 

Mod. op.: 



£. 


8. 


rf. 


6 


8 


3 


2 


5 


7 


8 


9 


2 


5 


7 


4 


9 


6 


9 



26 17 1 

Add the pence column, which yields 25 pence, or 28. Id. ; write 
the Id. under the pence column, and carrt/ the 28. to the shillings, 
which now yield 37 shillings, or £1. lis. ; write the 17 shillings 
under the shillings' column, and carry the pound to the pounds' 
column, which now yields £26 ; therefore the total answer is 
£26. 17«. Id., which is written under the line, as above. 

Find the sum of 4|d, d^d., SJd, 9^^., and 10|d 

d. 
Mod, op.: 4j 

6i 
84 

H 

10} 
3 2} 
Add the farthings, counting the |(2. as two farthings ; this yields 
11 farthings, or 2fd ; trrite the f(2. under the farthings, and carry 

o2 
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the 2d. to the pence, which now yield 38 pence, or 3s, 2d, ; there- 
fore the answer is 3«. 2|(^. 

Add £4. 3«. 7d, is. d^d.y £7, Ss. Sd,, 9^d., £6. 0^. 3ld., £9. Ss, O^d., 
£3. 08. 6|rf., 88. 0|(?., £8. 9$. 4f^. 

£. a. d. 

Mod. op. : 



4 


8 7 




4 6i 


7 


8 8 




9i 


6 


3i 


9 


5 04 


8 


6i 




8 OJ 


8 


_9_ 4J 


89 


10 



Add the farthings : 16 farthings are 4d, which we carry to the 
pence, not writing anything under the farthings ; add the pence : 
46 pence are 3«. \Od,y write lOc?. under the pence, and carry 3«. to 
the shillings ; add the shillings : 40^?. are £2 exactly, therefore write 
under the shillings, and cany the £2 ; add the pounds, which now 
yield £39, making the total £39. 0«. \Qd. 



The following wording, and no moi*e, is to bo 
used : 2, 5, 7, 10, 11, 13 (farthings), 1, carry 8 ; 
14, 23, 24, 80, 85, 48, 47 (pence), 11, carry 3 ; 6, 
11, 19, 23, 25, 32 (shUUngs), 12, carry 1; 8, 12, 
17, 21, 28, 88, 86 (pounds). 

Exercise L 

(2) (8) (4) 

£, 8. d, £, 8. d, £, 8. d. 

5 8 4 7 6 10 7 8 llj 

826 846 56 7i 

(6) (7) (8) 

54 6i 72 8i 123 

38 9i 84 24 456 

12 7i 57 6} 789 

4 5 





£. 


8. 


d. 




8 


7 


4 




5 


2 


84 




7 


4 


«i 




4 


8 


6| 




5 


6 


U 




4 





9i 




7 


2 


"4 




86 12 Hi 




(1) 






£. 


8, 


d. 




5 


4 


2 




1 


7 
(5) 


8 




9 


8 


4 




2 


7 


8 




^ 


5 


7 
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ADDITION. 






2 


£, 8, d. 


£. B, d. 


£. B. 


d. 


(12) 
£. 8. d. 


1 3 5| 


7 7 7i 


8 7 


4 


7 6 5 


5 8 9} 


8 9 104 


6 4 


Si 


4 3 24 


7 5 3i 


4 5i 


4 9 


24 


8 5 2 


9 2 7 


8 2 7 


2 6 


Oi 


9 6 94 
2 3 8 


(13) 
8 7 9} 


(14) 
1 2 44 


6 2 


• 
44 


(16) 
2 6 9J 


8 7 9} 


4 8 3 


6 5 


H 


3 7 114 


8 7 9} 


1 5 7} 


3 2 


104 


4 8 10 


8 7 9} 


5 7 7i 


7 


0} 


5 9 94 


8 7 9} 


9 1 74 


8 8 


8 


6 5 8 


(17) 
3 6 4 


(18) 
8 4 5 


(19) 
1 2 


34 


(20) 
1 4 6i 


3 8 8 


6 8 9 


4 5 


64 


9 6 74 


6 6 7 


9 4 lOi 


7 8 


9 


2 6 84 


2 6 6 


7 6 74 


9 6 


3} 


6 8 44 


9 4 1 


5 5 5 


6 8 


5 


3 G 94 


7 9 9 


3 7 8 


7 4 


14 


2 7 


(21) 
4 7 74 


(22) 
7 6 4} 


(23) 
2 7 


8 


(24) 
8 1 64 


4 8 lU 


8 6 3} 


5 9 


3 


7 4 54 


2 5 Hi 


5 9 44 


4 2 11 


2 7 9} 


7 8 9J 


4 7 114 


7 8 


4 


2 8 104 


6 6 ei 


5 8 94 


6 2 


1 


9 84 


7 9 5} 


2 2 14 


1 


6 


3 4 11} 






8 9 10 


1 6 2} 


(25) 
1 3 H 


(26) 
8 4 


9 8 


74 


(28) 
6 7 94 


2 7 2} 


2 5 7 


6 5 


44 


1 8 104 


3 6 4 


8 6 3 


3 2 


14 


2 9 114 


8 7i 


6 9 5 


1 4 


24 


3 5 4} 


4 9 1} 


14 9 


7 5 


8} 


9 7 6} 


6 9 64 


3 8 10 


3 8 


44 


7 5 94 


8 8 8 


6 4 11 


6 1 


5} 


8 7 24 


(29) 
6 9 llj 


(30) 
8 12 


5<\^> 


8 


(32) 
8 7 104 


4 9 44 


7 3 4 


3 8 


74 


5 4 4 


2 6 6} 


6 5 9 


7 7 


9 


6 2 24 


3 9 9} 


6 5 4 


2 8 


9 


7 9 9 


8 7 24 


3 2 1 


9 8 


9 


7 7 10} 


8 9 7} 


3 7 8 


4 7 


54 


6 7 4^ 


6 7 54 


2 1 11 


5 9 


4 


8 6 54 




1 4 10 


8 8 


3 


4 ^ ^s 
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22 





ADDITION. 




[oh. ni 


(88) 


(34) 


(35) 


(36) 


£. ». d. 


£. %. d. 


£. 8, d. 


£. 8, d. 


1 9 7i 


7 8 74 


1 9 lOJ 


6 8 4 


2 84 


7 9 9 


4 8 94 


6 9 5 


3 19} 


6 4 


2 7 Hi 


7 3 10 


4 2 lOJ 


5 3 


3 8 24 


4 3 11 


5 3 Hi 


9 9 8 


6 9 8} 


7 7 7 


6 4 1} 


7 6 3 


8 7 6} 


6 8 4 


7 /> 2i 


2 2 Oi 


4 7i 


3 2 7 


8 6 3i 


5 5 74 


7 5 3 


1 1 11 


(37) 


(38) 


(39) 


(40) 


5 5 3 


4 7 34 


1 2 34 


10 2 


7 6 8i 


6 5 9i 


4 5 64 


2 2 5 


4 9 7 


8 8 10} 


7 8 94 


3 4 84 


9 9 4i 


2 2 4 


1 Hi 


4 6 11 


2 8 5 


1 6 11 


12 1} 


5 8 4 


6 7i 


8 5 5} 


4 5 6i 


6 7 


7 7 7 


5 9 li 


5 6 7i 


7 2 Oi 


8 7 7i 


7 8 24 


8 6 9} 


8 4 3 






7 6 5} 


9 6 6 


(41) 


(42) 


(43) 


(44) 


8 104 


6 5 74 


7 6 54 


9 9 74 


7 3i 


5 74 


8 8 lOi 


7 6 4i 


9 54 


1 7 5t 


3 6 11} 


8 7 64 


6 7i 


7 6 11 


6 8 104 


3 9 74 


2 84 


8 9 


2 7 Hi 


6 2 5i 


2 94 


4 84 


9 7 11} 


3 2 3 


2 6i 


3 7 7 


4 9 94 


7 6 5 


3 6} 


2 6 8 


1 4 74 


4 


7 2} 


9 9 9 


5 3 6i 


9 9 9i 


(45) 


(46) 


(47) 


(48) 


3 2 


9 8 7i 


3 7 8} 


6 1 5 


1 8 94 


9 9 10} 


3 7 8} 


2 3 11 


4 1 9i 


9 3 7} 


3 7 8} 


9 7 6 


1 4 04 


5 7 8} 


3 7 8} 


8 7 10 


5 2 9} 


6 6 64 


3 7 8} 


8 9 9 


9 8 7 


7 5 2i 


3 7 8} 


5 7 3 


2 7 64 


8 4i 


3 7 8} 


3 4 6 


16 3 


4 2 2i 


3 7 8} 


8 6 3 


4 3 2i 


2 9 114 


3 7 8} 


9 8 7 




7 6 3} 


8 7 8} 


2 3 2 
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ADDITION. 




2 


(49) 


(60) 


(51) 


(52) 


£. 8. d. 


£. 8. d. 


£. 8. d. 


£. s. d. 


1 G 114 


1 9i 


7 6 84 


8 5 8i 


2 7 6i 


2 8 74 


1 5 11} 


9 6 4 


S S 5i 


3 6 5} 


2 7 3 


7 3 114 


4 1 7i 


6 4 m 


3 8 54 


7 8 10 


5 9 44 


4 9 10} 


8 9 8 


9 5 6} 


6 2 8} 


8 7 84 


9 1 7i 


8 3 7 


7 3 3i 


9 4 54 


4 4 6 


8 7 7} 


8 5 9} 


8 3 2} 


6 2 2} 


9 5 9 


9 4 24 


7 9 4i 


5 6 10 


7 6 4i 


9 104 


4 4 64 


5 3 8 


7 8 C 






5 3 U 


9 3 3i 
6 2 54 
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5. Add 135., 17«., 19«., 15«., 12&, 14«., 16s., I8s. 
a, 
13 
17 

19 Wording: 8, 14, 18, 20, 25, 34, 41, 44 shillings, 

16 45., carry 4 (half-sovs.) ; 5, 6, 7, 8, 9, 10, 11, 12 

12 (hal£-80V8.), or £6. Total answer, £6. 4«. 

14 
16 
18 
6 4 

Add £5. 17*. Od,£8. 13«. 0c?.,£9.1U Od.,£i. I58.0d.,£7. 13a. Od, 
£1. 10s. Od 



Wording : pence ; 3, 8, 9, 12, 19 (shillings), 
9, carry 1 (half-sov.) ; 2, 3, 4, 5, 6, 7 (half-sovs.), 
1, carry 3 (pounds) ; 4, 11, 15, 24, 32, 37. Total, 
£37. 19«, Od. 

37 19 

Add £7. 18s. 6|c?., £5. 19^. lO^d, £3. ll*. ^d., £6. 13s. 8|d, 
£5. 8s. 7i4. 

d. 

Wording: 2, 5, 6, 8, 11 (farthings), 3, carry 2; 
9, 17, 21, 31, 37 (pence), 1, carry 3 ; 11, 14, 15, 
24, 32 (shillings), 2, carry 3 (half-sovs.); 4, 5, 6, 7 
(half-sovs.), 1, carry 3 ; 8, 14, 17, 22, 29. Tote!, 
£29. 125, lid. 



£. 5. 


d. 


5 17 





8 13 





9 11 





4 15 





7 13 





1 10 






£. 5. 


d. 


7 18 


6} 


5 19 


104 


3 11 


41 


6 13 


8} 


5 8 


74 



29 12 1} 
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Add £17. Us. 3{d., £159. lU 5|c^., £586. 16a 11J<£., £83. IZs. 
2J., £36. 18«. lOJd 

£. f. d. TFordififlr: 2, 4, 7, 8, carry 2 ; 12, 14, 25, 80, 33, 

c. X. I. £4. 1. 9, carry 2 ; 10, 13, 19, 20, 24, 4, carry 2 ; 3, 4, 5, 

17 14 Zi 6, 7, 1, carry 3 ; 9, 12, 18, 27, 34 (poondB), 4 (poonds) 

15 9 11 5} and carry 3 (tenaof poands) ; 6, 14, 22, 27, 28 (tens 

5 8 6 16 114 of pounds), 8 (tens of poands), carry 2 (bondreds of 

8 3 13 2 poands) ; 7, 8 (hundreds of pounds). Total, £884. 

3 6 1 8 lOi 14f. 9d, 

8 8 4 14 9 

Add £5286. 16«. 8Jc^., £397. Us. lOfd, £6417. IBs, d^d., £9G. 
8a 7f<f., £12497. I6s. 8Jd, £638. 3s. 9d.y £8. 7s. 3|cf. 

Wording: 3, 5, 8, 10, 13, 15, 3, carry 8; 6, 15, 

23, 30, 35, 45, 53, 5, carry 4 ; 11, 14, 20, 28, 36, 
39, 45, 5, carry 4; 5, 6, 7, 8, carry 4; 12, 20, 27, 
33, 40, 47, 53 (pounds), 3, carry 5 (tens of poands) ; 
8, 17, 26, 27, 36, 44 (tens of poands), 4, carry 4 
(hundreds of pounds); 10, 14, 18, 21, 23 (hundreds 
of pounds), 3, carry 2 (thousands of pounds) ; 4, 10, 
15, 5, carry 1 (ten thousand pounds) ; 2. Total, 
£25343. 5i. 5}d. 

2 5 8 4 3 5 5i 

Add £7486. I5s. lOd., £2593. Us. 8Jd, £837. Us. lOfi., £3596, 
Us. 3Jd, £38. 5s. lljd, £42,376. 7s. 7id, £2000, £1120. 1*. Ud. 
78. Ud. 

£. f. d. 

Wording: 3, 4, 6, 9, 11, 3, carry 2; 13, 23, 30, 
41, 44, 64, 62, 72, 0, carry 6; 13, 14, 21, 26, 32, 
83, 36, 41, 1, carry 4 ; 5, 6, 7, 8, carry 4 ; 10, 18, 

24, 31, 34, 40, 0, carry 4; 6, 13, 16, 25, 28, 37, 
45, 5, carry 4 ; 5, 8, 13, 21, 26, 30, 0, carry 3 ; 4, 
6, 8, 11, 13, 20, 0, cariy 2; 6. Total, £00,050. 
It. Oid 



60050 1 0} 

Before dropping the cmnbrous heading and wording adopted in 
the earlier cases, several sums should be worked aloudy till the pupil 
is perfectly familiar with the meaning of each column. 



£. 


$. 


d. 


XJf,X.C.X. I. 


£4.1. 




5 2 8 6 


1 6 


84 


3 9 7 


1 8 


lOJ 


6 4 17 


1 8 


54 


9 6 


8 


7} 


12 4 9 7 


1 6 


84 


6 8 8 


3 


9 


8 


7 


3} 



£. 


f . d. 


7486 15 10 


2593 13 84 


837 11 10^ 


3596 


16 34 


38 


5 11^ 


42376 


7 n 


2000 





1120 


1 10 




7 11 



CH. III.] 



J 




ADDITION 












EXBROISE 


II. 






(1) 




(2) 




(3) 




£. 8. d. 




£. 8, 


d. 


£. t. 


d. 


538 18 lOi 




7040 19 


H 


42768 7 


84 


8427 15 8} 




86 13 


5} 


13590 13 


2} 


18 17 11 




942 8 


7i 


276 12 


It 


642 8 7i 




2568 10 


104 


8402 5 
35679 16 


8} 

8i 


W 




(5) 




(6) 




796 15 8i 




7684 7 


8i 


786 13 10 


1248 19 11 




15 


H 


5419 12 


8 


2125 13 10} 




19 13 10 


8 17 





203 4 3i 




256 15 


11} 


427 11 


4> 


8761 1 




1825 8 


4i 


2040 13 


3 


2125 13 10} 




82769 12 


H 


966 16 


6 






82103 1 


7 


7045 1 


11 


(7) 








(8) 




2197 12 lOi 






127556 11 44 




1208 


84 






71042 2 3 




319 14 


11} 






48931 19 7i 




9420 9 


9} 






1632197 3 64 




8531 16 


74 






49823 18 9} 




7642 1 


2i 






3286 5 8 




6753 18 


6} 






254719 16 104 




5864 8 


H 






6609 7 114 




(9) 








(10) 




416 13 11 






1678 18 114 




5274 14 


6 






5246 17 10 




3708 5 


8 






356 13 5} 




2415 9 


9 






8562 5 9 




56780 17 ' 


3 






3427 6 04 




26317 6 


4 






6 11 54 




8412 18 10 






249 12 34 




90710 4 


1 






8542 6 Oi 




11768 12 


2 






67 10 84 




1259 17 


5 






243 19 24 




32708 8 


7 






14274 8 4} 




673591 19 


6 






57343 9 lOJ 





25 



By Dictation, if convenient : 

(11) Add £539. 15«. 7d,y £18. 9«. 2|£?. 

(12) Add £467. 10«. 9^d,, £8414. 38. 7^0?., £6. 6a 6hd. 
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(13) Add £558. is. 9|d, £25. 15^. 2|df., £532. 9*. 7d, £7010. 
lU 4JcZ. 

(U) Add £4279. Us. S^d., £176. 15«. 9d, £2040. 11«. lOJd, 
£1857. 16«. 9Jd, £855. 5«.*'5|(Z. 

(15) Add £853. 12«. 9d, £1866. 4«. lOd, £851. 2«. lid, £2825. 
Ss. 4d, £76,902. 11«. 3d, £16,700. 19«. lid 

(16) Add £9210. 35. 7|d, £8127. Is, Od, £8888. Os. lljd, 
£53. 13«. 8Jd, £12,072. 3«. Id, £978. 16«. 3id, £4063. 15^. 6id 

(17) Add £4605. Is. lOJd, £2031. 155. 3fd, £26,664. 12«. lOJd, 
£161. l8. l^d, £4024. 7«.^id, £2914. 4«. I^d, £10,507. 17^. 7|d, 
£31,523. 125. ll^d 

(18) Add £1583. 11*. 3d, £260. 2«. 4d, £937. 17s. lOd, £7064. 
55. 8d, £525. 195. 2d, £348. 65. Id, £69. 135. 9d, £8708. 45. lid, 
£929. I85. 7d 

(19) Add £91,021. IO5. S^d., £28,943. 175. 6|d, £3790. 25. 4d, 
£868. 155. 9|d, £5075. 95. lOJd, £6754. I65. d^d., £538. 75. lid, 
£4213. 12«. 2fc2., £1967. 5s. 3d, £2064. 135. 7ld. 

(20) Add £63,185. 125. ll^d, £15,384. IO5. 8d, £0. 85. lO^d, 
£393,708. 65. 5d, £32,809. 45. 3|d, £47.25. 4Jd, £27,512. 195. 2^d, 
£1760. 135. 6d., £3610. 75. 7|d, £39,370, II5. l|d, £621,382. 
55. OJd, £3,531,658. 95. 9|d 

6. Abstract. 

a Add £5, £8, £7, £10. 

A. £30. 

Q. Add 5 sheep, 8 sheep, 7 sheep, 10 sheep. 

A. 30 sheep. 

Q. Add 5 things, 8 things, 7 things, 10 things, 

A. 30 things. 

Teache7\ Therefore we say 5 + 8 + 7 + 10 is 30, regardless of 
the name of the things counted. If the name is given with the 
number, the number is said to be concrete ; if the number alone is 
given, it is said to be abstract ; thus, 7 sheep, £9, 8 yards, 2 sounds, 
3 ideas, 5 emotions, 4 times, are all concrete numbers ; but the num- 
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bers 7, 9, 8, 2, 3, 5, 4, standing alone, are abstract When in Ch. T. 
§ 1^2, we said that 1000 = 10 times 100, &c., we were already using 
abstract numbers. 

Q. Simplify 7 + 9. 
A, 16. 

Q. What do you mean by saying that 7 + ^ ^^ 1^ ' 
A, 7 things of one kind added to 9 things of the mme hind make 
16 things of that kind. 

Q, What are 7 horses and 9 paving-stones % 
A, 7 horses and 9 paving-stones. 

Teacher, We see, then, that we can only add quantities of the 
same kind. 

Add 43, 178, 5297, 62,045, 19, 8, 7684, 5760, 112, and 7000. 

Mod, op,: 43 

178 

5297 

62045 

19 

8 

7684 

5760 

112 

7000 

88146 



Wording: 2, 6, 14, 23, 28, 35, 43, 46', carry 4 
(lay stress on this 6, and wiite it down in the act of 
pronouncing it) ; 5, 11, 19, 20, 24, 33, 40, 44', carry 
4; 5, 12, 18, 20, 21', carry 2; 9, 14, 21, 23, 28', 
carry 2 ; 8'. 



7. Test of accuracy by casting out nines. (Sec Ch. II. § 4.) 
Add 158, 6424, 543, 12764, 8248, 1251, 



158 


5 


6424 


7 


543 


3 


12764 


2 


8248 


4 


1251 





S9388 


3' 



Cast out nines from each of the addenda, vrriting the remainders 
to the right of the vertical line, as above ; cast out nines from these 
remainders, and also from the answer of the sum ; if the results do 
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not agree, the answer cannot possibly be correct ; but if they do 
agree, the chances are at least 8 to 1 in favour of its correctness.' 
For the reason of this process, see Ch. XL § 9. 

Wording: 1. 6, 14, 6' ; 6, 10, 1, 3, T ; 5, 9, 0, 3' ; 1, 3, 10, 1, 7, 11, 2'; 8, 
10, 1, 5, 13, 4'; 1, 3, 8, 9, O'; 4, 6, 9, 0, 7, 12, three; 2, 5, 13, 4, 12, three. 





Exercise IIL 




(1) 


(2) 


(3) 


(4) 


1768 


2416 


4907 


8947 


94 


80519 


356 


397 


550 


9743 


4520 


8276 






38271 


50703 


(5) 


(6) 


(7) 


(8) 


4210 


98376 


650234 


78903 


349 


4297 


152467 


4782 


5827 


376 


24901 


194763 


631 


4788 


933378 


4936 


7856 


76847 


8426 


531 






151 


74267 


(9) 


(10) 


(") 


(12) 


265168 


142857 


9 


48793561 


521797 


428571 


87 


20907528 


293622 


285714 


654 


7841 


370448 


857142 


3210 


25 


452451 


571428 


98765 


3069 


538196 


714285 


432109 


97856 


554303 


142857 


8765432 


867924 






10987654 


1250708 


(13) 


(14) 


(15) 


(16) 


987654321 


9518582 


16470431 


8463243 


987654321 


829326 


30 


773904 


987654321 


70394 


7180359 


58654 


987654321 


6207 


21642 


827760 


987654321 


41574 


85 


9983 


987654321 


586342 


3617 


41732044 


987654321 


6019483 


706596 


75783 


987654321 


75620 


482575 


245477 


987654321 


8179 


8429 


3685473 






23869397 


266599 
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(17) 


(18) 


(19) 


(20) 


8376214 


6142 


310531 


8476231 


69764U 


250 


973572 


763249 


635523 


2035 


861627 


85604 


46877 


867 


740537 


9094 


39256479 


47498 


81045S 


47776 


99783 


5809 


168179 


892448 


246804 


597 


620438 


7558210 


8975578 


196 


975162 


14578239 


342429 


6071 


289705 


278547 


81660 


88276 


496561 


6298 


73431 


3148 


424280 


17844 






983276 


12345678 
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(1) John played at marbles and won on Monday 43 marbles, on 
Tuesday 101, on Wednesday 8, on Thursday 19, on Friday 119, and 
on Saturday 50. How many did he win in the week 1 

(2) In a certain school there are 67 boys, 59 girls, and 111 infants. 
How many pupils are there 1 

(3) The Books of Moses consist of 187 chapters, the Histories of 
226, the Prophecies of 273, Job of 42, and the writings of David 
and Solomon of 201. How many chapters are there in the Old 
Testament ? 

The New Testament contains 260 chapters. How many chapters 
are there in the whole Bible ? 

(4) The battle of Thermopylae took place 490 B.C., that of Bun- 
ker's Hill 1775 A.D. Find the time intervening between the two ? 

(5) How much money do I require to pay the following bills 
butcher, £23. 7a 6d, ; baker, £9. 18«. lOd, ; greengrocer, £1. 55. 9d. 
grocer, £7. 13«. 2d.; milkman, £2. 11«. 3d.; tailor, £15. 10^ 
shoemaker, £7. Ss, 9d. ; stationer, £4. 7& lid; wine merchant, 
£8. 158. ? 

(6) A cashier begins January with £48. 10a lOd. in his till; 
there is paid him £75 in January, £120. 168, 4:d, in each of the next 
three months. How much will he then have to account for 1 

(7) A person left £3619. 6s. 8d. to each of his six children. Find 
the amount received by all of them. 
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(8) A fianner sold 2 oxen for £45. 12s. 6d, a calf for £7. 15«., 
2 pigs for £12. 12«., 4 sheep for £10, and 3 lambr> at 17*. 9d. each. 
How many animals did he bring to market, and for how much did 
he sell them 1 

(9) A has 43 oxen, 145 sheep, 31 cows, and 19 horses ; B has 57 
lambs, 215 sheep, 8 horses, 7 pigs, and 10 calves ; C has 60 lambs, 
22 oxen, 89 sheep, and 12 calves ; D has 67 cows, 28 horses, 11 pigs, 
and 3 lambs ; E has 11 horses, 5 calves, 10 oxen, and 25 cows ; F 
has 100 lambs, two herds of 37 oxen each, two flocks of sheep, one 
of 93 and the other of 39, and 50 pigs. How many animsds are 
there of each kind, and how many altogether 1 

EXEBOISB Y. 

(2) 



(1) 

£. 8. 

134 6 

282 1 
1067 17 
4082 12 
9416 9 
1067 13 
1279 8 
4610 3 

752 15 
7187 10 
9312 8 



d. 
6 

Hi 
H 
1 

84 
8 

7J 
H 
34 
34 
5i 



(S) 

73191211 

81442376 

16810732 

6904109 

432173041 

92761528 

13971140 

105633198 

78042 

259766 



8. d. 
8 114 

H 



74 
8 



£. 

18257 

3276 5 

46 8 

1287 14 

4917 10 

147 6} 

860 5 5 

1879 17 2} 

9 9 104 

1840 16 94 

906 10 74 

2222 5 1 

5497580 

5811756 

761110 

4028211 

77436917 

14376215 

29351528 

15286408 

190589374 

7319631 

6911414 

5016486 

56616 

1189401 

7116917 
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CHAPTER IV. 
SUBTRACTION. 

1. The word Subtraction is derived from the Latin words «« J 
and trdho^ and means drawing or taking away ;— [c£ mmmoveo^ to 
clear (a court).] 

2. Learn by heart : This sign { — ) is called Minus, atid means tlt^t 
the quantity follomrig it is to he svhtracted or taken away from the 
quantity "before it, 

3. Learn by heart : In Subtraction, the quantity from which we 
suUract is called the Minuend, the quantity to be svhtracted is called 
the Subtrahend, aridJ the Remainder is called the Difference/ e.p:. 
if £7 be taken away from £11 the Remainder will be £4. Hert 
£11 is the Minuend, £7 the Subtrahend, and £4 the Difference. 

4. Take £8 from £13. Ans. £5. . 
Take 3s. 9d from 7s, lid. 
Write them as in Addition. 

7 11 
3 9 

"Firsi take 3s. from 7»., there remains 4a, and the sum will so far 

stand thus : 

7 11- 
3 9 



4 
Now take 9d from lid, there remains 2d, so that the whole 
difference is is. 2d, 

7 11 
89 

4 2 
Take 6«. Sd, from 9s. 5d. : 

9 5 

6 8 

Pirst take Qs, from 9s., there remains 3&, and the sum will so far 
stand thus : 

9 5 
6 8 
3 
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Q, Next take 8d, from 5d. 
A. It can't be done. 

Q. If I had 9«. 6d, in my purse, could I pay 6«. Sd. ? 
A. Yes; because 9«. 5(i. is more than 6«. 8(i. 

Q. After paying the 6«., what will be left in my purso ? 

A, 3 shillings and 5 pence. 

Q, How can I then pay the 8d. ? 

A. By changing one of the shillings into 12 pence. 

Q. How many shillings will this now leave me t 

A. Only 2 shillings. 

^. And how many pence ? 

^. 17 pence. 

Q. Can I now pay the Sd. ? 

il. Yes. 

Q, And how miany pence wiU be left f 

A. 9d. 

Q, How much then is left altogether! 

A. 28, M 

Teacher. Thus the sum now stands : 

9 5 
6 8 



2 



From £8. 6^. \d. take £3. Is. M. 

8 5 1 
8 7 9 



From £8 take £3, there remains £5, 

<?. Next take Is. from 5«. 

^. It can't bo done. 

Q. How then shall I pay the 7«. ? 

-4. Change one of the 5 pounds into 20 shillings. 

Q. How many pounds will that leave me % 
A, 4 pounds. 



OH. IV.] SUBTRACTION. 33 

Teacher, Thus the sum now stands : 

£8 5 1 
3 7 9 

4 
Q. How many shillings shall I now have in my purse 1 
A. 25 shillings. 

Q. J£ 1 pay the 7 shillings, how many shillings will be left ? 
^.18 shillings. 

Teacher. Thus the sum now stands : 
£8 5 1 

8 7 9 

"^ 18 

4 
Q. Now pay 9^. 

A. Change one of the 18 shillings. 
Q. How many shillings will remain I 
A. 17 shillings. 
Teacher. The sum now stands : 



£8 5 1 




3 7 9 




^la 




4 17 




Q. How many pence have I now 1 




^.13 pence. 




Q, Pay 9c?. ; remainder 1 


^ 


A. id. 




Q, What then is the whole remainder f 




A. £4. 178. id. 




Teacher. The sum now stands : 




£8 5 1 




8 7 9 




1^ IE 4 




4 17 




* the difference between £S. 58. Id. and £3, 78. 9c?. 


is £L 178, id 


• .-. = therefore. 




D 
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Subtract £48. 17«. 9fd from £72. Zs. llji. 

£. s, d, 

X. I. £4.1. 

7 2 8 IH 

4 8 17 9} 

2 8 1 

First pay 4 ten-pound notes out of 7 ten-pound notes ; there re- 
main 3 ten-pound notes ; next we have to pay £8 out of £2, for 
•which we must change one of the 3 ten-pound notes, leaving only 
2 ten-pound notes. The ten-pound note changed, together with the 
£2 we had at first, yield £12, and paying £8, we have left £4. 
Next we have to pay one half-sovereign out of none, for which we 
must change one of the 4 poimds, leaving only £3 ; that £1 yields 

2 half-sovereigns, and paying one of these leaves us 1 half-sove- 
reign. Next we have to pay 7 shillings out of 3 shillings, for which 
we must change the half-sovereign; and this, together with the 
Ss, we had at first, yields 13«. ; paying 7«. out of it, we have left 
6s. Next we liave to pay M. out of lld.^ and we have 2d. left. 
Lastly, we have to pay 3 ferthings out of a halfpenny, for which we 
must change one of the 2 pence, leaving only ld.y and yielding, with 
the halfpenny we had at first, 6 farthings, out of which we can pay 

3 farthings, and have 3 farthings left. The total difference accord- 
ingly is £23. 68. lid.* 

This method of subtraction is always applicable; but to avoid 
erasures, it is better to begin with the lowest instead of the highest 
denomination. Thus : 

£. s. d. 
X. I. £4.1. 
7- 2- -3 11-4 
4 8 17 9 } 

2 3 6 1} 

First pay ^d. out of |d; it cannot be done ; therefore change Id. 

* The object of this method of teaching is to lead the pnpil along some such road 
as must have been traversed by the original inyentors of the different Eules in 
arriving at the most concise processes, thus attaching the new notions to be acquired 
to those previously existing in the mind of the learner, or, in other words, educing 
the new ideas out of old ones, which is true education. 
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of the lld,y leaving lOd.^ and, to remind ourselves that we have 
done so, make a dot by the side of the lid,; this penny changed, 
together with the halfpenny we had at first, yields 6 farthings, out 
of which we pay f c?. and have |c?. left. Next pay 9c?. out of 10c?., 
which leaves Ic?. Next pay 7 shillings out of 3 shillings ; to do 
60, change one of the 2 pounds (putting the dot by the two) into 
2 half-sovereigns ; leave one of these in the half-sovereign column, 
and indicate by the dot that the other has been taken away and 
changed into lO*.; this, together with the 35., yields 13«.; pay the 
75. , there remain 6«. Next pay one half-sovereign, and no half- 
sovereigns are left. Next pay £S out of iBl, for which change one of 
the 7 ten-pound notes, leaving 6, and yielding, together with the £1, 
£11. Now pay the £8, leaving £3. Lastly, pay the 4 ten-pound 
notes out of the 6, and 2 ten-pound notes are left. Total remainder 
or difference, as before, £23. 68, l^d. 
From £1000, take £37. 8«. 6d, 

.£, 8, d. 

V. 0. z. I. £i.i. 

l-O'O-O- • 0- 

8 7 S 6 

9 6 2 11 6 

6d, cannot be taken from Oi., therefore we must change some 
higher coin or note. . The only money we have is 1 thousand- 
pound note, which we change into 10 hundreds, putting a dot as 
before after the 1 ; we take now one of these 10 hundreds to the 
tens, leaving 9 hundreds in the hundreds' column, which is again 
indicated by a dot ; this hundred gives ten tens, of which we take 
one, leaving ^ in the tens' column ; this ten gives £10, of which we 
take £1, leaving 9 in the pounds' column ; this £1 gives 2 half- 
sovereigns, of which we take one, leaving 1 under the half-sovereign 
column; the 1 we take gives 10 shillings, of which we take 1 
shilling and leave 9;. this shilling gives 12 pence. 6d, from 12c?. 
leaves 6c?. ; 8«. from 9«. leaves Is, ; nothing from 1 half-sovereign 
leaves 1 half-sovereign ; £7 from £9 leaves £2 ; 3 ten-pound notes 
from 9 ten-pound notes leaves 6 ten-pound notes ; and nothing from 
9 hundred-pound notes leaves 9 hundred-pound notes. Total r&- 
maiiider, £962. 11«. 6c?. 

d2 
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£. 


«. 


d. 


Wording: 


8 


7 


9 


6 from 9, 3' 


1 


5 


6 


fi » 7, 2' 


7 


2 


3 


1 „ 8, r 


£8- 


•5- 


3 


7 from 15 (.) 8' 


3 


9 


7 


9 „ 14(..)5' 


T 


1 5 


8 


„ 1 r 

» » 7 4' 


£4-2 9- 


1-3; 


2i 


8 from 5 (.) {'d. 


17 6 


1 8 


9i 


9 „ 18(.)4' 


2Y2 


r4~~ 


M 


8 „ 12 (.) 4' 
1 „ 2 (.) 1' 

6 „ 8 2' 

7 „ 12 (.) 6' 
1 M 8 2' 


£6-0-5-0- 


4- 


0- 


1 from 4 (..) 3' 


17 6 8 


1 2 


2i 


2 „ 11 0' 


4 2 8 1 


1 1 


9} 


2 „ 8 r 
1 „ 2 (..) r 
8 „ 9 r 

6 „ 14(..)8' 

7 „ 9 2' 
1 „ 6 4' 


42 7-0-0- 


0- 





7 froml2(....)6' 


, 18 3 


8 


7 


8 „ 19* 16' 


2 5 16 


1 6 


"1 


3 „ 9 e- 

8 „ 9 1' 
1 „ 6 6' 
„ 2 2' 



From £87,694. 0^. Od, subtract £24,132. Os. Od. 

£. 8. d. 

B 7 6 9 4 Wording: 
2 4 18 2 



2 from 


4,2' 


8 „ 


». e- 


1 ,. 


6.5' 


* ,. 


7,8' 


2 „ 


8, er 



6 3 5 6 2 



* Where there are no balf-soFereigns in the minaendy it is better to call £1 
20 shillings, instead of 2 half-sovereigns. 
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From £42,618, take £16,942. 



4-2-6-1 8 
16 9 4 2 

2 5 6 7 6 



Wording ; 



2 from 8 6 
4 „ 11 (.) 7 
9 „ 15(.)e 
6 „ 11 (.) 5 
1 .. 3 2 



From 90,017 units, take 18,669 units. 



9-0-0-1-7 
18 6 5 9 

7 13 5 8 



Warding: 



From 1,000,000, take 63,497. 



•O-0-O-O-O-O 
6 3 4 9 7 

9 3 6 5 8 



9 from 17 (.) 8 

5 „ 10(...)5 

6 „ 9 3 

8 „ 9 1 
1 .. 8 7 



7 from 10 ( ) 3 

9 „ 9 

4 „ 9 5 

3 „ 9 6 

6 „ 9 8 

— — 9 
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6. Test of accuracy by casting out nines. (See Ch. IL § 4, and 
Ch. III. § 7.) 

Wording: 1, 5, 8, 13, 4, 8'; 3, 10, 1, 2, 10, 1'; 
1 from 8, seven; 1, 2, 4, 12, 3, 6, seven. 



Wording: 1, 4, 8, 9, 0, 2'; 7, 13, 4, 8, 13, 4, 
10, 1, 5' (now as 5 cannot be taken from 2, add 9 to 
the 2, making 11) ; 5 from 11, six; 2, 8, 13, 4, 12, 
8, 7, 15, six. 

Wording: 3, 4, 8, 10, 1, 6, 10, 1'; 1, 3, 6, 10, 1, 
6, 12, 3'; 3 from 10, seven; 1, 8, 16, seven. 



Wording: 4, 10, 1, 9, 0, 1, 4, 9, O' ; 3, 6, 6, 12, 
3, 8, 12, 3' ; 3 from 9, six; 1, 5, 11, 2, 5, 10, 1, six. 



148549 
30718 


8 

1 


112831 


T 


1030412 
764564 


2 
5 


265848 


& 


314254 
123456 


1 
3 


190798 


r 


4680135 
8216540 



3 



1463595 



38 



SUBTBAQTIQir. 



[oh. 17. 



(1) 

£. 8. d. 
778 4 5 
536 2 4 


EXBBGISE VL 


(«) 

£. t. d. 

9999 19 11} 

9876 5 4} 


(3) 
46596 17 10 
18282 12 4 




(4) 
8712 15 8 
980 8 7 


(6) 
4897 7 7 
1624 8 11 




(6) 
8713 18 9k 
1784 19 11} 


(7) 

7638 14 3i 

147 17 4i 




(8) 
72312 5 9} 
16748 8 lOi 


(9) 
9472 4 5} 
8763 15 41 




(10) 
81403 15 7i 
68 11 


(11) 
846004 1 2i 
76802 14 Ok 




(12) 
49060 12 1} 
893 15 3} 


(13) 
130764 11 8 
68943 13 6| 




(14) 
40076 . 5} 
16307 9 8k 


(15) 
70 10 Oi 
6 16 8} 




(16) 
882 Oi 
187 Hi 


(17) 
1000 
999 19 11} 




(18) 
53761 
7777 7 7 


a9) 

500 
367 18 lOi 


Exercise VIL 


(20) 
8000 
796 17 2i 


(1) 
734968 
123454 


(2) 
625137 
214021 


(3) 
485768 

123989 


(4) 

243617 

76329 


(5) 

810703 

25844 


(6) 

57345 
16462 
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(7) 
3467825 




(8) 
8087902 




(9) 

1000000 


178062 




396999 




999999 


(10) 
376462 




(11) 
857142 




(12) 
401050 


84752 




428571 




123456 


(13) 

876543 




(14) 
543645 


* 


(15) 
283461 


777777 




137968 




99999 


(16) 
194580 




(17) 
422060 




(18) 
1147368 


63245 


(19) 

6000807 
283876 


234681 


(20) 
100100 

mil 


654891 
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Exercise VIIL 
By Dictation, if convenient. 

(1) Take 196,734 from 321,708; also £4105. 13*. 8fc?. from 
£12,019. 16*. 2id. 

(2) Find the difference between 1,178,458 and 1,780,412; also 
between £50,100. 2«. 2d. and £16,872. 13«. lO^d. 

(3) Find the excess of £105. 3*. OJdL over £83. 16*. 9^^ ; also 
of 701 5 over 2406. 

(4) How much must I add to £13,502. 9*. Zd. to get £40,000 ; 
also to 62,318 to get 100,000 ? 

(5) What must I take away from £11,111. 11«. l^d, to leave 
£3805. 16«. 2^d, ; also from 1,010,101 to leave 909,909. 

(6) The latitude of London is 51i<> N. ; that of the Tropic of 
Cancer is 23^® K How many degrees is London north of this 
Tropic ? 

(7) If I gain £37,105. 8& 3^d. and lose £50,602. 9«. lOc^., how 
much shall I have gained or lost altogether ? 

(8) In a certain school there are 102 pupils, of whom 67 are boys 
and the remainder girls. How many girls are there ? 

(9) A father is 42 years of age, and his eldest son was born 
when he was 26 years old. How old is the boh hon? '^ .feii^&o^Vj Vssr 
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much is the father older than the son, and how much older than the 
son will the father he 12 years hence ? 

(10) It is now eleven o'clock a.m. What o'clock was it 6, 12, 
15, and 24 hours ago ? 

6. To how many persons can I give 8«. dd if I have £2, Is, 3d. 1 
£2 13 



8 3 




1 13 
8 3 




1 4 9 
8 3 




16 6 
8 3 




8 3 
8 3 





5 persons. 
To how many persons can I give £53. 128, 9 Ji. if I have £492. 8«.? 



£492 8 
53 12 




H 




438 15 
53 12 


24 

n 




385 2 
53 12 


5 

H 




331 9 
53 12 


74 

94 




277 16 10 
53 12 94 




224 4 
53 12 


04 




170 11 
53 12 


3 




116 18 
53 12 


54 
H 




63 5 
53 12 


8 

H 




12 


104 


S] 



9 persons, and £9. 12«. K^d. OTor. 
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Exercise IX. 

(1) To how many persons can I give £19. 16*. S^d, each, if I 
have £138. 14a 21c? 1 

(2) How many shares can I buy for £1120. 10«., if each costs 
£93. 7«. 6d. ? 

(3) How many times can I subtract £8. 9«. Ad. from £67. 14<. 8^.? 
'(4) How many heaps of 56 marbles each can I make out of 500 

marbles ? 

(5) If I travel 144 miles a day, how many days shall I take to 
travel 1008 miles ? 

(6) How many strips of carpet, each 17 yards long, can I get out 
of 160 yards of carpet 1 

Exercise X. 
Miscellaneotis Examples on the preceding chapters, 

(1) a. Read off: LVIII, LXIX, CXLVII, CCXCIV, MXC, 
MDCCCIV, MDXIX, MC, DCCCCIX, MDCCCLXIX. 

h. Write in Roman Jactation : Six ; four ; eleven ; twenty-nine ; 
one hundred and forty-four; six hundred and sixty-six ; one thousand, 
two hundred and two; eleven hundred and fourty-four; twelve 
luindred and ninety-nine ; one thousand, two hundred and thirty- 
four. 

(2) a. Read, or write in words: 1008; 13015; 7012009 ; 4226843; 
60606060; 987654321; 42105; 24150; 116001; 110061. 

h. Write with Arabic Notation in the Decimal Scale: Eive 
thousand and forty ; twelve thousand and twelve ; twelve hundred 
and twelve ; twelve thousand, twelve hundred and twelve ; thirteen 
millions, fourteen thousand and fifteen; fifty-eight millions ; twenty 
millions, three hundred and sixty-five thousand and nineteen ; fifty 
thousand and fifty ; five hundred thousand and fifty ; one million, 
one thousand and ten. 

(3) Analyse (aloud or in writing) 3052604. 

(4) Alfred the Great died at the age of 52, A.D. 901. In what 
year was he born ? 
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(5) William the Conqueror began to reign A.D. 1066, and reigned 
21 years. In what year did he die ) 

(6) A travels northwards 203 miles, B travels 167 miles in the 
same direction. How far will they be apart ) 

(7) If B had travelled southwards, how far apart would they be f 

(8) I am now (A.D. 1869) 37 years old, and the battle of Trafalgar 
happened 27 year» before I was bom. In what year was it fought t 

(9) Add the sum of 1008 and 639 to their difference. 

(10) Take the difference of 1001 and 999 from their sum. 

(11) A cashier receives on Monday, £596. 13«. 8^.; on Tuesday, 
£932. Us, id.; on Wednesday, M03. 68, id,; on Thursday, £67. 
Ss. 8d.; on Friday, £145. Us, 6d.; and on Saturday, £854. 2«. 6d. 
His expenditure is on Monday, £139. 19«. lid, ; on Tuesday, £369. 
88. lOd, ; on Wednesday, £860. Os, Id. ; on Thursday,£630. 11«. 2d. ; 
on Friday, nothing; on Saturday, £319. 9«. 9d. Find the balance 
in hand at the end of each day of the week. 

(12) My income is £500 a-year. I spend £14. Ss. 6d. each 
quarter for rent ; £3. 10s. lO^d. each quarter for taxes ; £9. 3s. id. 
each half-year for insurance ; £156 per annum for food, &c. ; 
£7. is. for coals during the winter, and £1. 16«. during the summer ; 
and £33. 68. Sd. a-year schooling for each of thi-ee children. How 
much a-year is left me for other purposes 1 

(13) If I spend £2. 17«. id. a-week, having £16 on leaving 
home, how much shall I bring back after 5 weeks* holiday 1 

(14) If I spend every week 15«. 9d, for lodging; £1. Is. for 
board ; is. 6d. for travelling ; Ss. id. for sundries ; how long will 
£15 last me, and how much shall I be in debt at the end of 7 
weeks ? 

(15) How many months of 30 days each are there in the 365 
days of the year 1 

(16) An army consisted of 50,000 soldiers before the battle. The 
list of casualties was as follows : killed, 3,768 men and 419 
officers ; wounded, 9,483 men and 2,716 officers; missing, 802 men 
and 1 officer. What was the strength of the army after the battle ? 
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(17) On the 1st of January I bought goods for £50. 18«. 6d,y 
and paid £10. 10& on account. The balance is to be paid off in 
monthly instalments of £5. 155. 6d. each. On what day shall I 
pay the last instalment ? 

(18) A clock and a watch are set at noon on Monday ; the clock 
gains 4 minutes in each of its days (of 24 hours), the watch loses 
2 minutes in the same time; what time will the watch indicate 
on Saturday when it is noon by the clock ? 

(19) If the clock gains 7 minutes and the watch gains 11 minutes 
each day by the clock, what time will the watch indicate on Satur- 
day when it is noon by the clock ? 

(20) If I have £80 in the bank, and put by £52. 10«. a year, how 
long shall I be in accumulating £500 ? 

(21) How many times must 6798 be added to 9212 to make 
50,000? 

(22) I have the following bills to pay : butcher, £14. 7«. lid. ; 
baker, £5. 9«. 8d, ; grocer, £9. 10^. lOd, ; greengrocer, 17<. 7d, ; 
milkman, £1. 2& 3d. How much shall I have left out of £35 1 

(23) A house with fixtures and furniture is bought for £1050 ; 
the price of the furniture is £335, that of the fixtures is £27. 10s. 
"What was the sum paid for the house ? 

(24) John and Tom play at marbles; John begins with 158 
marbles, and Tom with 271 ; Tom loses 56 marbles. Which has 
more, and by how much ? 

(25) At an election there were three polling-places. At the first, 
the Whig candidate obtained 766 votes, and the Tory 695.; at tho 
second, the Tory had 523 and the Whig 419 ; at the third, the 
Whig had 812 and the Tory 811. Which candidate was elected, 
and what was his majority ? 

7. By the three processes, Numeration, Addition and Subtraction, 
which have now been taught, all or nearly all arithmetical questions 
can in theory be solved. But in many cases the operation would be 
80 long as to render the solution an impossibility in practice. The 
Chapters which follow deal with Contractions of these processes. 



44 HULTIPLIGATION. 

CHAPTER V. 

MULTIPLICATION. 

1. Find the amount of money contained in six bags if each holds 
£7. Ss, dd. 

£. t. d, 

7 8 9 

7 8 9 

7 8 9 

7 8 9 

7 8 9 

7 8 9 



44 12 6 



Instead of writing down £7. Ss. 9d, six times, we indicate this 
BBPETiTiON thus : £7, 8«. 9d, X 6, read £7. Ss. 9d. multijplied by 6. 
If we know, without actually adding, that six times nine are fifty- 
four, that six times eight are forty-eight, and that six times seven 
are forty-two, we can shorten the work thus : £7, 8«. 9c?. X 6 =r 
£44. 12«. M. 

Wording : 6 times 9 pence are 54 pence, put down 6 pence and carry 4 sliillings ; 
6 times 8 shiUings are 48 shiUings, which, with the 4 shillings carried, make 52 
shillings, put down 12 shillings and carry £2 ; six times £7 are £42, and £2 make 
£44. Total, £44. 12«. 6d 

2. Learn hy heart : Tki^ sign (X) w called Multiplied by, and 
means thai tlie number of things before it is to be repeated as many 
TIMES as is indicated by the number following it. 

The word Multiplication is derived from the Latin muLti-jylex^ 
many-fold. 

3. Learn \y^ heart : The number or qvxmtity v)hkh is to be multi- 
plied is called the Multiplicand, the number by which we multiply is 
called iJie Multiplier, and the result is called the Product. The 
Multiplier and Multiplicand are often also called Factors of tlie 
Product 

4. 3 X 4 = 12 ; 4 X 3 = 12 ; .-. 3 X 4 = 4 X 3. The fol- 
lowing demonstration shews that this holds true of any two numbers 
whatever : 
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• • • • These dots read horizontally yield three fours, 

• • • • and read vertically they yield four threes. Simi- 

• • • • larly, seven columns of eight dots each would 
form eight lines of seven dots each, and so on with any other two 
numbers. Hence we can extend the meaning of the sign X when 
placed between two abstract numbers. 

Learn by heart : Tlie sign (x) indicates that fhe number on r'liher 
yide of it is to he repeated as many times as is indicaft d hy the 
number on tJm other side of it. 

Even if one of the numbers be concrete, say £7. Ss. 9c?., it is 
optional to indicate the multiplication by 6, either by £7, Ss, 9d. X 
G (£7, Ss. 9d. multiplied by 6), or by 6 X £7. Ss. dd. (6 times 
£7. Ss. 9c/.). 

5. From what has been said in § 1 of this Chapter, it foll«)ws that 
a certain series of multiplications already performed must be learnt 
by heart. This series is called the Multiplication Table.* 



G. Learn by heart : 


Also: 


1x2=2 (reail, once two is two). 


2x1=2 (read, twice one is two). 


2x2=-. 4 (twice two is four). 


2x 2= 4 (twice two is four). 


3 X 2» G (three times two is six). 


2x3=6 (twice three is six). 


4x2= 8 


2x 4= 8 


5x2=10 


2x 6=10 


6x2=12 


2x 6 = 12 


7x2=14 


2x 7=14 


8x2 = 16 


2x 8-= 16 


9x2=18 


2x 9=18 


[0x2=20 


2x10-20 


Multiply £487. Os. lOd. by 2. 




£. 9. rf. 




487 9 10 Wordinffi 


r 20 (pence), 8', carry 1; 18, 10' (shi 


2 liDgs); 14', 


carry 1 ; 16, 17', cany 1 ; 8, 0'. 



974 19 8 



♦ For the full analysis of the Multiplication Table, see the A B C of Arithmetic^ 
Part II., Teacher's Copy, pp. 39 to 73. 



46 IfULTIPLIOATION.- L^H. V. 

Double £7468. 18«. llfcZ. 

£. f. d. 
7468 18 Hi Wording: 6, JU, carry 1; 22, 23, 11' (pence), 

2 carry 1 ; 16, IT (shiUings), carry 1 ; 2, 3 (half-rovs.), 

r, carry 1 ; 16, IT, carry 1 ; 12, 13', carry 1 ; 8, 



14937 17 114 gJ.^^;; 

Find twice 4,805,639. 

4805639 Wording: 18' carry 1 ; 6, T; 12', carry 1 ; 10, 

2 11'; 16*, carry 1; 8, 9'. 



9611278 



Multiijly £3,276,003. ITs. lOfi. by 2. 
£. 8. d, 
3276003 17 10} Wording: 6, J'rf., carry 1; 20, 21, QT, carry 1; 

2 14, 16', carry 1; 2, 3, 1', carry 1; 6, 7'; O'; O'; 

^>52007 15 94 ^2', «irxy 1; 14, 16', carry 1; 4, 6'; &. 

Exercise XL (a)i 
Apply this table to the following : 

(1) How much money will there be in 2 bags, if each contains 
£245. 13^. 7id.1 

(2) If I travel from London to Liverpool and back, the distance 
between them being 192 miles, how many miles shall I have travelled? 

(3) How many soldiers are there in 2 regiments of 876 soldiers 
each 1 

(4) Find the cost of a pair of ponies costing £15. 17/f. 6d. each ? 

(5) A travels 487 miles north, and £ the same distance south. 
How far" will they be apart ? 

(6) Find the double of £2493. 15^. 9f d 

<7) 416296 X 2 (14) £34088. 13». 94d x 2 

<8) £40529. 6s. OJd x 2 (15) 639766 x 2 

(9) 278409 X 2 (16) £62977. 5t. Zid. x 2 

(10) £51732. 17». 2|d x2 (17) 847538x2 

(11) 301620x2 (18) £79863. 195. lOd x2 

(12) £23154. Ss. 8H x2 (19) 925317x2 

(13) 510847 X 2 (20) £18641. 7a. 11 Jd x2 
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7. Learn by 


heart: 




Also : 


1x3= 3 (read, 


once three ia 


1 three). 


8x Is 8 (read, three times one is three). 


2x3= 6 (twice 


three is six). 




3x2=6 (three times two is six). 


3x3= 9 (three 


times three i 


is nine). 


8x 3- 9 (three times three U nine). 


4x3=12 






3x 4=12 


5x3 = 15 






3x 5=15 


(5x3 = 18 






Sx 6=18 


7x3=21 






8x 7=21 


8x3=24 






8x 8=24 


9x3=27 






8x 9=27 


10x3 = 30 






3x10=30 



Notice that the snm of the digits in the successive answers follows 
the order 3, 6, 9. 

Exercise XL (5). 

(1) How much money will there.be in 3 bags, if each contains 
£.367. ISs, ll^d.? 

(2) Eind the length of the 3 sides of a triangle, if each side is 
493 feet long? 

(3) How much do I requirei to give £2045. 7«. 6d. to each of 3 
persons 1 

(4) How many soldiers in 3 armies of 389,012 men each? 

(5) Find the value of 3 East-Indiamen, if each is worth £645,900. 

(6) What was a man's fortune if he left £66,666. 13*. id. to each 
of his 3 children ? 



(7) 416296x3 

(8) £40529. 65. O^d.xZ 
\9) 278409 X 3 

(10) £51732. 17». 2}i. x3 

(11) 301620x3 

<12) £23154. 8«. 8}ci. x3 
(13) 510847x3 

8. Learn by heart : 
1x4=4 (read, once foar is fonr). 
2x4= 8 (twice four is eight). 



(14) £34088.13*. d^d. x8 

(15) 639756 x 3 

(16) £62977. 5». Bld.xZ 

(17) 847588x3 

(18) £79863. 19f. 10d.xZ 
(19^ 925317x3 

(20) £18641. 7*. lljrf. x3 

Also: 

4x1=4 (read, four times one is four). 
4x2=8 (four times two is eight). 



3x4 = 12 (three times four is twelve). 4 x 3 = 12 (four times three is twelve). 

4x4 = 16 4x 4=16 

5x4 = 20 4x 5 = 20 

0x4=24 4x 6=24 

7x4=28 4x 7 = 28 

8x4 = 32 4x 8=32 

9x4=36 4x.9=36 



10x4 = 40 



4x10 = 40 
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Exercise XL (c). 

(1) How much money in 4 bags, if each contains £765. Os, lld.^ 

(2) Find the length of the sides of a square, if each is 894 feet 
long. 

(3) How much do I owe altogether, if to each of 4 men I owe 
£321. 19*. lOcU 

(4) How many students in 4 colleges, if there are 465 in each ? 
(o) 1 lb. Troy has 5760 grains. How many grains in 4 lbs.? 

(G) 1 cwt. ( I lund red weight) has 4 qrs. (quarters), and eachqr. has 
28 lbs. How many lbs. in a cwt.? 



(7) 416296 X 4 






(14) £34088. 13«. 9id, x 4 


(8) £40529. 6». 0idx4 






(16) 639756 x 4 


(9) 278400 X 4 






(16) £62977.61.3^x4 


(10) £51732. 17«. 21d x 4 






(17) 847538 x 4 


(11) 301620x4 






(18) £79863. 19». lOd, x 4 


(12) £23154. Ss, 8Jdx4 






(19) 925317x4 


(13) 510847 X 4 






(20) £18641. 7f. Ilidx4 


9. Learn by heart : 






Also: 


1x5= 5 (read, once five is 1 


five). 


5x 


1=5 (read, five times one is fiTe)i. 


2 X 5 = 10 (twice five is ten). 




6x 


2= 10 (five times two is ten). 


3 X 5=15 (three times fire is 


fifteen). 


6x 


3=15 (five times three is fifteen). 


4x5 = 20 




5x 


4=20 


5x5 = 25 




5x 


6 = 25 


6x5 = 30 




6x 


6 = 80 


7x5 = 35 




5x 


7=35 


8x5 = 40 




5x 


8=40 


9x5 = 45 




5x 


9=45 


10x5 = 50 




6x 


10=50 



Notice that the figure in the umts' place is always either 5 or Q. 



Exercise XL (c2). 

(1) How much money in 5 bags, if each contains £4039. IQs. 7f d) 

(2) How many petals are there in 376 forget-me-nots ? 

(3) AVhat would be my income in 5 years at £2765. 10*. lOcL 
a-year ? 
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(4) Find the length of the sides of a pentagon, if each is 137 
inches long. 

(5) A spends 5 times as much as B, whose yearly outlay is £941. 
Is, id. Find A's expenditure. 

(6) How far will a wheel 5 yards in circumference travel in 
making 3068 turns % 



(7) 416296x6 

(8) £40529. 6». 0idx5 

(9) 278409x5 

<10) £51732. 175. 2idx6 

(11) 301620x5 

(12) £23154. 8». Sic?. x5 
(13)510847x6 . 

10. Learn by heart : 

1x6-= 6 (read, once six is six). 

2 X 6 = 12 (twice six is twelve). 

3 X 6k 18 (three times six is eighteen). 
4x6=24 

6x6 = 30 
6x6 = 36 
7x6=42 
8x6=48 
9x6=54 
10x6=60 



(14) £34088. 13«. ^\d,y.^ 

(15) 639756x5 

(16) £62977. 5#. 3irf.x5 

(17) 847538x5 

(18) £79863. 19f. 10dx5 

(19) 925317x5 

(20) £18641. 7». lljrf. x5 

Also: 

6x1=6 (read, six times one is six). 
6 X 2 = 12 (six times two is twelve). 
6 X 3=18 (six times three is eighteen). 



6x 
6x 
Ox 
6x 
6x 
6x 



4=24 

5 = 30 

6 = 36 

7 = 42 
8=48 
9=54 



6x10=60 



IN'otice that the sum of the digits in the successive answers follows 
the order 6, 3, 9. 



Exercise; XI. (e). 

(1) How much money in 6 bags of £4807. 6«. l\\d, each? 

(2) Find the number of pages in 6 volumes, if each volume has 
483 pages. 

(3) Find the cost of 6 locomotives, if each costs £2095. 13«. id. 

(4) Find the length of the sides of a hexagon, if each is 529 inches 
in length. 

(5) The daily expenditure of an office in the city is £17. 135. lOc?. 
How much is this a-week % 
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(6) A mile has 880 fatlioms. How many feet has it (a fathom 
being 6 feet)? 

(7) 416296 X 6 (li) £34088. 13t. 9ffii, x 6 

(8) £40529. 6«. Oid x 6 (15) 689756 x 6 

(9) 278409 X 6 (16) £62977. Bt. Zid. x 6 

(10) £51732. 17f. 2Jd x 6 (17) 847538 x 6 

(11) 301620 X 6 (18) £79863. 19t. lOd. x 6 

(12) £231 54. 8f. 8|dL X 6 (19) 925317 x 6 

(13) 510847x6 (20) £18641. 7«. 11^ x6 

11. Learn by heart : Also : 

1x7= 7 (read, once seTen ib aeyen). 7x1=7 (readySeventimesoiieisseTeD) 

2x7=14 (twice seven is fourteen). 7x 2=14(aeventime8two is fourteen). 

3 X 7=21 (thzeetimeiaeTeniitwen^sr-one) 7 x 3=21 (seven times three Is twenty- 

4x7=28 7x 4=28 **''*'• 

5x7=35 7x 5=35 

6x7=42 7x 6=42 

7x7=49 7x 7=49 

8x7=56 7x 8=56 

9x7=63 7x 9=63 

10x7=70 7x10=70 

Exercise XL (/). 

(1) How much money in 7 bags, each containing £6429. 15^. 3|d) 

(2) How many minutes in a week, a day consisting of 1440 
minutes ? 

(3) If living costs me 13«. 9^d, a-day, how much do I require 
a-week 1 

(4) Find the length of the sides of a heptagon, each side being 
748 inches long. 

(5) Find the difference between 52 weeks and a year (of 365 
days). 

(6) The seventh part of a ton is 320 lbs. How many lbs. art? 
there in a ton ? 

(7) 416296 x 7 (14) £34088. 13». d^d. x 7 

(8) £40529. 6». Oirf. x 7 (15) 639766 x 7 

(9) 278409 X 7 (16) £62977. 5«. 3Jd x 7 

(10) £51732. 17». 2Jd x 7 (17) 847538 x 7 

(11) 301620x7 (18) £79863. 195. 10dx7 

(12) £23154. 8f. 8}^. X 7 (19) 925317 x 7 

(13) 510847 X 7 (20) £18641. 7». Hid. x 7 
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12. Learn by heart : ALso: 

1x8=8 (read, once eight is eight). 8x1=8 (readydght timesone is eight) 

2x8=16 (twice eight is sixteen). 8 x 2=16 (eight times two is sixteen). 
3 X 8 = 24 (three times eight to twenty-four) 8 x 3=24 (eight times three to twenty- 

4x8=32 8x 4=32 '**"^- 

6x8=40 8x 5=40 

6x8=48 8x 6=48 

7x8=56 8x 7=56 

8x8 = 64 8x 8=64 

9x8=72 8x 9=72 

10x8=80 8x10=80 

EXEROISB XI. (g). 

(1) How mucli money in 8 bags, each containing £5786. IZs, 7^d? 

(2) A mile has 8 furlongs, and a furlong has 660 feet How many 
feet in a mile ? 

(3) K one man pays 3«. 9|d for his dinner, what will a party of 
8 pay? 

(4) Find the length of the sides of an octagon, if each side is 237 
inches long. 

(5) Find the cost of 8 railway tickets at £1. 15a 6d. each. 

(6) A certain city has 47,968 houses ; if, on an average, each has 
8 windows, how many windows are there altogether 1 

(7) 416296 X 8 (14) £34088. 13». 9^ x 8 
{8) £40629. 6s. OJd X 8 (15) 639756 x 8 

(9) 278409 X 8 (16) ^662977. 5i. SJe?. x 8 

(10) £51732. 17». 2id. x8 (17) 847538 x 8 

(11) 301620 X 8 (18) £79863. 19». lOd. x 8 

(12) £23154. 88, 8id. X 8 (19) 925317 x 8 

(13) 510847 X 8 (20) £18641. 7«. Hid, x 8 

13. Learn hy heart : Also : 

1x9=9 (read, once nine is nine). 9x1=9 (read, nine times one is nine). 

2x9 = 18 (twice nine is eighteen). 9 x 2=18 (nine times two is eighteen). 

3 X 9 = 27 (three timesninetotwenty-seTen) 9x 3=27 (nine times three to twenty- 
'4x9 = 36 9x 4 = 36 *®^®"^' 

5x9 = 45 9x 5=45 

6x9=54 9x 6 = 54 

7x9=63 9x 7=63 

8x9=72 9x 8=72 

9x9=81 9x 9 = 81 

10x9=90 9x10=90 

£2 
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Notice that the sum of the digits is always 9 ; moreover, that 
the figure in the tens' place is always one less than the multiplier. 
Thus in 6 X 9, the tens' figure is 5, and the units' figure the dif- 
ference between 6 and 9. 



Exercise XL {h). 

(1) How much money in 9 bags, each containing £5437. 6^. 7Jtf.? 

(2) How many ninepins are there in 403 sets 1 

(3) What salary shall I draw in 9 months at £13. 2s, 6d. a-month ? 

(4) Find the length of the sides of a nonagon, each side being 
222 inches long. 

(5) What will be the cost of a terrace of 9 houses at £11 66. 1 35. 4d. 
each ? 

(6) A sovereign weighs 123 grains, how many grains should 9 
sovereigns weigh ? 

(7) 416296 X 9 (14) £34088. 18«. 9ld. x9 

(8) de40529. eg. 04(2. X 9 (15) 639756x9 

(9) 278409 X 9 (16) £62977. 5». 3Ji. x 9 

(10) £51732. 17». 2id, x 9 (17) 847538 x 9 

(11) 301620 X 9 (18) £79863. 19». lOd. x 9 

(12) £23154. 88. 8irf.x9 - (19) 925317x9 

(13) 510847x9 (20) £18641. 7». IIH x9 



14. Learn by heart : 



Also : 



1 X 10= 10 (read, once ten is ten). 10 x 1= 10 (read, ten times one is ten). 



2x10= £0 (twice ten is twenty). 
8 X 10= 30 (three times ten is thirty. 
4x10 = 
5x10 = 
6x10 = 
7x10 = 
8x10 = 
«xlO = 



10 x 2 = 20 (ten times two is twenty). 
10 x 3= 30 (ten times three is thirty). 



40 
50 
60 
70 
80 
90 
10x10 = 100 



10 X 
10 X 
10 X 
10 X 
lOx 
10 X 



4 = 

5 = 

6 = 
7= 
8 = 



40 
50 
60 
70 
80 
90 



10x10 = 100 



Multiply 68437 by 10. 



68437 
10 

684370 



Wording: 70, O', carry 7 ; 30, 37', carry 3 ; 40, 
43', carry 4; 80, 84', carry 8; 60, 68'. 
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Similarly 51376 X 10 = 513760, and 123456 X 10 = 1234560. 
Notice that the figures in the product are the same as those in the 
multiplicand, with the addition of a cipher in the units' place. The 
question arises, Will this always be so 1 On trying any number of 
cases, the coincidence will be found to hold. If we were to trust 
to experience only, which is called reasoning by analogy, our con- 
clusions might be correct, but would not carry to our minds the full 
conviction that is forced upon us by logical deduction. In many 
cases of reasoning we are obliged to rely upon mere analogy ; but 
in this case we can prove that the coincidence not only will, but 
must, always hold. 

Compare the multiplicand and product in the above example : 

XM.M. 0. X. I. OM.XV.M. 0. X. I. 

68437 and 68437 0. 

The 7 in the former stood for 7 units, in the latter for 7 tens. 

3 „ 3 tens, „ 3 hundreds. 

4 „ 4 hundreds, „ 4 thousands. 

8 „ 8 thousands, „ 8 ten-tbousands. 

6 „ 6 ten-thousands, „ 6 hundred- thousands. 

Thus we see that, by putting the cipher in the units' place, each 
figure in the multiplicand has been moved one place higher in the 
numeration scale, and has therefore been made ten times as valuable, 
or has been multiplied by 10, and multiplying each figure by 10 is 
equivalent to multiplying the whole by 10. 

Learn by heart : To multiply any number by 10, put on a cipher* 
in the units' place, and copy the remaining figures. 

Q. Apply this rule to the following : £369. 17«. 8|^. X 10. 
A. £369. I7s. 8|0df. 

Teacher. It is evident that the rule as it stands does not apply 
here, and for this reason : We are dealing with different numeration 
scales in the same sum, and the cipher as placed above does not alter 
the positions of the different figures in their respective scales. There 
being four different scales, four ciphers will be required, thus : 
£3690. nOs. SO^d. This product, though not inaccurate, is evi- 
dently inconvenient, and we therefore proceed as ioWo^^ \ 



3^17 


10 


a«»8 17 


H 



5i UOLrTFUCASlOSL [CJEL T 

Wcrdhig: 30, iU, curj7; 80, 87, S*, CMiy 7 ; T, 
17 (haU-wverasBs), 1', cmny 8; 8*, O*. 9, 8*. Tb 

mvltiplj lUUiBei bj 10, we hare only to oil thm luOf- 
»OT e re i giii> The poands need noi be worked, and we 
bxre onlj to put the fignre carried from the half -sore- 
rdgBs in the idaee of the cipher that is added in mnlti- 
pljiBg the poonda bj 10. 

EXEBCISB XL (t) 

(1) How mnch numej in 10 bags, each containmg £5846. 17jl 

(2) How many fingers (and thumbs) will 798 men have t 

(3) find the valne of 10 shares at £93. 17& 6d. each. 

(4) How many hundreds in 5786 thousands 1 

(5) Rnd the expenditure of 10 years at £1048. 195. lOd. a-year. 

(6) How many tens in 75964 hundreds ? 

(7) 416296 X 10 (14) £84088. 18«. ^d. x 10 

(8) ie40529. 6«. Oid x 10 (15) 639756 x 10 

(9) 278409 X 10 (16) £62977. 5t. SJd. x 10 

(10) £51782. 17«. 2id, x 10 (17) 847538 x 10 

(11) 801620 X 10 (18) Je79863. 19«. lOd. x 10 
(1^ £23154« 8f. Sid. x 10 (19) 925817 x 10 

(18) 501847 X 10 (20) ^£18641. 7«. lljd. x 10 

15. The interpretation of the symbol X, even as extended in § 4, 
{« inapplicable to such a case as £5. 3& lOd, X h since in the 
symbol 1 the notion of repetition does not enter. The interpreta- 
iutn must therefore be still further extended ; but every extension 
of the interpretation of symbols in Arithmetic and throughout 
Mathematics must fulfil the two following conditions : 

(a) It must give an intelligible meaning to the symbol in the 
new case which requires this extension. 

(6) The new wording must not alter the sense attached to the 
symbol in the earlier cases, and must remain subject to the general 
rules already established. For example, whatever extension of mean- 
ing wo may in future have occasion to give to the symbol +> i* 
must always be true that the sum of two or more numbers will be 



OH. v.]. mTLTIPLlOAIIION. 65 

the same, in whatever oider the addenda be taken ; or whatever 
meaning we may in future have occasion to give to the symbol X, 
it must always be true that tl)p product of two numbers will be the 
same in whatever order they are taken. 

Learn by heart : j?%w tiffn (X) indicates that the number on either 
side of it is to he taken as many times as is indicated hj the number 
on the other side of it, 

16. Test of accuracy by casting out nines. 32645 X 8. 

826« 

9K 



261160 

Cast out nines from the multiplier and multiplicand and write 
the results (8 and 2) in the spaces right and left of a cross, as in the 
margin; multiply these results (16), cast out nines, and place the 
result (7) in the upper space ; lastly, cast out nines from the product 
found, and write the result in the lower space. If the figures in the 
upper and lower spaces do not agree, there must be an error in the 
working. 

ExEBOiSE Xn. (a). 

(1) Find the cost of 7 articles, at X3. 4^. 5d. each. 

(2) Multiply X68419. Us. 2^^ by I. 

(3) Multiply X768. 13ft M. by 10, 

(4) .Multiply 7686875 by 10. 

(5) Eepeat £9. 13ft 8^^ 6 times. 

(6) Simplify 9684375 + 9684375 + 9684375 + 9684375. 

(7) Take £19. 14*. 2fd 7 times. 

(8) Find the amount of 7 collections, each containing 197114583 
things. 

(9) What shall I spend in 5 years if I spend £476. 13ft 8c?.. 
a-year % 

(10) How many men are there in 6 regiments of 936 men each? 

(11) How many sheep in 8 flocks of 147 sheep each % 

(12) How much must be paid for 6 locomolVvea a\i £^\^^ ^As3ci\ 
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(13) How far eliall I travel in 9 days, if I travel 672 xailes 
a-day ? 

(14) Find the double of £5943. 14% 6d. 

(15) Find the length of 4 journeys of 1768 miles each. 

(16) The Bank of England sent to the Bank of France 3 chests 
of money, each containing £147,916. How much money in all ? 

(17) How many legs have 683 sheep, 429 oxen, and 715 horses! 

(18) How many legs have 326 men, 519 ostriches, and 478 
canaries 1 

(19) How many toes have they 1 

(20) I bought 9 articles at 13^. lO^d. each; 6 of them I sold at 
15^. 4|i. each, and 3 at XI each. How much did they all cost me, 
for how much did I sell them all, and what profit did I make t 

Exercise XIL (6). 

(1) To 7 times 4709, add 7037. 

(2) To 4 times 6835, add 5 times 216. 

(3) Find the difference between 6 times 5987 and 3 times 9412. 

(4) Which is the greater, and by how much, 8 X 3104, or 7 X 
40801 

(5) Multiply the sum of £8417. 13a. 11^., £359. 16^. 8^., £1043. 
3^. 2Jd, £6. 11a. lOJd, £428. 5a. 9|(f., and £7932. 17«. Ud, by 9. 

(6) Multiply the difference between £10,000 and £8342. Us, lO^d 
by 10. 

(7) Multiply the difference between 6 X 2304 and 8 X 1728 
by 10. 

(8) Multii)ly the sum of 18451 and 18444 by their difference. 

(9) Prove that 1 X £3267. 12«. lOd. + 2 X £3267. 12a. lOd, 
+ 3 X £3267. 12^. lOd. + 4 X £3267. 12^. lOd, +5 X £3267. 
12a. lOd, + 6 X £3267. 12a. lOd. + 7 X £3267. 12a. lOd. + 
8 X £3267. 12a. lOd. + 9 X £3267. 12a. lOd. = 9 X £3267. 
12a. lOd. taken 5 times. 

(10) Prove that the same is true of 105894. 
(U) Also of £1084. 7«. ll^c^. 
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(12) Also of 67321. 

(13) Also of £4729. I85. 3* 
(U) Also of 568139. 

(15) Also of £65,478. 17«. d^d. 

17. Let us compare the meanings of the three symbols +, — y X, 
in accordance with the interpretations given in Ch. III. § 2, Ch. IV 
§ 2, and CL V. § 15. 

7 chairs + 3 chairs ; this means that 7 chairs and 3 chairs are 
to be added together. Ans, 10 chairs. 

Again, 7 chairs — 3 chairs ; this means that 3 chairs are to be 
taken away from 7 chairs. Ans. 4 chairs. 

Again, 7 chairs X 3 chairs ; this should mean either that 7 chairs 
are to be taken 3 chairs' times, or that 3 chairs are to be taken 7 
chairs' times; but what sense can we attach to either of these 
expressions 1 Evidently none whatever. Let us* then investigate a 
still earlier case. 

1 chair + 1 chair ? Am. 2 chairs. 

1 chair — 1 chair 1 Ans. chairs. 

1 chair X 1 chair? This also is perfectly, and perhaps more 
obviously, meaningless. 

Let us therefore consider the first introduction of the symbol X 
in § 1 of this Chapter. £7 + £7 + £7 + £7 + £7 + £7 has 
been contracted into £7 X 6, or 6 X £7 ; similarly, 7 chairs + 7 
chairs + 7 chairs + 7 chairs + 7 chairs + 7 chairs is contracted 
into 6x7 chairs, or 7 chairs X 6. In every case, then, the 6 has 
one and the same meaning, viz. 6 times, and is perfectly independent 
of the nature of the thing represented by the 7. Hence such a 
problem as £7. 8^. lOd. X £3. 4*. ll^d. is sheer nonsense, and 
admits of no solution.* 

Learn by heart : In Addition and Subtraction we must alimys have 
the SAME hind of units, viz. so many things of one hind added to or 
taken from so many things of the same hind; but in Multiplication 

* In Algebra, when the first problem of multiplication presents itself, a still 
farther extension of the meaning of the symbol x becomes necessary ; but even 
then there will be insuperable difficulties in attaching a d^nite mea]ii\N% V^ n^do^ 
problem. 
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we mud alway$ have two diffebbnt kinds of units, nk. 90 numy 
THINGS repeated or taken so many times. 

18. Apply these considerations to the following : 

£8 + £0. Ans.£J^. 

jeO + X8. AnL £8. 

£0 X 8. Ans. £0. 

£8X0. This new case reqnires investigation. It cannot mean 
that £8 are not to be multiplied at all, but only left alone, for then 
it would be equivalent to £8 X 1 ; the only sense attachable to the 
expression is that £8 are to be taken no times, and therefore that 
£8X0 = £0.» 

Or again : We have seen that 7 times 6 = 6 times 7 (§ 4) ; 
therefore times 8 should = 8 times 0, as the above reasoning 
shews to be true, and this strengthens our conviction that we have 
reasoned correctly. 

£8 — £0. i4iM.£8. 

£0 — £8. This has no meaning. 

Learn by heart : In Addition and Mtdtiplication the numhen may 
be taken tn any order toe please, btUnotso 171 StihtracUon, 
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MULTIPLICATION — continued. 

!• It is required to multiply £587. 13«. llc^. by 13. As our 
knowledge of the Multiplication Table only extends to 10 times, 
»ome arti£ce must be adopted by which this defect can be supplied. 

* ''There i« a number of boxes, none of which contain anything. How much 
do all together contain t 

'' If a be the number of boxes, then repeated a times, or a x 0, is 0. 

** There is a box fall of gold, of which no part whatsoever belongs to A. How 
much belongs to A t 

**Up be the number of pounds of gold in the box, then A's part is x jp, or 0." 

(J)e MwgonCt Algehra, Introduction.) 

Here ( x ) has the f ollsr meaning^ whieh wo shall give hereafter. See Book JL 
CA lilts. 
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13 =10 + 3 = 9+4 = 8 + 5 = 7 + 6, .•. to repeat any 
quantity 13 times we may repeat it first 10 and then 3 times, or else 
first 9 and then 4 times, or 8 and 5 times, or 7 and 6 times, and the 
sum of each pair of products must be the same. 

Thus a person who cannot carry more than 10 boxes of a given 
weight, can remove 13 boxes from one place to another in the smallest 
possible number ofjoumeyB^ by dividing his work in any one of the 
four ways given above. Applying this principle to the problem 
proposed, we may proceed as follows : 

1st mode. 
A £587 13 11 
13 = 10 -f 3 
B 5876 19 2 
C 1768 1 9 
D7640 11 
The line marked D consists of the sum of the lines B and C, .'. 
D =: B + C ; again, B was obtained by taking A 10 times, .*. B :z: 
10 X A; similaiay, C = 3 X A, .-. B + C = 10 X A + 3 X A, 
or 13 X A; but B + C = D, .-. D = 13 X A. 

2nd mode. 
A £587 13 11 
13 = 9 + 4 







B 5289 


5 


3 












C 2350 


15 


8 












D 7640 





11 








D=B+C= 


9 X A + 4 X A=13 X A. 








3rd mode. 




4th mode. 






£587 


13 11 




£587 


13 


11 






13 


= 8 + 5 




13: 


= 7 + 6 






4701 


11 4 




4113 


17 


5 






2938 


9 7 




3526 


3 


6 






7640 


11 




7640 





11 




Multiply 87495 


by 13 in 4 different ways, 


shewing that the 


results coincide. 














87495 




87495 




87495 






87495 


13 = 10 + a 




13 = 9 + 4 




13 = 8 + 5 




13: 


= 7 + 6 


874950 




787455 




699960 






612465 


262485 




349980 




437475 






524970 



1137435 1137435 11374^5 \m^^^ 
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Inspection of the above four methods of multiplication of an 
abstract number by 13, shews that the selection of 10 + 3 is the 
easiest, because multiplication by 10 involves no labour. This is 
therefore the method commonly chosen for abstract numbers, and 
will in practice be foimd the most convenient in money sums also. 

Multiplication by 11 and by 12 may be done in one line, because 
the table for 11 is learnt by one inspection, and that for 12 has 
already been, incidentally, committed to memory. 



1 X 11 = 11 


1 X 12 = 12 


2 X 11 = 22 


2 X 12 = 24 


3 X 11 = 33 


8 X 12 = 36 


4 X 11 = 44 


4 X 12 = 48 


5 X 11 = 55 


5 X 12 = 60 


6 X 11 = 66 


6 X 12 = 72 


7 X 11 = 77 


7 X 12 = 84 


8 X 11 = 83 


8 X 12 = 96 


X 11 = 09 


9 X 12 = 108 


10 X 11 = 110 


10 X 12 = 120 



Exercise XIIL 

(1) Find all the possible pairs of numbers (none exceeding 10) 
whose sum is 14. 

(2) Do the same with 15, 16, 17, 18, 19. 

(3) Multiply £4279. 13«. 8Jd by 14, in four different ways, 
shewing that the results coincide. 

(4) Multiply 2756983 by 15, in three different ways. 

(5) Multiply £835. 11«. lO^d. by 16, in three different ways. 

(6) Multiply 4102568 by 17, in two different ways. 

(7) Multiply £6179. 14s. 9Jd by 18, in two different waya, 

(8) Multiply 3490716 by 19. 

(9) Multiply £674. 15«. 9d by 11. 

(10) Multiply 6747875 by 11. 

(11) Multiply £18792. 98. 7ld, by 12. 

(12) Multiply 1356794 by 12. 

2. Multiply 478916 by 20. 

A 478916 

20 = 10 -h 10 
B 4789160 
C 4789160 
D 9578320 
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The lines B and C being equal, it is evident that, instead of copy- 
ing lino B, we might have multiplied it by 2 (see Ch. V. § 1), thus : 

478916 

20 = 10 + 10 = 10x2 





4789160 

n 




Similarly 478916 X 30 : 

iBt mode. 
478916 
80=10 + 10 + 10 


9578320 

478916 

13 = 10 + 8 


2nd mode. 
A 478916 

80 = 10x8 


4789160 
4789160 
4789160 

14367480 

478916 X 13: 

A 


B. 4789160 
8 


14367480 


B 
C 

D 


4789160 
1436748 

6225908 





Compare the multiplication by 30 with the multiplication by 13. 
In the first, the line B, or the ten line, is multiplied by 3, and this 
at once yields the answer. In the second, it is not line B, but line 
A, that is multiplied by 3, and this multiplication only yields us 
line C, which has yet to be added to line B to give the answer, line D. 
In other words, 30 times is 3 times 10 times; 13 times is 10 times 
and 3 times put together. 

The above process of multiplication by 30 may be contracted, as 
the line B is merely a copy of A with the addition of a in the 
units' place; we may therefore obtain the result in one line by 
writing down the and multiplying by 3 at once, thus : 

478916 
80 

14367480 

Similarly, we multiply by 40 by writing a in the units' place 



62 XUI^TIFUOATION. [OH. ¥L 

and multiplying by 4 ; and so on for 50, 60, 70, 80, 90, where we 
write a and multiply by 5, 6, 7, 8, 9, respectiyely. 



ExsBOiSB XIV. (a). 



(1) 8469875x20 

(2) 788125x80 

(3) 1874167x40 

(4) 1856875x50 



(5) 96438125x60 

(6) 27649588x70 

(7) 78415625x80 

(8) 758125x90 



In multiplication of money, line B (see below) is not merely a 
copy of line A with the addition of a 0, and this contraction is 
therefore inapplicable. 

£324. Qs. Id. X 50 : 



A £324 


8 


7 
10 


B 3244 


5 


10 
5 


C 16221 


9 


2 


Exercise XIV. (5). 


(1) £346. 19«. 9<Z. x20 




(5) £964. 7«. 7Kx60 


(2) £78. 6». 3<Z. x30 




(6) £270. 9«. Ildx70 


(3) £187. 8». 4dx40 




(7) £78.8«. 3Jdx80 


(4) £13. lU44dx50 




(8) lh$. 0}(2. x90 


Exercise XIV. (c). 


(1)£29. 18«. 8idx30 




(15) 49875x16 


(2) £29. 18*. 8i(i.xl3 




(16) 49375x60 


(3) 29684375x80 




(17) 29864583x17 


(4) 29684375x13 




(18) £29. 7«. 3irf.x70 


(5) £645. 15«. 8dxl4 




(19) £29. 7«. 34cZ. xl7 


(6) £645. 15«. 8d.x40 




(20) 29364583x70 


(7) 6457833 x 40 




(21) £7. 18a.5idxl8 


(8) 6457838x14 




(22) £7. 18«. 5i(i.x80 


(9) £10. 16«. 9}d.x50 




(23) 79239583x18 


(10) £10. 16«. 9idxl5 




(24) 79239583x80 


(11) 10840625x50 




(25) £56. 19«. Ili(i.xl9 


(12) 10840625x15 




(26) £56. 19a. lli(i. x90 


(13) 9«. lOidxlO 




(27) 569989583 x 19 


(U) pAlOJdx60 




(28) 569989583x90 
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(29) £58. 17t.8}(l.xl5 

(80) £68. 17«.8Jd.x50 

(81) 58884875x15 
(32) 58884875x50 
(88) £194. 17«.2d.xl7 
(84) £194.17*. 2(i.x 70 

3. Multiply 2628417 by 53. 



(35) 19485883x17 
(86) 19485833x70 

(37) £962. 78.6d.xl9 

(38) £962. 78. 6dx90 
(89) 962875x19 

(40) 962875x90 



2628417 
58 = 50 + 8 



181420850 
7885251 

189306101 



Multiply £36. 9& S^d. by 67. 

A £36 9 84 X 67; 67 = 60 + 7 
10 

Line B = 10 x A 
„ C= 6xB = 60xA 
„ D = 7 X A 

.•. C + DorE = 60xA + 7xA = 67xA 

E 2444 10 5^ 



B 


864 


17 


1 
6 


C 


2189 


2 


6 


J> 


255 


7 


114 



Exercise XV. 



(1) £4. 16s. 74^x23 

(2) £4.168. 7id.xZ2 

(3) 483125x23 

(4) 483125x32 

(5) £12. lZt.5id.xZi 

(6) £12. 13«. 5Jdx43 

(7) 126739588x34 

(8) 126739583x48 

(9) £26. 178. lid X 46 

(10) £26. 17». lid X 64 

(11) 2689583x46 

(12) 2689583x64 

(13) £34. 14«. 3}dx57 

(14) £34. Us. Zid.x75 

(15) 84715625x57 



(16) 34715625x75 

(17) £5. 7«. 6idx61 

(18) £5. 7s. 6idxl6 

(19) 53760416x61 

(20) 53760416x16 

(21) £27. 9«. 8Jdx77 

(22) 274864583x77 

(23) £6. 19«. 10i<2. x82 

(24) £6. 19«. 10idx28 

(25) 69927083 x 82 

(26) 69927083x28 

(27) £39. 5«.74dx98 
(2S) £39. Bs. 74dx89 

(29) 3928125x98 

(30) 3928125x89 
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4. In some cases this process of multiplication may be somewhat 
contracted, e.g. 56 = 50 + 6, but it also equals 8 + 8 + 8 + 8 
+ 8 + 8 + 8 = 7 times 8, or 7 + 7 + 7 + 7 + 7 + 7+7+7 
= 8 times 7. 



Multiply 78429 by 56. 



3^2 



iBt mode. 
78429 A 
66=60 + 6 

8921460 B 
470574 

4392024 D 



2nd mode. 
78429 A 
66 = 7x8 



8id mode. 
78429 A 
66 = 8x7 



627432 E 
7 



649003 P 
8 



4392024 D 



D = B + C ; but B = 50 X A, and C = 6 X A, . •. 
Again, D = 7 xE; but each E=8 x A, .-. D = 
Again, D = 8 x F ; but each F = 7 x A, .-. D = 

Multiply £478. 58. Id. by 6L 



Ist mole. 
£478 6 7 
10 



2nd mode. 
£478 6 7 
8 



4392024 D 

B + C = 56xA. 
7 x8x A = 56x A. 
8x7xA = 56xA, 



8rd mode. 
£478 6 7 
7 



4782 15 10 
5 


23913 19 
2869 13 


2 
6 



3826 



4 8 
7 



26783 12 8 



3347 19 1 
8 

26783 12 8 



23783 12 8 



Exercise XVI. 

(1) Multiply £16. 155. 8Jd by 56 in three different ways, 8he\7- 
i:-;; that the results coincide. 

(2) 16784375 x 56 in three ways. 

(3) £82. 9«. Z^d. X 45 in three ways. 

(4) 82464583 x 45 in three ways. 

(5) £143. 6^. 10|d X 20 in four ways. 

(6) 15809x20 in three ways. 

(7) State the different ways in which we can multiply by 24, 30, 
30, 42, 60, 63. 
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5. Continued Product. 

When there are several numbers, and the first is multiplied by 
the second, the product by the third, that product by the fourth, 
and so on, the last product is called the Continued Product of all 
the numbers. 

The continued product of 7, 8, 9, 11, is 7 x 8 x 9 x 11 = 5544. 

The factors 7, 8, 9, 11, may be taken in any order ; for any two 
of them, say 8 and 9, may change places, because 8x9 = 9x8 
(Ch. V. § 4). 

Thus 7x8x9x11=7x9x8x11. 

In this way, from 7x8x9x11, any order, say 8x11x9x7, 
can be obtained by the following steps : 

7x8x9x11 = 8x7x9x11=8x9x7x11 = 8x9x11x7 
=^8x11x9x7. 

Illustration : 4x3x5 may be represented thus — 



which can be seen to be (3 x 4) x 5, or (4 x 3) x 5, or (5 x 4) x 3. 

If each dot were supposed to be replaced by a collection, say of 7, 
we should see that 7x3x4x5 = 7x4x5x3, &c. 

6. Multiply 78426 by 100. 100 = 10 x 10, hence we may pro- 
ceed as follows : 

78426 
10 

784260 
10 



7842600 

Uut on comparing the product with the multiplicand, we find that 
we have added two ciphers on the right-hand side. In fact, by th(3 
addition of these two ciphers, each digit of the multiplicand has 
been removed two places higher in the numeration scale, and has 
thereby had its value raised a hundredfold. Similarly, a number is 
miUtiplied by 1000 by adding 3 ciphers on the right, by 10,000 by 
adding 4 ciphers, and so on. 

The numbers 10, 100, 1000, &c., which are 10, 10 x 10, 
10 X 10 X 10, &c., are called Powers of 10. 
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Learn by heart : To muLtyply a number by any power of 10, put 
on 08 many cipTiers to the right of the mtUttpUoand as there are ciphers 
in the mtdtipUer, This rule is of course inapplicable to multiplica- 
tion of money. (CL V. p. 53.) 

Multiply £43. 7s. 8^d. by 10000. 
A £48 7 Si" 



10 



B 


433 17 1 
10 





4338 10 10 
10 


D 


43385 8 4 
10 



LmeB=10xA 
„ O=10xB = 100xA 
„ D=10xO=100xB=1000xA 
,f E=10xD=100xO=1000xBsl0O00xA 



E 433854 8 4 

Exercise XYIL 

(1) £529. 17«. 8d. X 100. 

(2) £8342. 6s. 9^(1. X 1000. 

(3) £7. Us. 2id. X 10000. 

(4) £845. 48. lOd. X 100. 

(5) £3410 X 1000000. 

(6) 38. 2^d. X 100000. 

'(7) Find the value of a million penny postage stamps. 

(8) If one rupee is worth Is, ll^d, what is the value of a lac of 
rupees (100,000)? 

(9) 42748 X 100. 

(10) 609 X 1000. 

(11) 5040 X 10000. 

(12) 170000 X 100000. 

(13) 19 X 1000000. 

(14) 1 X 1000. 

(15) 3000 X 1000. 

(16) 1000 X 100. 

(17) 100 X 10000. 

(18) 1000 X 1000. 

(19) 10000 X 10000. 

(20) A million X a million. 
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r. Multiply '5267:^ 4(K>.' 400 t=i 4 X 100 ; we th^fore nrol- 
tiply by 100 and then this prbduct by 4, thus : 

5267 . 
100 or in one line, as in § 2 : 

^^ 526700 5267 

/sX 4 . 400 



2106800 2106800 

Multiply £83. 4«. lOJd by 600. 

""••' ' • £88 4 10t 
* 10 



8 6i 
. 10 



8824 5 5 
4^945 12 6 



Multiply 78652 by 347. 347 = 800 + 40 + 7 j we therefore 
take the multiplicand fiist 300 times, tikeixx 40 tim^ and lastly 7 
times, and add these three products together. 

78652 
847 



'< 


28595600:3: 80O times 


"K 


8146080 =: 40 times 




550564 = 7 times 



27292244 = 847 times 

Multiply 43706 by 4768. 

48756 
4768 



\J/ 175024000 = 4000 times 

y^ 80629200 « 700 times 

2625860 3 60 times 

850048 » 8 times 



208628608 » 4768 times 

N.B. Tha test by casting out nines wiU not detect an error in the order or 
position of the figures, sinbe iSie sun of the digits would be thd uccql^ ^\)aXa^^t 
their arrangement in the multiplier, the mvlUplioaxid ot «D9 ol ^^ ^tq^tl<:^a. 

f2 
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Snppodng, howerer, an error to be indicated hj the tee^ it is not neceoarj to gft 
tbroQgh the whole work again, as each line can be tested separately : e.g. 

For the 4000 line the scheme is ' yV* v * y 

Multiply 75948 by 4060. 

75948 
4060 



NJ/ 808792000 = 4000 times 

/6\ 4556880 = _60 limes 

808848880 = 4060 times 

13467 X 10110. 18467 

10110 
V/ 184670000 = 10000 times 

y^ 1846700 = 100 times 

184670 = 10 times 

186151870 = 10110 times 
Multiply £15. 7s. Sid. by 347. 

A £15 7 8fx7 
10 



B 158 17 3ix4 
10_ 

G 1588 12 11 
8 



4615 18 9 =3xC=8xl00time8=800%ime8 

615 9 2 =4xB=4x 10 times = 40 times 

107 14 li = 7xA=7x 1 time = 7 times 

5339 2 OJ 8471 



£6. 15«. lO^d. X 8040. 

A £6 15 104 
10 

B 67 18 9x4 
10 

C 679 7 6 
10 



D 6798 15 
8 



54350 0=8 xD=8xl000time8=8000 times 

271 15 =4xB=4x 10 times = ^ times 

54621 15 8040 times 
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Multiply £3. 7». S^d. by 2400. 2400 = 2000 + 400 = 3 x 8 
X 100 = 4 X 6 X 100 = 2 X 12 X 100 a= 8 X 3 X 100 = 8 X 100 X 3 » 
3 X 100 X 8, &c. &o. 



Ist mode. 
8 7 8i 
10 


8rd 
£3 

27 


2nd mode. 
8 7 8i 
10 


33 17 1 
10 


83 17 1 
10 


338 10 10x4 
10 


838 10 10 = 100 times 
8 


3385 8 4 
2 


2708 6 8=800 times 
3 


6770 16 8=2000 timM 
1354 3 4= 400 times 

8125 0=2400 times 


8125 0=8x800 times=2^ 

mode. 
7 84 
8 

1 8=8 times 
3 




81 


5 0=3x8 times =24 times 
10 




812 10 0=10 X 24 time8=240 times 
10 



8125 0=10 X 240 times=2400 times 
It will be seen that the multipHcation by factors (2nd and 3rd 
modes) requires the fewest figures ; it is therefore the more elegant, 
and, in addition to this, enables us, by altering the order of the 
factors, to apply an almost absolute verification. 

8. Find the cost of 42 articles if 7 cost £7. 8s. lOd, 42 = 6 x 7, 
.'.42 articles cost 6 times as much as 7 cost = 6 x £7. Ss, lOd, 

£7 8 10 
6 



44 13 
If I walk 76 miles in 4 days, how lar shall I walk in 20 days I 
20 = 5 X 4, .'. in 20 days I shall walk 5 times as far as in 4 days, 
that is 5 X 76 miles = 380 miles. 
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9. Simplify 8 X (16 + 5 ~ 3). 8x (16 + 6 — 3) means S time? 
the quantity within the brackets, therefore we mnst first simplify 
16 + 5 — 3, which becomes 21 — 3> or 18. Then 8 x 18, or 144, 
is the answer. 

10. In multiplying two abstract numbers, it is better to choose as 
the multiplier that number which has the fewer significant figures. 



EXBRCISB XVni 


(1) £47. 19». Sid. X 871 


(16) 58244 X 5005 


(2) £612. 98, 7id. x 802 


(17) 178 X 16359 


(3) £8. 8«. Bid. X 5049 


(18) 50070 X 829 


(4) £9. 08. lid. X 62 


(19) 69532 X 10101 


(5) £50. 17«. lOict. X 10010 


(20) 69532 X 11001 


(6) £471. 18«. 9}^ X 7021 


(21) 69532 X 1010 


r (7) £25. 78. iid. X 280 


(22) 69532 x 11111 


(8) £83. 15». Zd. X 6400 


(23) 69582 x 100100 


(9) £90. 11». 2{d. X 180 


(24) 69532 x 11011 


(10) £308. 198. Hd. X 360 


(25) 26418 X 210 


(11) £621. Ii8. 9id. X 42 


(26) 57390 X 4500 


.(12) £495. 68. ed. X 840 


(27) 256080 X 120 


(13) 36724 X 87 


(28) 7439 X 320 


(14) 6809 X 1209 


(29) 6428000 x 7200 


(15) 8067 X 2109 


(30) 4286 X 5500 



(31) Find the daily wages of 367 men at 3«. 4Jd per day each. 

(32) How much would this amount to in a year, leaving out 52 
Sundays 1 

(33) Find the cost of 815 articles at 7«. 10|<f. eacL 

(34) Find the value of 3000 Venetian ducats at 9«. 6d. each. 

(35) Find the value of 94375 Prussian thalers at 2& lOf ^. each. 

(36) Find the value of 1722 railway tickets at 1^. 7d. each. . 

(37) Find the value of a cwt. (112 lbs.) of sugar at 4|d per lb. 

(38) Find the cost of a ton (20 cwt.) of iron nails at ^d. per lb. 

(39) What is the charge for translating 74 folios at 28. A^d. each ? 

(40) Find the cost of a lb. Troy (5760 grains) at If d per grain. 

(41) "What is the yearly rent of a cottage at 3a. 3d. a-weekl 

(42) Find the yearly rent of a terrace of 165 houses, of which 
each pays £136. 10«. 
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(43) Find the strength of an army consisting of 113 regiments 
of 947 men each. 

(44) How many words are there on a page of 29 lines, each line 
containing 14 words 1 

(45) How many bricks are there in 306 yards of wall, each re- 
quiring 288 bricks 1 

(46) At the latitude of London, 1 degree (P) of longitude is 
very nearly 37 geographical miles. Find the length of the whole 
paraUel (3600). 

(47) How many eggs are there in 3080 boxes, each containing 
4769 eggs ? 

(48) How many grains in 68340 lbs. Avoirdupois (7000 grains 
each) ? 

(49) How many hours in a year of 365 days 1 

(50) How many inches will a wheel have travelled over in 
making 5317 turns, if the circumference of the wheel is 127 inches 1 

(51) How many yards in the equator, which is 24899 miles in 
length (1 mile = 1760 yards) ? 

(52) How many feet in the same (1 yard i= 3 feet) 1 

(53) How many inches in the same (1 foot =12 inches) 1 

(54) What is the issue of a newspaper in 13 weeks, the daily 
issue of which is 97428 copies ? 

(55) The Penny Cyclopaedia consists of 27 vols., each vol. has, 
on an average, 512 pages, each page has two columns, and each 
column has 81 lines of about 8 words each. How many words are 
there in all 1 

(56) How many ounces in 1 ton Avoirdupois 1 (see Table.) 

(57) How many inches in a mile ? 

(58) ,How many farthings in £1 ? 

(59) How many pounds in 143 iron plates, each weighing 5 tons 1 

(60) Sound travels through air at the rate of 1130 feet per 
second. How many feet distant is a thunder-cloud if the report is 
heard 17 seconds after the flash is seen ? 

(61) Shew that 27043 x 233 + 27043 x 419 + 27043 x 326 =. 
27043 X 326 x 3. 
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(62) Show that £7. ll». lOrZ. x 233 + £7. lU lOd. x 419 + 
£7. lU lOd, X 326 = £7. lU lOd. x 326 x 3. 

(63) Find the total cost of 43 articles at 58. U^d, each, 107 
articles at 13«. S^d, each, 2160 articles at 3«. 9|^. each, and 11 
aHicles at £2. 4^. 7d. each. 

(64) Find the total cost of 243 pieces of T cloths of 30 yards 
each, at 3|d per yard ; 67 pieces of sheeting of 38 yards each, at 
1«. lO^d, per yard, 375 pieces of shirtings at 68, 2d. per piece, and 
18750 yards of fents at l^d. per yard. 

(65) How much change shall I receive out of £100 after paying 
the following bill : 5 cwt. of sugar at 3Jd per lb., a chest of tea 
containing 53 lbs. at 28. lO^d. per lb., half a ton of Carolina rice at 
3^^. per lb., 2086 lbs. of raw Ceylon coffee at 5 Jd per lb 1 

(66) A farmer sold 437 sheep at £1. 178. 9d. each, and bought 
23 bullocks at £12. 12^. each, and 19 calves at £7. 17«. 6d. each. 
How much has he left ? 

(67) If I spend 1». 9d. a-day for a return ticket, travelling six 
days in the week, how much shall I save in a year (52 weeks) by 
taking an annual ticket for £25 ? 

(68) I bought 843 articles at £1. 3». A^d. each, and sold them 
for £1000. What was my profit ? 

(69) I bought 756 articles for £195, and sold them at 5$. 7^d. 
each. What was my gain ] 

(70) I bought 400 dozen of wine at £1. 158. 6d. per dozen, and 
retailed them at 38. 6d. per bottle. Find my profit per dozen ; also, 
in two ways, the profit on the whole. 

(71) I bought 325 dozen of wine at 3*. 2d. per bottle. For 
how much must the whole bo sold to gain £22. 10*. ? 

(72) A trader took out to China 24,178 pieces of grey shirting, 
of 29 yards each, at 2JcZ. per yard; 12,089 pieces of print, of 58 
yards each, at i^d. per yard ; 100,000 yards of flannel at ll^d. per 
yard, and 2400 dozen handkerchiefs at Is. 7\d. per dozen. He 
brought back 3000 chests of tea, of 35 lbs. each, at lOd per lb. ; 
16,498 lbs. of raw silk at £1. 3«. 10\d. per lb., and the remainder 
in cash. How much money did he bring back 1 
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(73) If I pay £13. 13«. per quarter for rent, £2. 8«. M. per 
quarter for rates, £2. 185. 9d. a-week for food, 11 «. 3d, a- week for 
-washing, £42 every half-year for school bills, £15. 12a 6d, every 
half-year for life insurance, £35 a-year for clothes, £3. 10«. for coals 
for the summer half and £7. 7a. for the winter half-year, and wish tc 
lay by £120 out of an income of £600 a-year, how much shall I 
have for other expenses 1 

(74) A publisher sells a certain book at 35. 2d. per copy nett ; of 
this, he pays to the printer, 9^d, per copy ; to the binder, 6|ci. per 
copy ; to the author, a royalty of 9d. for every copy he sells. Of 
an edition of 1000 copies, he sells 853 ; the remainder are left on 
hand. Will he have lost or gained, and how much I 

(75) I bought 2 tons of sugar at S^d. per lb. ; 7 cwt. 21 lbs. got 
damaged. I sold the good sugar at id. a pound, and the damaged 
sugar at 2Jd per pound. What was my gain or loss ? 

(76) A person mixed 23 gallons of Jamaica rum at 9«. 7d, per 
gallon, with 18 gallons of British rum at 7a 5d. per gallon, and 30 
gallons of water; he sold the mixture at 11«. 6d. per gallon. What 
was his total gain ? 

(77) A person bought 427 yards of cloth at 3«. 8^. per yard ; for 
how much must he sell the whole so as to gain 7Jc2. per yard 1 

(78) If 8 articles cost £4. 7«. lOJc?., what will 56 articles cost? 

(79) If 9 men can dig 43 yards of trench in a given time, how 
much will 45 men dig in the same time 1 

(80) How much in double the time ] 

(81) If 3 men build a given wall in 14 days, how long would 
1 man take to build it ? 

(82) If 20 men build a given wall in 8 days, how long will 10 
men take to do it? 

(83) And how long would 4 men take 1 

(84) If 3 articles cost Us. 8^d, what will 27 articles cost? 

(85) If 8 chairs cost £2. 2«. 6d, what will 64 chairs cost I 

(86) If one dozen pens cost 3^d, what will the gross cost ? 

(87) A man bought 28 Bandana handkerchiefs at 7 for £1. 12«. 
7^d.; he sold them at 5«. 9d, each. Find his total profit. 
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(88) By mistake he entered this profit in his books among the 
losses ; at the end of the month his books shewed a profit of only 
£83. 10«. What ought they to have shewn ? 

(89) In a given time 9 men can put up 67 yards of fence. How 
many yards can 63 men put up in treble the time ? 

(90) If 17 men can dig a given quantity of trench in a given 
time, how many men will be wanted to dig 4 times the quantity in 
a quarter of the time 1 

(91) If out of a sack of flour we make 43 shilling loaves, how 
many threepenny loaves could we have made of it 1 

(92) Simplify 17 x (184 — 47 + 62). 

(93) Simplify 302 x (5 x 17 — 3 x 11); 597 x (5 x 17 — 9 x 9). 

(94) Simplify 6 x 7 x (11 x 156 + 13 x 84). 

(95) Simplify (81 + 317) x (24 + 11). 

(96) Simplify 6x8x9x5x4x 317. 

(97) Find the continued product of the first 9 numbers. 

(98) Shew that 740625 x 386 + 740625 x 234 + 740625 x 1671 + 
740625 X 176 + 740625 x 809 + 740625 x 546 = 740625 x 546 x 7. 

(99) Shew that £7. Ss. l^d, x 386 + £7. Ss. l^d, x 234 + £7. 8s. l|cf. 
X 1671 + £7. Ss. IJd X 176 + £7. 8s. l^d. x 809 + £7. Ss. l^d. x 546 
= £7.85. IJdx 546x7. 

(100) A bankrupt owes £8745, and can pay 9s. 5f^. in the £1. 
What are his assets 1 

(101) A railway company has 16,200 shares. Their expenses are 
£14,175. What must be the company's gross income to yield a 
dividend of 17^. 6d. per share ? 

(102) Multiply the sum of 438619 and 30405 by 198. 

(103) Multiply the difference between 438619 and 30405 by 
1098. 

(1 04) Multiply the sum of 2815 and 365 by the difference between 
these two numbers. 

(105) From 18 times the product of 519 and 98 take 7 times this 
product. 
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CHAPTER VIL 

DIVISION. 

1. How many tiimes can I pay <£4. 7«. 9|cf. out of £26. 6«. Qd f 
£26 6 9 

4 7 94 Itime 



21 18 114 
4 7 94 




17 11 2 
4 7 94 




13 8 44 
4 7 94 




8 15 7 
4 7 94 




4 7 94 
4 7 94 





6 times exactly. 

How many times are £5. 8«. \0d, contained in £43. 17& 11(2. t 
£43 17 11 

5 8 10 1 time 



88 9 1 
6 8 10 




83 3 
5 8 10 




27 11 5 
6 8 10 




22 2 7 
5 8 10 




16 13 9 
5 8 10 




11 4 11 
5 8 10 




5 16 1 
5 8 10 





7 3 



8 times and 7*. Zd, over. 



7( 



TIL 



Hr/«r nasj tOKS nt lU Uhl containfil in SOO n& I 



«0 




lis 


11 


csa 




112 


1 


57« 




112 


1 


4^ : 




112 


1 


S52 




112 


1 


240 




112 


1 


12S 




112 


1 



16 



7 tuBCB and 16 lbs. OfV. 



Wm numj men will it require to dig 41 yards of trench in a 
gir«n time if 1 man can dig 6 yards in that time t 



41 
6 

6 

29 
6 



17 
6 

11 
6 



6 men and 5 yards over. 

SIjt mon would in the given time leave 5 yards to be done, seven 
in«ii wotild be able to do 1 yard more than required ; we may choose 
^Ulior (ttiMWor, but 7 men it the more correct Ans, 7 men and 1 
jrard to »]it\To. 
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The process by which we find the nundfer of times that one 
quantity is contained in another is called Division, for which the 
symbol is -i-. 

2. Learn by heart : This sign (-s-) is called Divided by, and ha$ 
the folUming meaning: Find how many times the quantity foUowitig 
the sign is contained in the quantity preceding the sign^ and the 
answer wjXl he so many times. 

3. Learn by heart : In Division the quantity to he divided is eaUed 
the Dividend, that hy which we divide is called the Divisor, and the 
answer is called the Quotient. If anything is over it is called ths 
Eemainder. 

Exeboisb XIX. 

(1) How many times are £5. Is, \\d, contained in £16. 3». 9i. ? 

(2) £13. 13*. lOd -7- £3. 8& 5\d. 

(3) If 1 article costs 12«. 7Jc2., how many can I buy for £4. 
8«. ^Id. % 

(4) If I save £1. 4«. lO^d. a-week, how long shall I be in accu- 
mulating £9. 19a 1 

{5) By what number must I multiply £8. 4& 6d to make £4L 
2s. 6d.? 

(6) To how many persons can I give £3. \5s, each out of 
£37. 10«. ? 

(7) If I can travel 65 miles a-day, how long will it take me to 
get over 520 miles 1 

(8) If one strip of carpet is 115 inches in length, how many 
strips can I cut from 1035 inches of carpet ? 

(9) How many regiments of 875 men each are there in 9625 
men? 

(10) How many yards of wall can I build with 448 bricks if each 
yard requires 64 bricks ? 

(11) How many times are £3. 8^ lOdf. contained in £151 

(12) £37. 9«. 4cf. 4- £4. 13«. Id. 

(13) If 1 article costs £1. 6«. 9d, how many can I buy for 
£8. Is. Id. 9 
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(14) K I save £2. 12*. 6d. a month, how long will it take me to 
accumulate £25 1 

(15) Out of £18. is, 9d. I bought as many sheep as I could at 
£1. 15*. 6d, each, and with the remainder I bought a lamb. Find 
the cost of the lamb. 

(16) Out of £13. 13*. I bought as many articles as I could at 
£1. 10*. each. How much more money shall I want to buy one 
more article ? 

(17) How many months of 28 days each are there in a year t 

(18) If I start Oct. 4th and travel 85 miles a-day, on what day 
shall I reach a place 450 miles off? 

(19) How many periods of 12 minutes are there in 1 hour) 

(20) To how many persons can I give £68. 14*. 10^. if I have 
£600 ? 

4. We see that Division is Cumulative Subtraction. Cumulativo 
Subtraction can be worked by the help of Multiplication, which ia 
Cumulative Addition. 

How many times are £147. 10*. 3d. contained in £734. 8*.? We 
see that the answer depends chiefly upon the left-hand figure of the 
pounds — on the number of times, in fact, that 14 tens are contained 
in 73 tens. Now 5 x 14 = 70, hence we guess that the answer is 
5 times. 5 times £147. 10*. 3d. = £737. 11*. 3d. 

£147 10 3) £734 8 0(5 tunes. 
737 11 3 

Our guess has in this case been too large, since we cannot take £737 
from £734. Try 4 times : 

£147 10 3) £734 8 0(4 times. 
590 1 

144 7 

Aniwer. 4 times^ and £144. 7s. over. 

If the actual subtractions are made, it will be seen that we obtain 
the same result. 

How many times are £36*. 8*. id. contained in £629. 11*. 7d.t 
We see at once that the divisor is contained more than 10 times in 
the dividend, because 10 x £36 = £360. Accordingly we may begin 
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by deducting 10 x £36. 8^. 4d. = £364. Zs. 4^., which- leaves a 
remainder of £265. 8<. 3d. Out of this we can take £36. 8a M. 
7 more times, because 7 x £36. 8». 4c?. =£254. 18a icLy and this 
leaves £10. 9«. lldf. da final remainder. 



£36 8 


4) £629 
864 


11 7 : 

3 4 


10 times. 






265 8 8 
254 18 4 > 


7 „ 






10 


9 11 1 


17 times. 






Anstffer 


. 17 times, and £10. 9«. lid 


over. 



ExEBoiSE XX. (a). 

(1) How many articles at £3. 7a lO^d. each can be bought for 
£16. 19a qd.l 

(2) How many shares at £92. 12a 6d. can be bought for £926. 5a1 

(3) The passengers in a railway carriage from London to Man- 
chester paid together £6. 3a 8i.; each ticket cost 15a 5|d How 
many passengers were in the carriage 1 

(4) £1103. ^£137. 17a 6d? 

(5) A man's weekly expenses were: lodgings, 18a; food, £1. 1a 9d,; 
railway travelling, 5a; washing, 2a; sundries, 6a 3d, How many 
weeks will £30 last him 1 

(6) One hundred and forty children are to be arranged in rows 
of 14 each. How many rows will there be ? 

(7) One hundred and forty-four children are to be seated in rows 
of 16 children each. How many rows will there be ? 

(8) A certain corps d'arm^e consisted of 10,835 men ; each regi- 
ment had 859 private soldiers and 126 officers. How mai^ regiments 
were there ? 

(9) How many such corps d*arm^e in an army of 184,195 men ? 

(10) A printer's office employs 9 compositors at £1. 16a each, 
3 pressmen at £1. 16a each, 2 readers at £2. 10a each, 1 overseer 
at £3, 2 boys at 11a each a-week. How many weeks' wages can 
be paid with £276. 6a? 

(11) A sack of potatoes weighs 168 lbs. How many sacks in 
1200 lbs.? 
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(12) A certain railway had to carry 9000 excursionists; each 
train could convey 456 passengers. How many trains must have 
been sent ? 

(13) A person earns £2. la, arweek, and spends £1. \2s. 6d- 
a- week. In how many weeks will he save £13, IsA 

(14) How many years (of 365 days each) are there in 1000 days ? 

(15) £427. 19«. 5d^£63. 14«. 2^(1. 

(16) £4000. -£234. 5a 6d. 

(17) £876. 10a -£43. 16a 6d. 

(18) £1234. 5a 6ci.-£89. 10a lid. 

(19) £1000. -£33. 68. Sd. 

(20) £500. -£16. 13a -^d. 

5. If 1 article costs 4a 7d, how many can I buy for £28,450 ? 
On trial it would be found that the process employed above would 
be so long as to be practically useless. Some artifice for contracting 
the operation is therefore indispensable. (See Ch. lY. § 7.) Make 

a table as follows : 

1 article costs £0 4 7 

10 articles cost 2 5 10 

100 „ 22 18 4 

1000 „ 229 3 4 

10000 „ 2291 13 4 

100000 „ 22916 13 4 

By means of this table we see that we can buy 100,000 articles, 
and shall yet have some money remaining. 

£28450 
22916 18 4 

Ist remainder 5533 6 8 

The table further shews us that with this remainder we can pay 
not only for 10,000, but for twice 10,000, or 20,000 articles. 20,000 
articles cost 2 x £2291. 13a 4i. =£4583. 6a Sd. 

£5533 6 8 = Ist remainder 
4583 6 8 = cost of 20, 000 articles 

2nii remainder 950 

With tJiis second remainder we cannot buy another 10,000, but 
we can buy much more than 1000 articles, and the question arises : 
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How many thousands ) 1000 articles cost, by the table, £229. 3s, id. 
To make a rough guess as to the number of times this is contained 
in the second remainder, £950, we should examine the figures of 
highest value in each, which are respectively 2 hundreds and 9 
hundreds ; this leads us to suppose that we can pay for 4 thousands. 
On trial we find that 4 x £229. 3^. 4(f. = £916. 13«. id. 

£950 0=2nd remainder 
916 18 4= cost of 4000 artidas 

8rd remainder 88 6 8 

With this third remainder we can pay for 100 articles. 
£38 6 8 = 8rd remainder 
22 18 4=:cost of 100 articles 



4th remainder 


10 8 4 


With this fourth remainder we can buy 4 x 10 articles. 4 x 


£2. 5«. 10cf.=£9. Bs.id. 






£10 8 4= 4th remainder 




9 8 4=co8t of 40 articles 


5th remainder 


.15 


With this fifth remainder 


we can buy 5 articles. 5X4«. 7c?. = 


£1. 28. lid. 






£1 5 0= 5th remainder 




1 2 ll=:co8t of 5 articles 


6th remainder 


.021 



Consequently we can pay for 124,145 articles, and shall have 

28, Id. over, which wiU not pay for another article. 

Mod. op. : 
49.7c7.)£28450 





22916 18 


4 


100000 1 

20000 

4000 

100 

40 

5 


irticles 


Table. 
4 7 


5583 6 
I. 4588 6 


8 
8 


$9 


2 5 10 
22 18 4 


X. 950 
c. 916 13 



4 


»f 


229 8 4 
2291 18 4 
!2916 18 4 


^' 83 6 

XM. 22 18 


8 
4 


»• 


'^- 10 8 
9 8 


4 
4 


»f 




15 
1 2 11 


»» 




Eemainder 2 

Answer. 1241 
o 


1 

45 


124145 articles 
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EzEBdSE XX. {h)' 

(1) How many times are £5. 18s. Id. ccaitained in £80a'6«. M. % 

(2) How many artdcleB can I buy for £2118. \88. ^di if each 
costs £9. 15& Z\d. % 

(3) By what number must I multiply £15. 13*. 7rf.' to obtain 
£4280. 8«. Zd. for product? 

(4) £4973. 11«. 2d -r- £30. I7«. lOd. 

(5) If I put by £91. T$. a-year, how long shall I take to accu- 
mulate £1370. 5«. ? 

(6) I invest £9287. 10*. in railway shares, each costing £92. 17*. M. 
and yielding a yearly income of £3. 10«. each, find my total yearly 
revenue. 

(7) How many Napoleons at 15«. 9d. each can I get for 189^' 
Prussian thalers at 2«. lOdf. each ? 

(8) (227 X £16. Il5. 4df.) -r- (28 x 18«. lid). 

(9) How many guineas are there in £510. 6«. ? 

(10) A earns £9. 2«. 6d a-week, and spends £7. S^ a-wiBekT 
How long will he be in saving £150 ? 

(11) A man's wages are £1. 17^.. 6c?. a-week ; his wife earns 18&, 
a-week; his 2 sons earn 6a ^d. a-week eatoh: How long must the 
wages of 4^fe family remain unpaid to amount to £79. 7i.t ^ ' 

(12) How many doVereigiiii,*halfH50Tereighs, crowns, hdtt-crowns, 
florins, shillings, sixpences, fourpenny-pieces, threepenny-pieces, 
pennies, halfpennies, and farthings, an equal number of each, can be 
got from £358. 17«. MA 

(13) How many times are £3. 18«. IM. contained in £429. 11«. M. ? 

(14) £5327. 3«. 5d. -f- £6. 13«. 2d. 

(15) A man's income is £2. 7«. %d. a-week, and his expenditure, 
on an average, £3. 1«. lOd, but he has £50 to begin with. How 
much a-week does he spend more than he gets ? How many weeks 
will the £50 keep him out of debt 1 And how much will he be in 
debt after 100 weeks from the commencement ? 

(16) A certain book cost T\d. p^ copy for the paper, 4Jc?. for 
tibe printing, b^d, for the binding. The total issue cost £1 10. 18*. 9dL 
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Of how many copies did it consist ? And what was the profit on 
the whole issue if each copy was sold for 2». ? 

(17) An omnibus costs to work, 5«. 6d, a-day for the diiver, Ss. 
a-day for the conductor, 8s. 6d. a-week for the keep of each of 8 
horses, 6«. 9c?. a-woek for sundries. These omnibuses run on Sun- 
days. If the weekly expenses amount to £333. 11^. 3e^., how many 
omnibuses are there at work ? 

(18) How many times can we subtract £1 . 3«. 7Je?. from £78,492, 
and what will be over 1 

(19) If I have £18. lis. dd., and buy as many books as I can at 
58, Sd, each, and with the remainder buy a slate, what did it cost ? 

(20) With an inheritance of £12,700, I bought as many shares 
at £92. 7s. 6d, as I could get. How many shares at £1. 9«. 9d, can 
I buy with the remainder ] 

(21) How many times must X3. 5^. 8^d be added to £562. 12«.lld 
to make £14,000 2 

(22) Find my income if my income-tax at 7d in £1 amounts to. 
£14. 2«. lid. ? 

(23) Hb^v' many Napoleons' ait 14^. ll|d each are equal to 718 
Prussian thaiers at 2ft lO^d, each? 

(24) HoMr many' pbiincis ot tea at ^s! Sd. per lb. must be given in 
exchange for tti lbs. of coffee at la. id. petlK, and 88 lbs. of raw 
sugar at id. per lb. 1 

(25) dB1728. ISa. -5- £4. 4«. 9d. (85) £784. 8». 2d. -^ £7. U. Ud. 

(26) £588. 78. -i- £L Us. Sd. (36) £1680 ~ £5. 7». 8d. 

(27) £181. 8«. 7id. ^ 3«. 7id. (87) £154. 10«. -r- 4». Zid. 

(28) £8.30 ^ 7s. Ad. (88) £8157. 15«. Id. -=- £7. 17*. 7id. 
(2d) £^m 1-99. 6(2. 4- £6. 4*. Sd. ' (8^) £601000 ^ £828. U. id. 

(80) £4080 ^ £5. ISs. id. (40) £237. 15«. 6(2. - 2}(2. 

(81) £98. 15«. ~ 2\d. (41) £7425. 18«. 10^(2. •t-£24. Zs. %id. 

(82) £16. 10». U. -r 28. 7\d. (42) £90197. 14«.104d -^£81. 3s.7ifZ. 

(83) £5611. Is. -4- £5. 12«. 4d . (43) £8878. 8a. 9\d.-^£l^, Zs. fijd. 
(34) £17914. \\8. llirf.^£7.8».10icf. (44) £999900 ^ £99. 19». \lid. 
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CHAPTER VIIL 
DIVISION (continued), 

1. Distribute £9. 12a M, equally among 3 persons. How much 
will each have % 

The £9 will give £3 each, the 12a will give 4a each, and the 6rf. 
will give 2d, each ; therefore each person will have £3. 4». 2d. 

This question is indicated thus : £9. 12«. 6d -f- 3. 

The symbol (-:-) has thus a perfectly new interpretation, viz., the 
distribution of a given quantity into so many equal parts. 

Learn by heart : This sign (-f-) m called Divided by, and hears 
TWO interpretations; \8t How many times is the quantity follomny 
the sign contained in the quantity preceding the sign, and the answer 
will be so MANY TIMES ; 2nd. Distribute the quantity before the sign 
into as many equal parts as is indicated by the number after the sign, 
and the answer loill be so much to bach part. 

2. Divide £357. 3a M. between 2 persons. Dividing first the 
8 hundred-pound notes, each person would receive 1 hundred-pound 
note, and there would be 1 hundred-pound note over ; this we con- 
vert into 10 ten-pound notes, which, with the 5 ten-pound notes we 
have already, make 15 ten-pound notes, and these, divided among 
the 2 persons, give 7 ten-pound notes to each, and 1 ten-pound note 
over ; converting this into 10 pounds, and adding the 7 pounds we 
have already, we have 17 pounds, of which we can give 8 pounds to 
each of the 2 persons, leaving 1 pound over ; convert this into 2 
half-sovereigns, and give 1 half-sovereign to each ; now divide the 
3 shillings, giving 1 shilling to each, and convert the 1 shilling over 
into 12 pence, which, with the 8 pence, give 20 pence, of which each 
person will have 10 pence. Total to each person, £178. 11a lOd, 

£. «. d. Wording : 2 in 8, 1', carry 1 ; in 15, 7', cany 1 ; 

2 ) 357 8 8 in 17, 8', carry 1 (pound) =2 half-sovB. ; in 2, V; in 

£178 11 10 ^* r, carry 1 (shilling) = 12 pence ; in 20, 10'. Ans, 

£178. lU lOd, 

Divide £743. 17«. S^d. among 3 persons. 

£• «• ^- Wording: 8 in 7, 2*, carry 1 ; in 14, 4', carry 2 ; 

8 ) 743 17 8t in 28, 7', cany 2; in 5, 1', cany 2; in 27, O*; ia 

£247 19 2} 8, 2*, carry 2; in 9, 3'. Ans. £247. 19». 2|d. 
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Divide £27,915. la. M. into 4 equal parts. 

£. «. d. Wording: 4 in 27, 6', carry 3 ; in 39, 0', carry 

4) 27916 7 8 8 ; in 81, 7', carry 3 ; in 35, 8', carry 3 ; in 6, 1', 

£6978 16 11 <»"y 2 ; in 27, 6', carry 3 ; in 44, 11'. An$, 

£6978. 16». lid 

Distribute £19,007. 65. *td, among 7 persons. 

£. «. d. Woi'ding ; 7 in 19, 2', carry 6 ; in 60, 7*, carry 1 ; 

7 ) 19007 6 7 in 10, 1', carry 3 ; in 37, 6', carry 2 ; in 46, 6', 

£2715 6 7i, Jover. <»rry 4 ; in 66, T ,carry 6 ; in 24, 3', and 3 far- 
things over. As we haye no coin smaller than farthings, 
these 3 farthings mnst remain undistributed. 

Distribute £252,047. 9*. i^d. among 6 persons. 

£. t. d. Wording: 6 in 25, 4', carry 1 ; in 12, 2'; in 0, 

6) 252047 9 4^ O'; in 4, O', carry 4 ; in 47, 7', carry 5 ; in 10, V, 

£42007 18 24, i over. carry 4; in 49, 8', carry 1 ; in 16, 2', carry 4; in 
17, 2'» and 5 farthings over. 

EXEROISE XXI. 

(1) Distribute £17,419. 8*. dd. between 2 persons. 

(2) What is the half of £73 Us. M. 1 

(3) Divide £68,422. Ss. 9|<f. into 3 equal parts. 

(4) What is the third part of £11,019. 68, 6d. ? 

(5) What sum of money can be subtracted 4 times exactly from 
£3509. 78. ed. ? 

(6) What is the quarter of £1007. U. 2d. ? 

(7) If 5 shares cost £7804. 6». 8d, what is the cost of each 1 

(8) What is the fifth part of £19,001. 2^. 7ld. ? 

(9) If I spend £1111 in six years, how much is that for 1 year ^ 

(10) What is the sixth part of £14. 98. 3d. 1 

(11) What do I spend each day if I spend £19. 3^. 3d in a week 
of 7 days ? 

(12) What is the seventh part of £85. 14«. 8Jff. ? 

(13) If the wages of 8 men amount to £5. 9a. 8dl., what will each 
receive ? 

(14) What is the eighth part of £19. 78. ed. 1 

(15) If 9 articles cost £8. 78. 6Jdl., what does each cost? 

(16) What is the ninth part of £318. 14a. Ofd 

(17) Distribute £519. 68. 7d. equally among 3 persons. 

(18) Divide £22,865. 9a. lid. among 7 persons. 

(19) What is the largest sum of money ftiaJi coa'Vi^ «QXi\xaR\Rk^^ 
times from £1000 i 
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(20) What number subtracted 8 times from £417. 6s. 5Jd will 
leave a remainder of £19. 11«. 7\d. 1 

(21) £48750. 8». 4d. -r- 2 (2«) £1050. lOl. 6A +r7 

(22) £1816. 9». 7d. 4- 8 (27) £1050. 10«. 6d. -=- 8 

(23) £5000 -r- 4 (28) £1050. 10». 6d, 4- 9 

(24) £1706. St. 6d. -5- 5 (29) £473. 7». 5d. -r- 7 

(25) £1050. 10». 6ii. -r 6 (80) £751. 1#. Id. -^ 8 

3. Distribute 718 eggs into 2 baskets. 

ex. I. 
2 ) 7 1 8 

3 5 9 eggs; 

Distributing the 7 hundreds, we put 3 hundreds into each basket, 
and have 1 hundred over; 1 hundred is 10 tens, and 1 ten to it 
makes 11 tens, which yields 5 tens for each basket, and 1 ten over, 
which, with the 8 units, makes 18 units, of which 9 go to each 
basket. Ans, 359 eggs to each basket. 

Wording: 2 in 7, 3', carry 1; in 11, 6', c»rry 1 ; in 18, O'. • : , 

Arrange 329 marbles into 7 equal heaps. 

7 )329 

47 
Ana. 47 marbles in each heap. 

Arrange 329 marbles into 8 equal heaps. 

8 )329 

41 and 1 over. 
Ans. 41 marbles in each heap and 1 marble over. 

Arrange 329 marbles into 9 equal heaps. 

9 )329 

86 and 5 over. 
Ans. 36 marbles in each heap and 5 marbles over. 

4. Test of accuracy by casting out nines. 
jy S) 435265 



^7\ 54408 and 1 over. 

Cast out nines from the dividend and place the result (7) in the 

upper space of .the*cross in the margin. Cast out nines from the 

divisor and the quotient, placing th^ results in the right and left 

Iiand spaces. Multiply these results (8x3 = 24), and add in the 
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remainder { 1 ) ; (24 4* I ^ 25, 7X' ^^ write this in the lower space. If 
the figures in the upppr.and Jower spaces do not#gree^ there must 
be an error in the work. ; . 

ExERoisfi XXIL 

(1) Divide 17412 tjhings into 2 equal parts. 

(2) What is the half of 358 things I 

(3) Divide 71235 things into 3 equal parts, 

(4) What is the third part of 72861 ? 

(5) What number of things can be subtracted four times exactly 
from 711136 things 1 . 

(6) What is' the quarter of 1097324 ? 

(7) If 5 equal ba^etd contain together 3125 apples, what will 1 
basket contain 1 

(8) What is the fifth part of 3116845 1 

(9) Divide a journey of 528 miles into 6 equal stages. 

(10) What is the sixth part of 2034 ? 

(11) A certain railway gUald travels 3303 miles a-week. How 
much is that a-day ? 

(12) What is the seventh part of 5565 ] 

(13) If 8 horses can draw a. load of 3416 lbs., what can 1 horse 
draw? 

(14) What is tiae eighth part of .137904 ? 

(15) If 9 regiments contain 8433 men, how many are there in 
each ? 

(16) What is the ninth part of 1000008 1 

(17) Distribute 92763 cartridges among 11 regiments. 

(18) What is the eleventh part of 135795 1 

(19) If 12 Volumes have 6084 pages, how many are there in each ? 

(20) Find the twelfth part of 122436. 

(21) Divide 7034519 separately by 2, 3, 4, 5, 6, 7, 8, 9, 11, 12. 

(22) Divide each of the following numbers by 12 : 

a. 1000000 d. 1111111 g. 106000 

b. 4197641 & 167626 h. 17000000 

c. 42050000: . . / 406500O h. 9052500 

(23) What sun^ of. ntuxney must be multiplied by 2 to yield 
£317. 195. 6dA . . 
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(24) What number must be multiplied by 2 to give 173598 1 

(25) What sum of money must be taken 3 times to yield £1000? 

(26) What number must be repeated 3 times to give 14367 ? 

(27) What sum of money multiplied by 4 will amount to 
£1719. 3& ed. 1 

(28) What number multiplied by 4 will give 17003068 ? 

(29) What was the value of each collection, if 5 collection:? 
yielded £317. 16a lO^d. ? 

(30) How long is each side of a regular pentagon, if the whole 
perimeter is 935 inches ? 

(31) What sum of money must be multiplied by 6 to yield £4379 ? 

(32) What number must be taken 6 times to give 14382 ] 

(33) What is that sum of money which multiplied by 7 gives 
£962. 58. O^d. 

(34) Find the number which multiplied by 7 yields 100569. 

(35) What sum of money repeated 8 times will yield £19,0001 

(36) What number multiplied by 8 wiU give 5371016 ] 

(37) What sum of money multiplied by 9 will amount to £384. 
15«. ll\d. 

(38) What number multiplied by 9 will give 123456789 ? 

(39) What sum of money multiplied by 11 will give £38,020. 
48. 9^d.'i 

(40) What number taken 12 times will give 207000 1 

(41) If 56 articles cost £30. 14«. llfcf., what will 8 articles cost? 

(42) If 45 men dig 430 yards in a given time, how much will 
9 men dig in the same time ? 

(43) If a gross cost 6& 9i., what will a dozen cost ? 

(44) If 10 men take 16 days to build a wall, how long will 40 
men take ? 

(45) A man sold 42 Bandana handkerchiefs for £8. 28. 9d.^ 
making a profit of £1. 1«. What did each piece of 7 handkerchiefs 
cost him ? 

5. Q. What is the eighth part of 24 apples ? ^4. 3 apples. 
Q. Why ? A. Because there are 8 threes in 24. 
Q, How many times are 8 apples contained in 24 apples? A. 3 times. 
Q. Why ? A. Because there are 3 eights in 24. 
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Teacher. If, therefore, 24 is divided by 8, the quotient will be 3, 
whichever of the two interpretations (§ 1) of the sign (-f-) we adopt ; 
but the name to be attached to the quotient will depend on the 
interpretation required by the nature of the question ; thus here 
the answer is in one case 3 apples, and in the other 3 times. In 
future, then, we may say, 24 -7- 8 :^ 3, without necessarily choosing 
between the two interpretations. 

6. Distribute £718,436. 3«. 9^e?. amongst 317 persons. 

If we apply the reasoning of § 2, we meet at pnce with the prac- 
tical difi&culty that we only know the multiplication table up to 
twelves ; we therefore make a multiplication table for this occasion, 
thus: 

1 X 817 = 817 

2 X 817 = 684 
8 X 817 = 951 

4 X 817 = 1268 

5 X 817 = 1585 

6 X 317 = 1902 

7 X 817 = 2219 

8 X 817 = 2586 

9 X 817 = 2853 

14265 

N.B. The accuracy of the table may be tested by adding the nine products, and 
also multiplying the last product (the 9 times) by 5 ; these two results should agree. 



Successive stages of the sum. 

CM.XM.H.O.X. I. S. D.F. 

317) 718436 8 9J( 



317) 718436 
634 

84 



317) 718436 
684 

844 
684 
210 



9i(2' 



x.o. 
9i(2 2 



If 7 huudred-thousand-pound notes are 
to be distributed among 317 persons, there 
will not be a note a-piece; we therefore 
change them into notes of ten-thousand 
pounds, of which the 7 will yield 70, and 
1 more which we have makes 71 ; these 
again will not yield 1 ten-thousand-pound 
note to each person. Converting these into 
thousand-pound notes, we obtain, with the 
8, 718 thousand-pound notes; now we see 
by the table that twice 317 is less than 
718, but that 3 times 317 is greater than 
7 1 8, we therefore can g^vi^ ^ \^vc^^^aaxA^^^«L^ 
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X.O.X. 

217)718436 3 9} (226 
684 

844 
684 

2108 

1902 

201 
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317)718486 8 
684 

. 844 
684 
2103 
1902 
2016 
1902 
114 
2 
228 

317)718486 I 
634 

844 
634 

2103 
1902 



X.O.X.I. 

9i(2 2 6 6 



2016 
1902 

114 
2 

2283 
2219 

64 
12 

768 
9 

777 
634 
143 
. _4 
572 
JL 
673" 
817 
256 



x.o.x. 
9i (2 2 6 



notes to each person, and shall have aoms 
thou6and*poand notes over. Twice 317 = 
634; subtracting this number £N>m 718, 
leaves 84thou8and*pound notes, which, with 
the 4 hundred-pound notes, yield 844 hun- 
dred-pound notes, of which, by similar rea- 
soning, we can give 2 hundred-pound notes 
to each, leaving us 210 hundred-pound notes 
over. Converting these into ten-pound 
notes, we obtain, with the 3, 2103 ten- 
pound notes. Consulting the table, we find 
we can give each person 6 ten-pound notes, 
and-subtw^ctijig 6 x 317, or 1902, we have 
201 ten-pound notes over. These, with the 
6 pounds, make 2016 pounds, enabling us 
to give 6 pounds to each person, 
I. £i.9. D. and leaving 114 pounds. Todis- 
6 — 7 2J tribute these, we must change 
them into smaller coin, viz. half- 
sovereigns. Since each pound equals 2 
half-sovs., multiply 114 by 2, yielding 228 
half-sovs., which, being less than 317, must 
be again changed into shillings, and, with 
the 3, will yield 2283 shillings. We can 
now give each person 7 shillings, leaving 
64 shillings. These changed into pence 
will yield 12 x 64 = 768 pence, and adding 
in the 9d, 777 pence. Of these, we can 
give 2 pence to each person, leaving 143 
pence. Multiplying these by 4 to convert 
them into farthings, and adding in the 1 
farthing we have already, we get 573 far- 
things, of which we can give 1 farthing 
to each person, leaving 256 farthings. This 
remainder must be left undistributed. Hence 
the answer is, JB2266. 7«. 2Jd to each per- 
son, and 256 farthings over. 
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TahU, 
1x137= 137 
2x137= 274 
3x137= 411 
4x137= 548 
5x137= 685 
6x137= 822 
7x137= 
8x187 
9x187! 



9^9 
=1096 
=1233 

• «165' 



Successive stages 
of the sum. 

0. 

137) 48729 (8 

411 

76 



o.x. 

137)48729(35 

411 

762 

685 

77 



Second meaning. 
7. Distribute 48729 
marbles among 137 peo- 
ple. How many marbles 
to eacbl 1st. Make a table 
as before. ' 2nd. Analyse 
the dividend: 48729 = 4 
ten thousands and 8729 
units over = 48 thousands 
and 729 units over = 487 
hundreds and 29 units 
*dter = 4872 tens and 9 
units ovir (p. 7). 3rd. Pro- 
ceed as follows : If 4 ten 
thousands are to be distri- 
buted amongst 137 per- 
sons, there will not be 1 
ten thousand a-piece; the 
48 thousands also will not 
yield 1 thousand a-piece. 
If the 487 hundreds are 
distributed amongst the 
137 persons, we can give 
(see table) 3 hundred^ 
a-piece, but not 4 ; sub- 
tracting 3 times 137 = 
411 (see table) from 487 : 
leaves 76 hundreds = 760 
tensj whichi witE the 2 
tens we have already, 
make 762 tens ; of these^ 
we can give (see table) " 
5 tens to each, o leaving - 
77teiis = 770units,Which 
with the 9 units we have ' 
already, make 779 units ; 
of these we can give (see 
table) 5 units to each, 



. First meaning. 
How many times are 
137 marbles contained in 
48729 marbles ? 1st 
Make the same table as 
in the margin. 2nd. Pro- 
ceed as follows : We wish 
to take out at one sub- 
traction as many times 
137 as we can. It is clear 
that we can take 10 x 137 
or 1370 ; we can also take 
it 100 times or 13700, 
but- notf 1000 times, fbr 
1000 X 137 = 137000, 
which is more than the 
dividend. Now the ques- 
tion arises. Can we take 
more than 1 hundred at 
one subtraction 1 From 
the table, we see that 
200X137 = 27400,300 
X 137= 41 100, but 400 
X 137=54800, whicli 
is larger than thei divi- 
dend. Subtracting, there- 
fore, 300 X 137, we have 
7629 units over. 

137) 48729 (300 timei* 
41100 



7629 over 
Out of this remainder wo 
again wish to take at one 
subtraction as many times 
1 37 as we can. We' (can- 
not take it another hun- 
dred times, or else "^^ 
could YiavQi \.«k"5^ \\. ^5^^ 
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Saoceflrive stages 
of the sum. 

O.X.I. 

187)48729(35 5 
411 

762 
685 

779 
685 

94 



leaving 94 units over. 
The answer, therefore, is 
355 marbles to each per- 
son, and 94 marbles over. 



Casting out nines : 
Dividend, 4, 12, 3, 10, 1, 3' ... 



Divisor, 1, 4, 11, 2* 



X 



times at the last subtrac- 
tion. By reasoning as 
above, we see from the 
table that we can take it 
50 times. 

187) 48729 

41100 =800 times 
7629 

6850 - 50Umeft 
779 over 
From the table, we see 
again that we can take 
it out 5 times more. 
187) 48729 

41100 =800 times 
7629 
6850 = 50 times 

779 

685 = 5 times 

Bemainder, 94 855 times 
355 times and 94 marbles over. 
On comparing these two processes, we notice (1st) that the nu- 
merical values of the quotient and remainder are the same in each, 
the only difference being in the meaning of the quotient, as we might 
have expected from § 5 ; (2nd) that the form under the second 
meaning uses fewer figures. We shall adopt this method in all cases 
of division, except where the divisor is a compound number, in which 
case we must follow the method of Chapter VII. We must, how- 
ever, take especial care to interpret the quotient rightly, and in this 
we can only be guided by the answer demanded in the question. 

N.B. Supposing an error to be indicated by this test^ it is not necessary to go 
through the whole work again, as each line can be tested separately. 
For the 1st remainder, cast out as though the dividend were 48700, 
the divisor 137, the quotient 300, and the remainder 7600 

For the 2nd remainder, cast out as though the dividend were 7620, 
the divisor 137, the quotient 50, and the remainder 770 

For the 3rd remainder, cast out as though the dividend were 779, 



Quotient, 3, 8, 13, 4' ^ ^ 

Eemainder, 4 * 

1x4=8; 8,12,3' ♦ 



3^ 

Ans. 



the divisor 137, the quotient 5, and the remainder 94 y^ 



CH. viil] division. 03 

8. Divide 1876706 by 7598. 

TahU. 
1x7698= 7598 ^ ^ j^ 

3 X 7598=22794 ^^^S) 1876706 (2 47 7598) 1876706 

4x7598 = 30392 15 196 1519600 = 200 times 

5x7598=37990 35710 357106 

S^'^koq^rq^q! 80392 803920= 40 times 

7 X /oyo=Ot>ioo 

8 X 7598 = 60784 63186 53186 
0x7598 = 68382 53186 53186 = 7 times 

341910 247 times exactly 

Therefore, if 1876706 things are distributed into 7598 equal lots, 
there will be 247 things in each lot. Again, if 1876706 things be 
distributed into lots of 7598 things each, there will be 247 lots, or, 
which is the same thing, 7598 x 247 = 1876706. 

Verification: 7598 
247 



1519600 

803920 

53186 

1876706 



Comparing this multiplication with the division above, we see 
that the sever^ addenda of the one are the successive subtiuhends 
of the other, as might have been anticipated, seeing that Multipli- 
cation is shortened Addition, and Division is shortened Subtraction. 

In such verification the remainder, if any, must be added to the 
product Thus, to verify the example in § 7 : 



48635 
Bemainder, 94 

48729 
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Divide 14634167 by 3578. 
1x3578= 8578 x.o.x.1. 

2x8578= 7166 8578)14684167(4 9 

3x8678=10784 14812 

4x8578 = 14312 ~82216 

5x8578=17890 3^^ 

6x8578=21468 - 

7x8578=25046 147 

I "" llll^imt ^ns. 4090 times or things, and 147 things over. 
9x8578=32202 ®' ® 

161010 

N.B. After the first Bmbtraction, we find in <<bruigmg down" the 1 hundred 
that 3678 is not contained in 8221 ; we most therefore he Tery carefol t6 register 
this in the quotient hy patting a in the hondreds' place. Similarly, after th* 
second snhtraction, we find that there are no units, and we again put a in the 
units' place of the quotient. This remark shews the importance of not discarding 
too soon the headings, i. x. 0., &c. When considerable facility has been acquired, 
these, as well as the marginal table, may he omitted. In the method given under 
the first meaning (p. 91), this difficulty would not have arisen. 

Exercise XXIII. 

(1) Distribute £17,802. 19^. B^d among 371 persons. 

(2) What sum of money must be multiplied by 135 to yield 
X2801. IO5. 7^(1.1 

(3) Distribute X643. lOs. 2|dJt among 815 persons. .. 

(4) What sum of money can be subtracted. 750 times exactlj. 
from £706. 5eA 

(5) £6043. lU7d-892. 

(6) If I spend £507. 19^. 2d. a-year, how much is that a-day ? 

(7) If I spend £1068. 5s. 6d. a-year, how much is that a- week! 

(8) Divide £7003. 3a lOfc?. into 1867 equal parts. 

(9) If I invest £53,833. 5a in 1234 shares, what is that per share? 

(10) If I pay £323. 18a. Id. for 764 pieces of calico of 37 yards 
per piece, how much does each piece cost, and how much a ywd % 

(11) 83094027-9784. (12) 140940000-13417. 
(13) 140940000-130417. (14) 8375808125-18368. 
(15) 22505600-17312. (16) 3491938567017-857928. 

(17) How many bags of 819marbles can I fill out of 20000 marbles? 

(18) Divide the sum of 71 x 2117 and 17 x 1711 by 29. 
(19) Divide the difference "between tlaa soma c^uantities by 58. 
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(20) What sum of money subtracted 94 times from £848. 6*. 5d. 
will leave £62. is. lld.t 

(21) How much a-week may I spend out of an income o£ £374. 
128. 2d. a-year, to save 75 guineas a-year? 

(22) £118,043. Ids. 7id-r269. 

(23) £1000000-89. (24) £1000000-5-267. 
(25) £1000000-1869. (26) £1000000-9345- 
(37) £1000000-84105. (28) £1000000-925156. 

(29) If 4204800 ounces of provisions are supplied to a regiment 
of 960 men, giving 12 ounces a-day to each man, how long will the 
supply last 1 

(30) How long would it last if each man had 60 ounces a^ay ? 

(31) If the regiment were reduced to 800 men, each man having 
24 ounces a-day, how long would it last ? 

(32) If at the age of 29 I begin business with a capital of £4500, 
and wish to retire at the age of 60 with a capital of £20,000, what 
yearly addition must I make to my capital ? 

(33) K a million bricks be required, and we have 77331 already^ 
how many loads of 407 bricks each 'ate wanted to complete the 
number? ... 

(34) What will be the charge lor' translating* 25344 Words, at 
the rate of Is. 7^d. per folio of 72 words ? 

(35) 24B073019 -*. 43017. (36) 043867315 - 12604. / 
(37) Isoldl512articlea<for£690j 7«. 6(;./ making' a totsd profit 

of £123. 7s. Qd. Find the cost of each. 

(38)* What sum of money must be multiplied by 623 to yield 
£733. 65. d^d.! \ . . 

(39)* What sum of money must bfe niultiplied by 1246 to yield 
£733. 6& 5K^ 

(40)* What sum of money must be multiplied by 623 to yield 
£366. 135. 2|c?.? 

(41) 12867096 ^ 419 •. ■'■ (47) 20969 -^ 18 

(42) 214583206 -r- 4257.6 . » v.. • (48) 100004 -f- 17 

(43) 366413796 - 45796 (49) 1010100 -5- 19 

(44) 166944509 -^ 28509 (50) 1000000 -r- 37 

(45) 19639 -T- ^3 (51)* 3000000 -^ 111 

(46) 89278 -^ 46 (52) 458629725 -4- 9625 

* Examine and compare the quotients in ^«8ft Wo^, 
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Exercise XXIV. 

(1) Find the sum of 578, 364, 927, 9768. 

(2) What number exceeds 578 by 3441 

(3) From what sum of money must £42. 11«. Sd. be deducted to 
leave £57. 8«. id, 1 

(4) There are two numbers ; the less is 7109, and their difference 
is 591. Find the greater. 

(5) From what number must 316 be taken away to leave 518 f 

(6) K from a certain number 75 is taken, 89 is left. Find the 
number. 

(7) Of two partners A and B, A contributes £520 less than B, 
whose share is £965. Find the total capital 

(8) 493 exceeds a certain number by 121. Find the number. 

(9) What number falls short of 1096 by 421 ? 

(10) What number is that to which 2768 must be added to give 
10000. 

(11) There are two numbers; the greater is 16520, and their 
difference is 3736. Find the less. 

(12) What number increased by 2743 becomes 12000? 

(13) Find the product of 69 and 237. 

(14) What number contains 328 exactly 328 times 1 

(15) From what number can 5704 be taken exactly 104 times 1 

(16) From what number can 847 be taken 307 times, leaving a 
remainder of 49 1 

(17) Of what number is 53 the 7th part ? 

(18) What number divided by 97 gives 204 ? 

(19) What is the 235th part of 141235 1 

(20) By what number must 397 be multiplied to give 170710 1 

(21) The product of two numbers is 4539, one factor is 51. 
Find the other, 

(22) Given divisor 9373, quotient 103. Find the dividend 

(23) Given dividend 9373, quotient 103. Find divisor. 

(24) Given dividend 9373, divisor 103. Find quotient. 

(25) What number taken 103 times gives 965419 1 

(26) Given dividend 99201815, quotient 208, remainder 1207. 
Find divisor. 
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CHAPTER IX 



CONTRACTED OPERATIONS. 



1. Multiply 5879 by 364 

Full form. 
5879 
364 



Contracted form. 
5879 
364 



^ 


1763700 

352740 

23516 


or, 


17637 
35274 
23516 


or, 


2139956 

5879 
364 

23516 

352740 

1763700 


2139956 

5879 
364 




23516 
35274 
17637 



2139956 



2139956 



By carefully comparing the full with the contracted forms, it will 
be seen that the effect of the ciphers to the right of the several pro- 
ducts can be produced by merely leaving blanks in their places. 
The form most commonly used is that marked &, but that marked a 
may also be practised with advantage. 



Multiply 480730 by 5070. 




Full form. 

480730 

5070 


Contracted fomu 
480730 
5070 


\JX 2403650000 
/s\ 33651100 


2403650 
33651100 


2437301100 


2437301100 


or, 480730 
5070 


or, 480730 
5070 


83651100 
2403650000 


33651100 
2403650 


2437301100 


2487301100 
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Should any difficulty be experienced, the places of the cipheis 
may at first be indicated by dots, thus : 



387490 X 20400. 



887490 
20400 



4X« 164996000 

774980.... 



7904796000 



This process should be still further contracted, thus ; 

38749(0 
204 (00 



154996 
77498 

7904796000 



In this case we have multiplied only the significant figures, affixing 
to the ultimate product the final ciphers of both the factors^ the 
reason for which follows directly fsx>m Ch. VL § 5. 



EXEROISE XXY. 

(1) 8417 X 394 (12) 78050 x 9010 

(2)27349x5618 (18)20014x1050 

(8) 108912x4798 (14) 68000000x45000 

(4) 247863 x 365 (15) 2076980 x 30840 

(5) 68854x842 (16) 385604000x10500 

(6) 92781x516 (17) 30420x103684700 

(7) 430597x118 (18) 437698000x4601700 

(8) 2418068 X 4287 (19) 2804 x 48090 

(9) 48596 X 3420 (20) 5498600 x 6420 

(10) 68043x5070 (21) 6200x70800x9500 

(11) 4236700 X 8005 (22) 5860 x 2045 x 902 x 1000 

2. Form (a) of § 1 readily admits of a still further contraction 
by " adding in" the figures of the last line of multiplication as they 
are obtained. 



ca IX,] 



OONTBAOmD OPERATIONS. 



99 



5879 
364 

17637. . 
35274 . 



(a) 



2139956 



Wording in fvU: (After haying obtained lines (a) 
and (6) in the usual way), 4 times 9 is 36', carry 3 ; 
4 times 7 is 28, and 3 is 31, and 4 is 85'y carry 3 ; 
4 times 8 is 32, and 3 is 35, and 7 is 42, and 7 is 49'» 
carry 4 ; 4 times 5 is 20, and 4 is 24, and 2 is 26, 
and 3 is 29', carry 2 ; 2 and 5 is 7, and 6 is 13', 
carry 1 ; 1 and 3 is 4, and 7 is 11' carry 1 ; 1 and 1 is 2'. 
36', carry 3 ; 28, 81, 36', carry 3 ; 32, 35, 42, 49', 



Wording to he used 
carry 4 ; 20, 24, 26, 29', carry 2 ; 7, 13', carry 1; 4, 11'; carry 1, 2'. 



<1) 68497 X 5268 
<2) 427906 X 6804 
<3) 72840x5093 
(4) 476927x20060 
<5) 2748 X 16900 



Exercise XXVL 

.(6) 6680000x62490 

(7) 287968x57846 

(8) 6248x6248 

(9) 5743x606 
(10) 58743x871 



(11) Find the continued product of 48212, 17 and 19. 



Multiijly 68437 by 17. 

Full form.- ^ 

68437 
17 

68437. 
47905? 



Contracted form. 
6^848f. xl7 
1163429 



1163429 



Wording in full: 7 times f are 49, put down 9 and carry 4 ; 7 times § are 21, 
and 4 are 25, and t are 82, put down 2 and carry 8, &c. 

Wording to be used: 49', carry 4; 21, 25, 32', carry 8; 38, 81, 84', carry 3; 
56, 59, 63', cany 6 ; 42, 48, 56', carry 5 ; 11'. 

It will be foqnd a fireguard against error to dot each figure as it is used. 
• ' ■ 

EXBROISB XXVIL 



<1) 438592x17 


<11) 287546x15 


(2) 6017839x16 


(12) 7863521 x 18 


(3) 60857410x15 


(13)28781x14 


<4) 79845103 x 18 


(14) 4236541x17 


<5) 142587623x13 


, (15) 1835429x13 


(6) 98043527x14 


, (16) 987654x16 


(7) 3260625x16 


' (17) 820070 X 1400 


(8) 54370650x19 


;(18) 100936x17000 


(9) 58472x13 


(19) 10608000x1300 


(10) 8345620x17 


(20) 284500x16000 




h2 



100 
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Multiply 358934 by 103. 
Foil form. 
858984 


Contracted form. 
^8934.. X 103 


108 

\t/ 858984.. 
y<s^ 1076802 


86970202 



86970202 
Warding: 12^, cany 1 ; 9, IC, cany 1 ; 27, 28, 82*, carry 8; 24, 27, 3a 
cany 8; 15, 18, 2T, cany 2; 9, 11, 10*, cany 1; &; 3'. 

Multiply 4206008 by 10004. 
Full form. 



4206008 
10004 



Contracted form. 

4^06668 X 10004 



42076904032 



W 4206008. . . 

9k 



16824082 



42076004082 
Wording: 82', cany 8; 0, 3'; C; 24', cany 2; 0, 2, 10', cany 1; 8, 9 
16', cany 1 ; T; O'; 2'; 4'. 



Multiply 6749840 by 10600. 
Fall form. 
674984(0 
106(00 






Contracted form. 
6^9^40.. X 10600 

71548304000 



^74984.. 
4049904 



71548304000 
Wording : 24', carry 2 ; 48, 50', carry 6; 54, 59, 63', cany 6 ; 24, 80, 88* 
carry 8 ; 42, 45, 54', carry 5 ; 36, 41, 46', cany 4; 11', cany 1 ; 7'. Now pn 
on the three ciphers. 

Exercise XXVIII. 



(1) 7568124 X 101 

(2) 56842901 x 1001 

(3) 290076358 x 10001 
<4) 624845 x 102 

(5) 82654352 x 103 

(6) 9432654 x 107 

(7) 20560078 x 1007 

(8) 254836241 x 104 

(9) 58864212 x 111 
(10) 246814 X 1011 



(11) 58432631 x 108 

(12) 857320507 x 1005 
(18) 25603054 x 1008 

(14) 8946237 x 19 

(15) 8946237 x 109 

(16) 8946237 x 1009 

(17) 27438956 x 106 

(18) 537609000 x 1020 

(19) 29330 X 170 x 1070 x 10070 

(20) 358740100 x 10800 
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5, Multiply 437062 by 21. 

Fall form. 
437062 
21 



Contracted form. 
ISf 062 X 21 



't' 



437062 
874124. 

9178802 



9178302 



Wording in full : Once 2 is 2'; twice 2 are 4, and 6 are 10', carry 1 ; twice 6 
are 12, and 1 are 13, and 6 are 13'f carry 1 ; twice is 0, and 1 is 1, and t is 8'; 
twice 7 are 14, and § are 17', carry 1 ; twice k are 6, and 1 are 7, and 4 are 11', 
carry 1 ; twice 4 are 8, and 1 are 9'. 

Wording to he used: 2'; 4, 10', carry 1 ; 12, 13', carry 1 ; 0, 1, 8'; 14, 17', 
carry 1 ; 6, 7, 11', carry 1 ; 8, O'. 



Exercise XXIX. 



(1) 52019763 X 21 

(2) 68320094 x 31 
<3) 4107618 x 41 

(4) 5090090 X 51 

(5) 16487312 x 61 

(6) 43506 X 71 

(7) 728943 x 81 

(8) 19312650 X 91 

(9) 82868400 x 610 
(10) 52900 X 4100 



(11) 12468000 X 71000 

(12) 48760200 x 3100 

(13) 27341 X 71 

(14) 27341 X 17 

(15) 376859 x 31 

(16) 376859 x 13 

(17) 419068 X 15 

(18) 419068 X 51 

(19) 206867 X 41 

(20) 206867 x 14 



6. Multiply 7849624 by 6001. 

Fall form. 

7849624 

6001 

7849624 
47097744... 



Contracted form. 
t849624x6001 



47105593624 



47105593624 

Wording in full : 4'; ^'; 6'; 6 times 4 are 24, and d are 33', carry 3 ; 6 times 2 
are 12, and 3 are 15, and 4 are 19', canry 1, &c. 

Wtyrding to he wed: 4'; 2'; 6'; 24, 33', cany 3; 12, 16, 10', carry \\ %^y 
87, 46', caiiy4; 54, 58, 66', carry6; 24, 30', carry B-, k%, 5Y,c»xt^\b\^1^AIV 
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(1) 85943628 x 201 ' 




(11) 825408600 x 810 


(2) 9016706 X 801 




(12) 325408600 x 180 


(3) 11043690 X 401 




(13) 104578000 x 901 


(4) 763005090 x 501 




(14) 104578000 x 1090 


(5) 2109863 X 6001 




(15) 478006043 x 17 


(6) 2109863 X 601 




(16) 478006048 x 71 


(7) 2109868 X 61 




(17) 478006048 x 701 


(8) 21098630 x 60001 




(18) 478006043 x 107 


(9) 476328956 x 7010 




(19) 478006043 x 1007 


(10) 325408600 x 8010 




(20) 478006048 x 7001 


Multiply 48967 by 742. 


48967 
742 




i^ 


842769.. A 
2056614 B 



86383514 
line A is 7 times the multiplicand ; line B is 6 times line A, and 
being placed two figures to the right of line A» gives to the line A 
its required value, viz. 700 times the multiplicand. 

Multiply 47213 by 568. 

47213 

568 



•/ 377704 A 



* ^ • 2643928 B 



26816984 
line A is 8 times the multiplicand ; line B is 7 times line A, or 
56 times the multiplicand, and being written one place to the left, 
has the required value, viz. 560 times. 

Similarly we can multiply by 1768 or 6817 in two lines, by notic- 
ing that 68 =: 4 X 17. Multiply by 17 in one line, as in § 3. 

This process may be still further contracted by adding the figures 
of the second product as fast as they are obtained to those of the 
fist product. 

47213 X 568 Wording of kut line : 4'; 28', carry 2 ; 0, 2, 0', 49, 

^^^ B&, carry 5; 49, 54, 61', carry 6; 49, 55, 58', cany 



26816984 



5; 21,26'. 



CH. IX,] 



OOKTRAOTSD OPBBATION& 



10* 



EXBROISB XXXI. 



(1) 4892765S X 742 

(2) 48927668 x 427 

(3) 1093856 X 545 

(4) 3256740 x 5450 

(5) 18094800 X 8240 

(6) 4760095 X 248 
<7) 87823500 x 76300 

(8) 42050000 X 6370 

(9) 517328645 x 1872 
(10) 4072908 X 5614 



(11) 15827682 x 780180 

(12) 243598000 x 1909500 

(13) 357823492 x 50350 

(14) 4768923150 x 720900 

(15) 329616000 x 17068 

(16) 52631578967 x 680017 

(17) 89777630050 x 816 

(18) 57234000905 x 954 

(19) 853011009375 x 107214 

(20) 46871968750 x 16480 



8. We must now once more revert to Subtraction, and adopt ano- 
ther mode of reasoning and another form of words.* 

Find the difference between 430172 and 189567. 

The differekcb between two numbers will not be altered 
IP the same quantity is added to both op them. 

Illustrations : " Conceive two baskets with pebbles in them, in 
the first of which are 100 pebbles more than in the second. If I 
put 50 more pebbles into each of them, there are still only 100 more 
in the first than in the second." — De MorgarHs Arithmetic. 

The difference in age between a parent and his child will remain 
the same through life. 

The difference, E B, between the lines A B and C D is not altered 
if A B and C D are equally lengthened to F and (jL 

F ABB 



I- 



CM.XM. M. 0. X. Z. 

10 10 10 10 

4 3 17 2 

18 9 5 6 7 
111 1 



2 4 6 5 



8 Minuend 
Subtrahend 



8' Difference 



* It was not without some regret and much reflection that we did not at 
once in Chapter lY. adopt the method here given. An 'experience of upwards of 
twenty years has oonyinced us that the rationale of this process x»nnot be proper^ 
realized at the early stage at which Subtraction is necessary. 
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7 units cannot be taken fi-om 2 units ; we may add ten units to 
the minuend, provided we add the same, or its equivalent, 1 ten, 
to the subtrahend. Do so ; and we have now to take 7 units from 
12 units, leaving 5 units. In the tens' column we have now to sub- 
tract, not 6, but 7 tens ; 7 tens from 7 tens leaves tens ; 5 hun- 
dreds, again, cannot be taken from 1 hundred; add 10 hundreds to 
the minuend, and its equivalent, 1 thousand, to the subtrahend. 5 
hundreds from 11 hundreds leave 6 hundreds. Again, 10 thousands 
(not 9 thousands) cannot be taken from thousands; add 10 
thousands to the minuend, and its equivalent, 1 ten-thousand, to 
the subtrahend ; 10 thousands from 10 thousands leave thousands. 
Again, 9 ten-thousands (not 8) cannot be taken from 3 ten-thousands; 
add 10 ten-thousands to the minuend, and its equivalent, 1 hundred- 
thousand to the subtrahend ; 9 ten-thousands from 13 ten-thousands 
leave 4 ten-thousands. 2 hundred-thousands not 1) from 4 hun- 
dred-thousands leave 2 hundred-thousands. 

Find the difference between £502. Is. 2d. and £138. 17«. Sid. 
£. £i.8. d. 

0. X. I. 



10 10 


20 


12} 


6 2 


1 


2 Minuend 


13 8 


1 7 


8 i Subtrahend 


1 1 1 


1 


1 



8 6 3 3 5 } Difference 

1 farthing cannot be taken from 0; add 4 farthings to the 
minuend and I penny to the subtrahend ; now 1 farthing from 4 
farthings leaves 3 farthings. 9 (not 8) pence from 2 pence, we can- 
not; add 12 pence to the minuend and 1 shilling to the subtra- 
hend ; 9 from 14, 5 pence ; 18 (not 17) from 1, we cannot ; add 20 
shillings to the minuend and £\ to the subtrahend ; 18 from 21, 
3 shillings. £9 (not 8) from £2 we cannot ; add £10 to the minuend 
and 1 ten-pound note to the subtrahend; 9 from 12 leaves £3. 
Similarly 4 ten-pound notes from 10 ten-pound notes leave 6 ten- 
pound notes ; 2 hundreds from 5 hundreds leave 3 hundreds. 

9. The question, ** 7 from 9 leaves what T' is equivalent to the 
question, " 7 and what makes 9 1'* Answer. 7 and 2' = 9. For the 
processes we have in view this mode of expression must be adopted. 
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Subtract 81072U from 9689476. 



9689476 
8107214 



1582262 



4 Wording : 4 and 2' are 6 ; and 6^ are 7 ; 2 and 2' 

5 are 4 ; 7 and 2' are 9 ; a/nd ' are 8 ; 1 and 6' are 6 ; 
8 and V are 9. 



8' 

N.B. The figures after "and" must be written down in the act of utterance. 

Subtract 176896 from 3401023. 



3401023 
176896 



3224127 



4 Wording: 6 and T are 18, carry 1 ; 10 and 2' are 12, 

1 carry 1 ; 9 and V are 10, carry 1 ; 7 and 4' are 11, carry 
X 1 ; 8 and 2' are 10, carry 1 ; 2 and 2' are 4 ; 3'. 



Exercise XXXIL 
Work Exei'cise VII., using this wording. 

10. Instead of uniformly adding 10 to both minuend and subtra- 
hend, we might add any other number we pleased. 

Subtract 1879642 from 300216L 

X'.OM.XH. M. 0. X. I. 

10 20 80 5U 40 SO 

8 2 16 1 Minuend 
18 7 9 6 4 2 Subtrahend 

12 8 5 4 3 



1 5 68 41 89 29 



This answer must be correct, as we haye committed no error in 
the reasoning ; but, as it is inconvenient, we must alter its form, 
converting the 29 units into tens, the tens into hundreds, and so on. 

29 units = 9' units and 2 tens, which with the 39 tenss 41 tens = V ten and 4 
hundreds ; (41 + 4) hundreds = 45 hundreds = 6' hundreds and 4 thousands ; (68 + 4) 
thousands = 72 thousands = 2' thousands and 7 ten-thousands ; (7 + 5) ten-thousands 
= 12 ten-thousands =2^ ten-thousands and 1 hundred-thousand; (1-1-0) hundred- 
thousand =^1' hundred-thousand, and there is 1' million. Amwer, 1122519. 

The same answer will be obtained by the usual method. 

8002161 
1879642 

1122519 



106i 
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11. Subtract the sum of 683, 1279, 43080, 1241596, 386724, and 



427689, from 32684215 in one operation. 



82684215 


4 


683 


8 ^ 


1279 


1 


43080 


6 


1241596 


1 


386724 


8 


427689 


. 


80583164 


3' 



Minaend 



Addenda and 
Subtrahend. 



The units of |he subtrahend amount to 31, which cannot be taken 
from the 5 of the minuend; the most convenient number to be 
added to both minuend and subtrahend is evidently 30 units and 3 
tens respectively. 31 and 4' are 35 ; we therefore put down 4 and 
add or carry 3 to the next column of the subtrahend, and so on. 

Wording: 9, 13, 19, 28, 31, and 4' are 35, carry 3; 11, 13, 22, 30, 37, 45, 
and & are 51, carry 5 ; 11, 18, 23, 25, 81, and V Bie 32,. cany 8; 10, 16, 17, 
20, 21, and 3' are 24, cany 2 ; 4, 12, 16, 20, and & are 28, cany 2; 6, 9, 11, 
and &' are 16, cony 1 ; 2 and O' are 2 ; 3'. 

Exercise XXXIII. 



(1) From 5019308 take 


(2) From 3785926 take 


62412 


408620 


127842 


7053 


5708 


12019 


13052 


38727 


58009 


1968 


417925 


423016 


(8) From 348009052 take 


(4) From 18050000 take 


7016094 


857142 


14802060 


857142 


24768923 


857142 


5600082 


857142 


28004015 


857142 


13017019 




<6) From 7009018 take 


(6) From 53685947 iak» 


68459 


6078254 


194360 


6078254 


4011318 


6078254 


604098 


6078254 


28943 


6078254 


173666 


6078254 
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(7) From 5000000 take 




(8) From 10000000 take 


18049 






345978 


7683 






345978 


354975 






345978 


867324 






345978 


841825 






845978 


1019078 






345978 
345978 
345978 


(9) From 62947 take 




(10) S^m 17685924 take 


6083 






946877^ 


7509 






946877' 


1234 






946877 


8765 






946877 


9012 






946877 


10010 






946877 
946877 
946877 
946877 


12. Subtract 7 X 35698 from 310049. 




310049 Minaend 


Wording : 


56 and S' 


, 59, carry 5 ; 63, 68, and 


35698x7 Subtrahend 


6', 74, carr) 


r 7 ; 42, 49, and 1', 50, carry 5 ; 35, 


60163 


40, and O, 


40, carry 


4 ; 21, 25, and 6', 31, 


carry 3 ; 3 and 0, 3. 





Exercise XXXIV. 



(1) 2530168 — 137519x7 

(2) 40097123 — 240368x2 

(3) 711160358 — 286709 x 9 

(4) 4986342—111111x8 

(5) 1000000 — 142857x7 

(6) 6666329 — 700000 x 3 



(7) 9876543210 — 1234567890 x 8 

(8) 387640 — 28402 x 4 

(9) 7628775 — 325755x5 

(10) 705307060 — 38042016 x 6 

(11) 494821309-43756801x9 

(12) 980598 — 142857x6 



13. Divide 478U3296 by 26478. 

Fall form. 
26478) 478143296 (18058 
26478 
213368.. 
211824_ 
153929 
132390 



Contracted form. 
26478) 478143296 (18058 
213363 
153929 
215396 
8572 



215396 

211824 

3572 
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Wording: Ist remainder— 8 and &, 14, carry 1 ; 8 and 3', 11, cany 1 ; 5 and 
3', 8 ; 6 and V,7; 2 and 2*, 4. 2nd remainder— 64 and 0\ 73, carry 7 ; 56, 
63, and S\ 66, carry 6 ; 32, 38, and 5\ 43, carry 4 ; 48, 52, and 1\ 53, cany 
5 ; 16, 21. 3rd remainder— 40 and ' , 49, carry 4 ; 35, 89, and S\ 42, cany 4 ; 
20, 24, a9u2 6', 29, cany 2 ; 30, 32, and 1 , 33, carry 8 ; 10, 13, and 2*, 15. 
4th remainder— 64 and 2', 66, carry 6 ; 56, 62, and T, 69, cany 6 ; 32, 88, and 
5', 43, carry 4 ; 48, 52, and 3', 55, carry 5 ; 16, 21. 

At this stage, if not sooner, the student will be able to guess at 
each figure of the quotient by mere inspection of the figures of 
highest denomination in the divisor and the successive dividends 
without a table. The first figure 1 is obvious, for though 2 is con- 
tained twice in 4, 26 is contained only once in 47. For the second 
figure, 26 in 213, 8 times and so on. 

Divide £19043. 13a 5fd by 415. 

Contracted form. 
£. 8. d. £. «. d. 
415)19043 13 5|(45 17 9 
2443 
368 



737 
3223 
318 

3821 
86 



347 farthings over. 

Exercise XXXV. 

<1) 3097612 -5- 8415 (11) 326667052 4- 72046 

<2) 16000069 -^ 9648 (12) 2150842030246 -5- 587689 

(3) £58943. 15«. lid, 4- 538 (13) £457963834. ]7«. Hd. ^ 67902 

(4) £73914. 10«. 84d^. -f- 2047 (14) 1000000000 -^ 53928 

(5) 328016000 -j- 20849 (15) 1000000 -j- 13 

(6) 495627844 -5- 16759 (16) 15263318832 -> 2616 

(7) £438629. 12«. 9\d. -f- 60048 (17) 15263318832 4- 5834602 

(8) 7012017 -5- 688 (18) £41265. 1«. l\d. 4- 5049 

(9) 36105090 -f- 27643 (19) i;609446. 8#. 9d.4- 10010 
(10) 459648729 -f- 390458 (20) 2911902 -5- 178 
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14. Multiply 358967 by 998. 

Fall form. 
358967 
998 

\V 2871736 

yf^ 3230703 

8230703 



858249066 



1st contraction. 
858967 X 998=358967 x 1000 — 358967 x 2 
358967000 
717934 



858249066 



2nd contraction. 
358967... X 998 



358249066 



Wording: 14 and 6*, 20, carry 2 ; 12, 14, and G\ 20, carry 2 ; 18, 20, and 
O', 20, carry 2 ; 16, 18, and O', 27, carry 2 ; 10, 12, and 4', 16, cany 1 ; 6, 7, 
and 2', 9 ; 8' ; 6 ; 3'. 

N.B. Special care must be taken in all these contractions to work with neatnessy 
placing the results under the corresponding figures of the subtrahend. 

Exercise XXXVI 

(1) 378645916 x 97 (5) 604580900 x 9200 

(2) 14790804 x 996 (6) 748900 x 910 

(3) 3017682 X 9993 (7) 208712 x 93 x 95 

(4) 246060 X 95 (8) 267812479 x 9999 

15. Divide 848008 by 56. According to the two interpretations 
of Division given in Chapter VIIL § 1, this may mean, either (a) 
"How many times is 56 contained in 8480081" or (6) "Distribute 
848008 into 56 equal parts." 

(a) Since 56 = 7 X 8 = 8 X 7, and we have to group the 848008 
things (say marbles) into lots of 56 marbles, we may first group 
them into lots of 8 marbles, and gather these lots 7 at a time, or 
iirst group them into lots of 7 marbles, and gather these lots 8 at a 
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8)848008 marbles 
7 )106001 lots of 8 marbles 

15143 lots of 7 X 8 or 56 marbles. 

7)848008 marbles 
8)121144 lots of 7 marbles 

15143 lots of 8 X 7 or 56 marbles. 

(h) We have to distribute 848008 marbles among 56 persons, or 
among 7 companies of 8 persons, or among 8 companies of 7 persons. 

7)848008 marbles 

8 )121144 marbles to eacli company of 8 persons 
15143 marbles to each of these persons. 

8)848008 iMirbles 

7 )106001 marbles to each company of 7 persons 
15143 marbles to each person. 

Divide 45648 by 36. 36 = 6x6 = 4x9 = 9x4 = 3x 
12 = 12 X 3. 

6)45648 9 )45648 4 )46648 12 )45648 8 )4664^ 

6)7608 4)5072 9 )11412 8)3804 12 )15216 

1268 1268 1268 1268 1268 

36 = 2 X 18, but this resolution of 36 into factors is not avail- 
able, because we only know the multiplication table up to twelves. 
We have thus the choice of the five different ways here given. 

Divide £5159. 1*. dd, among 45 persons. 



£. «. d. 


£. t. d. 


5)5159 1 3 


9)5159 1 3 


9)1031 16 8 to each 9 


5)573 4 7 to each 5 


114 12 11 to each 1 


114 12 11 to eaeh 1 


EXEBOISB 


XXXVIL 


(1) 261912 4- 56 


(7) 693075 -r 85 


(2) £11537. 68, 4Jd ^ 25 


(8) £62578. 9«. 9id, -5- 81 


(3) 205516 4- 45 


(9) 612784 -^ 144 


(4) £901,,U. + 36 


(10) £17076. 11«. 2ic2. + 63 


(» 7^624 ^ 16 


(11) 7777728 ^ 63 


(6) £1270. 10«. ~ 32 


(12) £16967. 14«. ^ 144 



N.B. In this Exercise the interpretation of each line must be given. 
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16. Divide 438000 by 10. This means, How many timies is 10 
contained in 438000 1 or, How mtmy tens are there in 438000 % 
Ans. 43800. (See Ch. I. § 11.) 

Divide 3745916 by 100. Ana. 37459 and 16 over. 

Divide 42097412 by 10000. Ans. 4209 and 7412 over; hence. 

Learn by heart : To divide by any power of 10, strike off from 
the right of the dividend as many figures as there are ciphers in the 
divisor. This is evidently the converse of the rule in Ch. VL § 6. 

Divide. £23519. 12«. %\d, by 10. Dividing the pounds, we 
obtain £2351 and £9 over; £9 and 12 shillings = 192 shillings, 
giving 19 shillings and 2 shillings over; 2 shillings and 8 pence = 
32 pence, giving 3 pence and 2 pence over, which with the halfpenny 
make 10 farthings, giving 1 farthing. 





£. 8, 


d. 








10)23519 12 


84 








2351 19 


3* 






Divide £746915. 


6s, 2\d. by 1000 

£. 8, 

1000)746(915 6 
18(306 
8(674 
2(698 


d. 
24 








An8, £746. 18». SJrf. 


and 698 


fartliings over. 



N.B. We forbear giving the name to the result, as the " numerioal values of the 
quotient and remainder are the same" under each interpretation. (See Ch. YIII. § 7.) 

Exercise XXXVTEL 

(1) 3257968 ^ 10, 100, 1000, 10000. 

(2) £8684. 7«. 6d -4- 10, 100, 1000, 10000. 

(3) £39791. 13«. 4i. •*. 10, 100, 1000, 10000, 100000. 

(4) £243519. 16«. 5d, -f. 1000. 

(5) £4000019. 6d, -f- 10000. 

(6) £59. 9«. Id. ^ 100. 
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17. Divide 4321232 by 66. 

Under interpretation (a). 
8 )4321232 

7 )540154 eights 

77164 fifty-sixes and 6 eights oter. 

Remainder, 6 x 8 « 48. 
OP, 
7)4821282 

8 )617318 seyens and 6 units OTer 
77164 fifty-sixes and 6 serens over. 

Remainder, 6 x 7 -I- 6 s 48. 

Under interpretation (5). 
8 )4821282 

7)540154 to each of the 8 groups 

77164 to each one, and 6 over from each group. 

Remainder, 6 x 8 = 48. 
7 )4821232 

8)617318 to each of the 7 groaps, and 6 oyer 

77164 to each one, and 6 over from each group. 

Remainder, 6x7-l-6s48. 

£37591. Us. l\d, -J- 45. 

5 )37591 15 1\ 

9)7518 7 Ij to each of the 5 sets, and 4 farthings oyer 

835 7 5^ to each one, and 8 farthings over from each seth 

Total remainder, 5 x 8 -I- 4= 44 farthings. 

or, 
9)87591 15 7i 

5)4176 17 3| to each of the 9 groups, and 8 farthings over 

885 7 5^ and 4 farthings over from each group. 

Total remainder, 4 x 9 + 8 = 44 farthings. 

Exercise XXXIX. 

(1) 458239 -f- 14 (7) 14685999 -r 49 

(2) £670138. 12«. lid -f. 66 (8) £27632. 4». Z\d, -4- 64 

(3) 826549 -=- 45 (9) 7682419 -=- 77 

(4) £764. 18«. 2%d, -*- 72 (10) £1000000 -r- 84 

(5) 2761324 ^ 81 (11) 5768341 -^ 132 

(6) £5374. 17». Qd. 4- 16 (12) £16349. 12«. Id. -4- 42 
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18. 374916 -f- 70. 

10 )37491(6 

7 )37491 amd 6 over 

5355 and 6 X 10 + 6= 66 over^ 
or, in one line, 

70) 37491 (6 

5355 and 66 over. 
437492563 -r 8000. 

8000 )437492(563 

54686 and 4563 orer. 
58317409 ^ 359000. 

859000)58317(409 (162 
2241 
877 
159409 Ant. 162, and 159409 oyer. 



Exercise XL. 



<1) 315672 ~ 20 

(2) 8409136 -r- 30 

(3) 8409136 ^ 40 

(4) 8409136 -r- 50 

(5) 437589601 -r- 90 

(6) 8392 -f- 60 

(7) 595536900 — 70 

(8) 2359360 4- 80 

(9) 904813 -T- 600 

(10) 5897348 ^ 5000 

(11) 388493200 •^ 9000000 

(12) 3596250000 ^ 5000 

(13) 57892517 -r- 63200 



(14) 34603421 -r- 7410000 

(15) 368254000 -r- 5300000 

(16) 1498632000 -^ 730 

(17) 7765450000 -^ 38500 

(18) 36932215800000 -^ 738600 

(19) 487563625 -=- 50 

(20) 487563625 -r 500 

(21) 487563625 -r- 5000 

(22) 487563625 -i- 50000 

(23) 4875636250 -i- 50000 

(24) 48756362500 4- 50000 

(25) 487563625000 -i- 50000 



19. 


5 = 


10 


-5-2 






375 


= 3000 -f 


• 8 


■' 




25 = 


100 


-4 






625 


= 5000 -f 


•8 






75 = 


300 


-^4 






875 


= 700<) -r 


■8 






125 = 


1000 


-=-8 














Hen< 


ce to multiply by 5, we 


may 


multiply by 10 and divide by 2. 




n 




25, 




» 




100 




4. 




w 




75, 




n 




300 




4- 




99 




125, 




f» 




1000 




8. 




9J 




375, 




t> 




3000 




8. 




99 




625, 




99 




5000 




8. 




)> 




875, 




>9 




7000 




*. 



114 
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Multiply 437911 by 25. 

4 )487911W 
109i777S 
Midtiply 8923761 by 37if. 

8923761 

3 

8)«57m88000 
3346410375 



(1) 881961 X 25 

(2) 621852 X 75 

(3) 776877 x 125 

(4) 492743 x 375 

(5) 27^7^ X 62S 

(6) 512634 X 875 

(7) 85059 X 125 

(8) 52590 X 25 



Ant. 10947775. 



Ant. 334641t)375. 



EflsaBGWB XTJ. 



(9) 385149 X 625 
<10) 108416 X 75 

(11) 94238 X 875 

(12) 723498 x 875 

(18) 427 X 25 X 25 X 25 
(14) 1858 X 125 X 25 X 575 
(1«) 1M6 X 875 X 5 X 75 X 



1000 



(16) 512 X 125 X 875 K 1125 X 875 



CHAPTEB X. 
BCMlUBS of 170TATI0N. 

1. A Scale of JSToiation may be simple or conppomid. 

In a simple scale, such as those named in Ch. I. § 10, ^repass from 
one column to the next higher one by the same multiplier or radix. 
Thus in the Binary scale the radix is 2, in the Ternary 3, in the 
Decimal 10, and so tm. 

In a compound scale the radix changes ; thus in the Money scale 
it is successively 4, 12, 10, 2, and then permanently 10. In 
Avoirdupois Weight it is 16, 16, 28, 4, 20, and again permanently 
10, and so on« 

2. Simple Soalbs. Addition. 

Add the following quantities, expressed in the quinary scale : 
2041, 41012, 12340, 123, 333, 33404. 
N.B. 5x5 is written 5*, 5x5x5 is written 5', 5x5x5x5 ]£ written 5\ 
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B0ALH8 OP NOTATION. 


5*5»5«5 1 




2 4 1 


3 ' 


4 10 12 





12 3 4 


2 


12 3 


2 


3 8'8 


1 


3 8 4 4 


2 


2 4 18 


2' 



Since 5 in any column gives 1 in the column next to the left, we 
add each column separately, 'carrying every 5 as 1 to the next 
coluBin, Ijeginnii^g (as in ordiaary addition) on the right. (Ch. III. 
§ 4.) 

Wording: 4, 7, 10, 12, 18, 3', carry 2; 5, 7, 11, 12, 16, 1', carry 3; 7, 10, 
11, 14, 4', carry 2; 5, 7, 8, 10, O', carry 2; 6, 6, 10, O'; 2'. Answer, 200413. 
(This mnert be read, '^'twe, nought, nought, four, one, tbroe.**) 

Exercise XLIT. 

(1) Add in the hinary scale. 111, 1100, 1101, 1110, 11001, 1001, 
11101. 

(2) In the ternary «5alfi, 1220, 2012, 2111, 210, 12112, 222, 1221. 

(3) In the qnaAeomary scale, 1032, 1222, 22321, 1211, 1002, 
12223, 3232. 

(4) In the quinary scak, 2341, 1234, 110, 2323, 443322, 12340, 
342103. 

(5) In the senary scale, 54320, 234, 5030, 24110, ^5142, 33445, 
55443. 

(6) In the septenary «cale, ^543, m2l, 1324, 285, 35264, 10235. 

(7) In the octonary scale, 76521, 4623, 527«, 85402, 70607, 
42354. 

(6) iM Hhe tik«mai7 «»H UiS^ 7834, 72684, 503765, 123456, 
78064. 

(9) In the undecimal scale (asing efor ten), 6^432, 1557:9, 708i«4, 
5«37^. 

,(10) In the duodecimal scale (using t for ten and e for eleven) 
eteie ImUy 897^5, 3364^, tetet, eeeee, 

* Casting oirt fours, 4 heing 1 less than the radix, just as 9 la 1 ksa. l\vuDL>8tA 
radix in the decimal scale. (Of. Ch. XI. § 12.) 

l2 
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(11) In each of the preceding scales, 11111 + 10101 + 11001 + 
10011 + 11001 + 10111 + 1111 + 1001 + 11001 + 1 + 111 + 101. 

3. Subtraction. 

In the senary scale, take 45305 from 305213. 
6»6*6»6«6 1 



8 5 2 18 
4 5 8 5 



2 15 5 4 



2- 



Here if any figure of the subtrahend is greater than the figure of 
the minuend above it, we add 6 to the figure of the minuend, carry- 
ing 1 to the next column to the left. (Ch. IX. p. 103.) 

Wording: 5 and 4' is 9, carry 1 ; 1 and O' is 1 ; 3 and 6' is 8, carry 1 ; 6 and 
& is 11, carry 1 ; 5 and 1' is 6, carry 1 ; 1 and 2' is 3. 

Exercise XLIII. 

(1) Take in the binary scale, 101010 from 1110101. 

(2) In the ternary scale, 211021 from 1002101. ^ 

(3) In the quaternary scale, 121323 from 303030. 

(4) In the quinary scale, 32402 from 40000. 

(5) In the senary scale, 12345 from 323520. 

(6) In the septenary scale, 135066 from 423450. 

(7) In the octonary scale, 3407427 from 7262520. 

(8) In the nonary scale, 326784 from 2233441. 

(9) In the undecimal scale, ItitZ from 102030. 

(10) In the duodecimal scale, 7^eeM07 from 89e4007^c. 

<11) In each of the preceding scales, lOUOlOU from 110010010. 

4. Multiplication. 

42345 X 3 in the senary scale. 

6g6*6»6«6 1 Wording: 15, 3', carry 2; 12, 14, 2*, cany 2; 0, 

4 2 3 4 5 11, 6', carry 1 ; 6, 7, 1', carry 1 ; 12, 13, 1'; S'. 

8 Aw. 211528. 

%,. 2 1 1 6 2 3 
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64325 X seven, in the septenary scale. 

^*^'^*^ ^ Wording: 35. O', carry 5; 14, 19, 6\ carry 2; 21, 

6 4 3 2 5 23, 2', carry 3; 28, 31, 3', carry 4; 42, 46, 4'; 6'. 

seven = 10 



6 4 8 2 5 



Comparing the product with the multiplicand, we see that a 
cipher has been added in the units' place, the other figures remain- 
ing unchanged. This might have been anticipated, for the cipher 
in the units* place moves each figure one step higher in the septenary 
scale. (Cf. Ch. V. p. 53.) 

Note that in any scale the symbol for the radix is 10, and for tho 
successive powers of the radix 100, 1000, &c. 

Generally : To multiply in any scale by a power of the radix, put 
on as many ciphers to the right of the multiplicand as there are 
ciphers in the multiplier expressed in that scale. (C£ Ch. VI. 

p. m.) 

462037 X 2056 in the octonary scale. 

8g88 8^88 8g8^838«8 1 

4 6 2 3 7 
2 5 6 



O.'isting out sevens : 8 4 5 4 2 7 2 

2772233 
^^^ 1144076 



1177474622 Am, 1177474622. 



te^tl X <3e8 in the duodecimal scale. 

128l27l2«12«12n2«12n2 1 



t e Z t 1 

« 8 e 8 

Casting oat elevens : 7 3 6 7 8 

V/ < 4 6 8 5 

yi\ 2 8 9 e 7 9 

9 1 5 2 9 « 



950857058 Ans. 950a51(\^^« 
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EXERCISH XLIY. 

(1) 1011101 X 10011 in the binary scale. 

(2) 2122002 X 1212 in the ternary scale. 

(3) 3130321 X 30012 in the quateraaiy scale. 

(4) 123404 X 3204 in the quinary scale. 

(5) 53210 X 1305 in the senary scale. 

(6) 130666 X 651 in the septenary scale. 

(7) 46734 X 730 in the octonary scale. 

(8) 80600 X 71000 in the nonary scale. 

(9) 457^ X 4«1 in the nndecimal scale. 

(10) 6^1 X ^etl in the duodecimal scale. 

(11) 1100 X 1000 in every scale. 

5. Division. 

7341062 -r 5 in the octonary scale. 
5 )7341062 
1371643—3 

Wording : 5 in 7, T, carry 2 ; (2 x 8 + 3 = 19) in 19, 3', carry 4, 82 ; in 86, T, 
carry 1, 8; in 9, T, carry 4, 32; in 32, 6*, carry 2, 16; in 22, 4', cany 2, 16; 
in 18, 3', and 8 over. 

Note that to divide by a power of the radix, we cut off as many 
figures from the right of the dividend as there are ciphers in the 
divisor, expressed in that scale. 

EXEECI&E XLV. 

(1) 1000110 -r 1000 in the bmary scale. 

(2) 12112 -r- 2 in the ternary scale. 

(3) 321232 -r- 3 in the quaternary scale. 

(4) 100342 -4- 3 in the quinary scale. 

(5) 132432 -r- seven in the quinary scale. 

(6) 543212 -r- 4 in the senary scale. 

(7) 5372461 ^ 7 in the octonary scale. 

(8) 33776426 -f- 6 in the nonary scale. 

(9) 123456 -r- ^ in the undecimal scala 
(10) 5732te2 -t- t in the duodecimal scale. 

N.B. These scales are of little practical utility, and we therefore omit Long 
Diriiioii, 
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6. Interconvepsion of simple scales. 
Express 437 (decimal) in the quinaiy scalo. 

C. X. I. 

5)Jr_3_7 

6); 8 7 fivei and 2 unite 
f^l_f tirenty-fiyea and 2 ilv«» 

8 hundred-and-twenty-fiyes and 2 twenty-fives 
Hence 437 (decimal) = 3223 (ijainary). 

Convert 73421 from the octonary to the ternary scale, 
8*8»8«8 1 
8 )7 8 4 2 1 
2 8 e and 1 unit over 
.-. 73421 in the octonary scale « 23660 x 3 still expressed in the 
octonary scale and 1 nnit over. 

8 )28eft0 

6472 and 2 over 
.\ 73421 in the octonary scale = 6472 x 3^ + 2 x 3 + 1. 

8 )6472 
216e and2^^ofer 
. • . 73421 = 2150 X 38 4- 2 X 32 + 2 X 3 + L 

8)2150 

570 and over 
. •. 73421 = 570 X 3* + X 33 + 2 X 32 + 2 X 3 + 1. 

8 )570 
175 and 1 over 
. •. 73421 = 175 X 3« + 1 X 3* + X 33 + 2 X 3? -f 2 X 3»+ 1. 

3 )175 

51 and 2 over 
.-. 73421 =51 x3« + 2x 35 + 1x34 + 0x38 + 2x32 + 2x3 + 1. 

8)_61 
15 and 2 over 
.-. 73421 = 15 X 3' +2 X 3«+ 2 X 35 + Ix 34 +0x33 + 2x32 + 2x3 

+ 1. 

8)15 

4 and 1 over 
.-. 73421 = ^x38+lxSr+2'x'3«+2x3»+l x 3* + 0x 33+2 x32; 
+ 2x3+1. 
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8)4 
1 and 1 over 

.-. 73421 = 1 X 3» + lx38 + lx37 + 2x3« + 2x35 + lx3* + 0xa» 
+ 2x 32 + 2x3 + 1. 



8*83828 1 


3*3837 3^353* 33 32 3 1 


7 3 4 2 1 


= 111 


2 2 


10 2 2 1 


Mod, op,: 


8)78421 

8)23660—1 

8)6472—2 

8)2150—2 

8)570—0 

8)175—1 

3)51-2 

8)15-2 

3)4—1 








1—1 




Am. 1112210221. 



In reducing to the decimal scale, the following method may Ije 
used with equal advantage : 

Reduce 462351 from the septenary to the decimal scale. 



757473727 1 




4 6 2 8 5 1 


or, as before : 


(thirty-four) 34 (7*) 
7 


737473727 1 
ten) 4 6 2 3 5 1 


(two hundred & forty) 240 (7») 

7 


ten) 3 3 2 4—3 
ten) 2 2 5 6—0 


&c. 1683 (72) 
7 


ten) 14 5-5 
ten) 1 1—2 


11786 (7) 

7 
82503 units 


0—8 


Afu, 82503. 



4 of the 6th column gives 7 x 4 = 28 of the 5th column, which, 
with the 6 already in that column, gives 34. 34 of the 5th column 
gives 7 X 34 of the 4th column, and adding in the 2 gives 240, &c 
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Exercise XLVL 

(1) Express 1024* in the binary scale, 

(2) Express 719 in the binaiy scale. 

(3) Express 719 in the ternary scale. 

(4) Express 1000 in the quaternary scale. 

(5) Express 760 in each scale from the binary to the duodecimal 
scale. 

(6) Express 20453 in the same scales. 

(7) Convert 3742 (nonary) to the decimal scale. 

(8) Convert 51342 (senary) to the decimal scale. 

(9) 123402 (quinary) to the decimal scale. 

(10) 45312 (septenary) to the decimal scale. 

(11) 10111001 (binary) to the decimal scale. 

(12) 4:eete3 (duodecimal) to the decimal scale. 

(13) Convert 1 1001 (binary) to the quinary scale, 

(14) 31426 (octonary) to the septenary scale. 

(15) 12121210 (ternary) to the quaternary scala 

(16) 5^31^9 (undecimal) to the nonary scale. 

(17) ^e3418 (duodecimal) to the octonary scale. 

(18) 100000000 (binary) to each of the other scales. 

7. Compound Scales. These methods are applicable to the in- 
terconversion of £. «. d, weights and measures of length, capacity, 
time, &c. We proceed to give examples of the leading weights and 
measures, but propose to enter more fully into the whole subject at 
a later stage. 

Reduce 7419 farthings to £. *. d. 

4 )7419 farthings 
12)1854 pence and 3 farthings 
20)154 shillings and 6 pence 
Ans. £7. 14«. 62(2. 7 pounds and 14 shilUii^'s. 

Exercise XLYIL 

(1) Reduce 1000000 farthings to £. «. d. 

(2) Find the value of a million penny postage-stamps. 

(3) Reduce 987654321 farthings to £. «. d. 

* Where no scale is specified, the decimal scale is nwd^t^X.^^. 
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(4) Eedace 2479 sixpences to £. a A 

(5) Eeduce 2573 half-crowns to £. «. d. (KBi dhal^Hnrowms =* £1). 

(6) Eeduce 17019 foarpeanj-pieces to jB. & c& 

(7) Eeduce to £. <. d, tha fcUowiiig : 

1. 43794 farthings. 4. 111840 flBrtdiiiig& 

2. 47901 fiurthings. ^ 197311 haif^oicQ. 

3. 637425 farthings. 6. 16049 pence. 

8. I^engths. 

12 indie8'(iiL) =« 1 foot (ft.) 

Sleet » l7«rd(7di) 

220 7Brd« ^ 1 fiiri<ag (finr.^ 

8 furloogB (1760 yards) = 1 mile (m.) 

Eeduce 37989511 inches to miles^i&c; 
1 2)37989511 inches 

8 )3165792 feet and 7 inolies 
r 2 0)105526(4 yards and feet 
I 11 )52768 scores of yards and 4- yaris Vj 7x20+4 
8 ) 4796 furlongs and 7 seoreaof yards j as 144 yardlp 
599 miles and 4 fnrlongB. 
Am. 590 miles, 4 forlonga^ 144 yards (0 feet), 7 inches. 

ExKBCisB XLVIIL 

(1) Eeduce 79 inches to feet 

(2) „ 159' inches to yards, <&c. 

(3) „ 1000 inches to fathoms (1 fathom => 6 feet). 

(4) „ 5000 yards to miles. 

(5) 1. Eeduce 5317 inches to yards. 
2 16020 

3. „ 867 ^ „ 

4. „ 1868 „ „ 

5. ^ 4428 „ 

6. „ 2340 „ 

(6) 1. Eeduce 176000 yards to miles. 

2. „ 1000000* „ „ 

3. „ 74912 „ „ 

4. „ 16016 „ „ - 
/7> Eeduce 50049^7056 inches to wiles, Ssa. 
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9. 


100 Unks ^ 1 oMn (22 yards) 




80 chains =» 1 mile 




£zEaGisaXLDL 


(1) 


Eeduce 7843 link* ta chains 


(2) 


„ 53984 Imks to miles. 


(3) 


„ 174986 links to miles. 


W 


„ 1000000 links to miles. 



10. 4 nails (n.) =1 quarter 
4 quarters = 1 yard 

EXEROISE Jj, 

(1) Eeduco 243 nails to yards. 

(2) „ 587 „ 

(3) , 1024^ 

11. Liquid Measure. 

4 gills = 1 pint (pt.) 
2 pints a= 1 quart (qt.) 
4 quarta =& 1 gallon (gn.) 

Exercise LL 

(1) Eeduce 5317 pints to gallons. 

(2) „ 20000 gills to gallons. 

(3) f, 3719 quarts to gallons. 

12. Dry Measnre. 

2 gallons = 1 peck (pk.) 
4 pecks = 1 bushel (bus.) 
8 lioshek = 1 qnavter (y.> 

EzsitcnrsB LII. 

(1) Reduce 1700 gallons to quarters. 

(2) „ 1359 gallons to quarters. 

(3) „ 1000000 gaUonstO'Cjuarters. 

13. Paper Measure. 
24 sheets = 1 quire 
20 quires = 1 wan 

Exercise LIII. 

(1) Eeduce 1750 sheets to reams^ 

(2) „ 157 quires to reams. 

(3) „ 1920 sheets to reams. 
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14. Weights. 

1. Avoirdtqxni. 
16 drams (dr.) = 1 ounce (oz.) 
16 ounces = 1 pound (lb.) 

28 lbs. = 1 quarter (qr.) 

4 qrs. (112 lbs.) = 1 hundred-weight (cwt.) 
20 cwts. = 1 ton. 

Exercise LIV. 

Eeduce : Eeduce : 

(1) 1250 drams to ounces. (6) 11111 lbs. to cwts. 

(2) 512 drams to ounces. (7) 100000 lbs. to tons. 

(3) 10000 drams to lbs. (8) 25200 lbs. to tons. 

(4) 2055 drams to lbs. (9) 1000 cwts. to tons. 

(5) 5040 lbs. to cwts. (10) 27419 lbs. to tons. 

2. Troy. 

15. 24 grains (gr.) = 1 penny-weight (dwt.) 
20 dwts. = 1 ounce (oz.) 

12 oz. = 1 lb. 

Exercise LV. 

(1) Eeduce 500 grains to dwts. 

(2) „ 5760 grains to lbs. 

(3) „ 7000 grains to lbs. 

(4) „ 157409 grains to lbs. 

N.B. Compare the results of (2) and (8). 7000 grains= 1 lb. aT., which is there- 
fore greater than 1 lb. troy. 1 oz. av., however* is less than 1 oz. troy. 

16. Eeduce 45 miles to feet. 

45 miles 

8 

360 furlongs 



220 



i — 
< 8960 

( 20 



79200 yards 
3 



237600 feet. Ans. 237600 ft 
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Eeduce 5 miles, 3 fur., 143 yds., 1 ft., to inches. 

5 m., 3 far., 143 yds., 1 fk 
_8 

43 for. 
11 
473 
20 
9603 yda. 

8 

28810 ft. 
12 

845720 inches. Ans. 345720 in. 

jt 

Eeduce 4 tons, 13 cwt., 1 qr., 11 oz., to ounces. 

4 tons, 13 cwt., 1 qr. (0 lbs.), 11 m. 







93 cwt. 
4 








373 qrs. 
4 








1492 
7 








10444 lbs. 








16 








167115 ounces. Ans. 167115 


01. 






Exercise LVI. 




(1) Reduce 7 yds., 2 ft., 9 in., to inches. 




(2) 


» 


3 m., 1 fur., 93 yds., to feet. 




(3) 


» 


£73. 14«. 7id. to farthings. 




(4) 


» 


£100 to sixpences. 




<5) 


» 


Qs. Sd. to fourpenny-pieces. 




(6) 


n 


5 half-crowns to threepenny-pieces. 




(7) 


99 


£7. 17«. 6d. to sixpences. 




(8) 


9} 


£99. 19«. life?, to farthings. 




(9) 


» 


£19. 15& to crowns. 




(10) 


n 


£52. 10«. to half-crowns. 




(11) 


99 


£6. 13«. 7 id. to halfpence. 




(12) 


» 


£18. 28. did. to farthings. 




(13) 


99 


100 tons to lbs. 
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(14) Eeduco 8 cwt, 11 oz.,io ojl 

(15) „ ^ seams to sheets. 

(16) „ 1 year to seconds. 

(17) How many beats does the seconds* pendulum make in a week 1 

(18) How many miles can I travel for £3. 7s. lOrZ. at a penny a 
mile ? 

1 7. Addition, Subtraction, Multiplication and Division of Weights 
attd Measures may be performed by methods similar to those already 
given for £. 8, d, 

(1) Add the following : 17 tons, 5 cwl, 1 qr., 13 lbs.; 25 tons, 
3 cwt., 15 lbs.; 9 tons, 6 cwt, 1 qr., 21 lbs.; 14 cwt, 3 qrs., 11 
lbs. j 73 tons, 17 lbs. ; 1 ton, 13 cwt., 14 lbs. 

Tons. cwt. qrs. lbs. 

Wording: 4, 11, 12, 13, 18, 21, carry 2; 
3, 4, 6, 7, fi, 9, 91 lbs. (28 in 91, 3 and 7 over), 
7', carry 3 ; •<>, 7, 8, O', carry 2 ; 5, 9, 15, 18, 
23', cany 2 ; 3, 4, carry 2 ; 3, 6, 15, 20, 27', 
carry 2 ; 9, 11, 12'. 

Ans. 127 tons, 3 cwt., 7 lbs. 

127 3 7 

(2) From 19 tons, 5 cwt., 11 lbs., take 2 tons, 17 cwt., 1 qr., 27 lbs. 

Tons. cwt. qrs. lbs. Wording: 27 and 12' is 39 (adding 1 qr.= 

19 5 11 26 lbs. to minuend and subtrahend), carry 1 ; 

2 17 1 27 2 and 2' is 4, carry 1; 18 and 7' is 25, cany 1; 

« and 6' is 9 ; 1^ 

Am. 16 tons, 7 cwt., 2 qrs., 12 lbs. 

(3) 15 tons, 3 cwt., 1 qr., 1^ lbs. X 4023. 

Tons. cwt. qrs. lbs. 

f. 15 8 1 13x3 

X. T51 1-8 2 16x18 

0. 1516 Ifi 2 12 

M. 15168 6 8xi 



17 


5 


1 


13 


25 


3 





15 


9 


6 


1 


21 




14 


3 


11 


73 








17 


1 


13 





14 



16 7 2 12 



60673 


4 


1 


4 


303 


7 


1 


« 


45 


10 





11 



61022 1 2 23 

Am, 61022 tons, 1 ewt., 2 qrs., 23 Ibfi. 



225 








20 


26 


2 


8 


12 


22 


10 





^ 
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(4) 251 tons, 3 cwt., 4 lbs. -=- 11 tons, 5 cwt, 1 lb. 

X.I. 

11 tons, 5 cwt., qrs., 1 lb.)251 8 4 (22 

Tons. cwt. qrs. lbs. 
11 5 1 f. 
112 10 '10 X. 

3 12 8 10 
Arts, 22 times and 3 tons, 12 cwt., 3 qrs,, 10 Ihs. over. 

(5) 734 tons, 4 cwt, 1 qr., 12 lbs. ^ 17. 

Tons. cwt. qrs. lbs. Tons. cwt. qrs. Ifca. 
17)734 4 1 12 (43 3 3 4 
54 
3 
64 

21 
.68 
2 
68 
— Ane. 43 tons, 8 cwt., 8 qrs., 4 lbs. 

ExEBcnsE LYII. 

(1) Add 50 tons, 17 cwt., 3 qrs., 15 lbs.; 12 tons, 12 cwt., 12 
lbs. ; '25 tons, 11 cwt., 7 lbs. ; 33 tons, 15 cwt., 2 qrs., 23 lbs. 

(2) Add 5 oz., 13 dwt., 7 grs. ; 11 oz., 10 dwts., 17 grs. ; 2 oz., 
15 grs. ; 17 dwt„ 14 grs.; 3 oz., 23 grs. 

(3) 5 miles, 7 fur., 13 yds. + 19 jtniles, 1 fur., 200 yds. + 11 mile% 
3 fur., 37 yds. + 2 fur., 183 yds. + 17 mile^, 5 fur., 177 yds. 

(4) 24 hrs., 11 min., 25 sec. + 19 Lrs., 17 min., 11 sec. + 1 ^-^ 
49 min^, 50 sec. -f* ^^ ^-^ ^^ min., 20 sec. 

(5) 13 tons, 17 cwt., 13 lbs. — 4 tons., 15 cwt., 3 qrs., 20 lb?. 

(6) 9 oz., 3 dwt, 3 grs. — 3 oz., 13 dwt., 7 grs. 

(7) 20 miles — 11 miles, 1 fur., 17 yds. 

(8) From 7 yds., 11 indhes, take 3 yds., 2 feet, 7 incliea. 

(9) 8 tons, 11 cwt, 1 qr., 14 lbs. X 308. 

(10) 5 oz., 5 dwt, 17 grs. X 3160. 

(11) 5 miles, 155 yds. X 188. 

(12) 237*tonfif, 18 owt,.3 q^a^ 20 lbs. -r 4 cwt., Z q^.,\^ 
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(13) 20 lbs. troy -r- 15 dwts., 11 grat 

(14) 7 tons, 11 cwt., 14 lbs. -^ 7. 

(15) 13 lbs. troy -r- 32. 

(16) 173 tons, 5 cwt, 1 qr., 3 lbs. -r- 19. 

(17) 24 nules -7- 55. 

(18) 186 yds., 11 inches -^ 89. 

(19) 360« -r- 365. 

(20) How many copies can be printed off 13 reams, 7 qmres, eat I1 
consisting of 11 sheets 1 



CHAPTER XL 

PEOPEETIES OF NUMBEBS, &a 

1. We have hitherto been considering almost exclusively those 
properties of numbers which belong specially to given numbers ; 
thus, the only number which exceeds 16 by 7 is 22. But some 
general properties of numbers have been tacitly assumed as true. 
The expression, " general properties of numbers," requires elucida- 
tion. Take, for example, any two numbers, say, 40 and 17 ; it is 
evident that 40 4-17:=17 + 40; but as this is true of any two 
numbers, we may use more general symbols. Let I and e stand for 
two different numbers whose values are unknown to us ; we still 
know that Z + « zr « + ^, or, in other words, that numbers may be 
added in any order. This was taken for granted in our rules for 
addition. We further know that {I — a) + (« + <') =^ ^ + *> o^ 
that the sum of two numbers is not altered by transferring a portion 
of one of the numbers to the other. This also is accepted as true in 
"carrying" in addition. 

If we are informed that of the two numbers I and s, I stands for 
the larger of the two, we know that I — « is a possible, and « — I 
an impossible, quantity. Again, we know that {I + a) — (s + a) 
^ I — «, or that " the difference between two numbers will not be 
altered, if the same quantity be added to both of them." (Ch. IX. 
JSimilarlj we know and have assumed through Ch. V. and 
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VT. that {1 + s) XmzulXm+sXniyOT that the sum of two 
(or more) numbers is multiplied by another number if each of the 
addenda is so multiplied ; thus : 27 X 6 = 20 X 5 + 7 X 5. 

We proceed to other general properties of numbers. 

2. If one number can be divided by another number without 
remainder, the divisor is called a Measure of the dividend, and the 
dividend a Multiple of the divisor. Thus 20 can be divided by 5 
without remainder, therefore 5 is called a Mbaburb of 20, and 20 a 
Multiple of 5. A length of 20 inches can be measured by a rod 5 
inches in length, but not by one of 6 inches. 20 can be obtained 
from 5 Vy multiplying it 

The measures of 6 are 6, 3, 2, 1. It is required to find the 
measures of 48. 

48 



1) 


(48 


2) 


(24 


8) 


<1« 


*) 


(12 


«) 


(8 



Since 1 X 48 = 48, 1 and 48 are measures of 48 ; since 2 X 24 
^ 48, 2 and 24 are measures of 48, and as there are no numbers 
between 1 and 2, there are no measures between 48 and 24, for any 
such measure would have to be contained more than once and 
less than twice. Next take 3 ; since 3 X 16 = 48, 3 and 16 are 
measures of 48, and, as before, no measure of 48 can lie between 24 
and 16, there being no number between 2 and 3. Take 4 ; since 
4 X 12 = 48, 4 and 12 are measures of 48. 5 is not a measure 
of 48. 6X8 = 48, so that 6 and 8 are measures of 48 ; and as 
we have now all measures between 1 and 6, we must have all 
between 48 and 8 ; and as 7, the only number between 6 and 8, is 
not a measure of 48, we have now found all possible measures of 48. 
They are 1, 2, 3, 4, 6, 8, 12, 16, 24, 48. 

Exercise LYIIL 

Find all measures of 10, 12, 16, 20, 36, 60, 100, 112, 120, 144, 
240, 360, 960, 1000, 1760, 5760, 7000. 
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3. Q. What is the greatest measure of any number t 
A The number itselfl 

Q. What is the least ? 
A. Unity.* 

Q. Find the measures of 17. 
A. 1 and 17. 

A number which has no measures but itself and unity is called a 
FBiMs NUUBBB ; Other numbers are called compobits nuksbrsl 

Exercise LIX. 

(1) Write out all the prime numbers xmder 100. 

(2) Classify the following numbers into prime and composite 
numbers: 91, 111, 113, 117, 119, 121, 131, 133. 

4. All the multiples of 2 are called even numbers ; the others 
are odd numbers ; and hence the even and the odd numbers lie 
alternately. 

It is evident that 2 is the only prime number that is even ; note, 
however, that though all prime numbers (except 2) are odd, not all 
odd numbers are prime. 

(a) Even added to even yields even : thus, 8 + 10 =: 18, fbr an 
exact number of twos added to an exact number of twos must be 
an exact number of twos. 

(ft) Even added to odd yields odd : thus, 8 + ^ ^==^ l^j for a^ o^ 
number is an exact number of twos + I9 ^nd an exact number of 
twos added to an exact number of twos -{- ^ must yield an exact 
number of twos -f* I9 i*6. an odd number. 

(e) Odd added to odd yields even : thus, 7 + ^ ^^ 16, for an 
exact number of twos + 1> added to an exact number of twos + 1> 
must give an exact number of twos + 2, that is, altogether, an exact 
number of twos. Conversely, 

(d) Even taken from even leaves even. 

(e) Even taken from odd leaves odd. 
(J) Odd taken from even leaves odd. 
/^) Odd taken from odd leaves even. 

* Wc are only considering whole numbers or integert. 
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{h) Even multiplied by even or odd yields even, for any exact 
number of twos multiplied bj any number must be an exact num- 
ber of twos. 

(i) Odd multiplied by odd yields odd, for the multiplier is an 
even number + 1, so that the multiplicand has to be repeated this 
even number of times aad once more ; the result of taking it an 
even number of times ia 1» give an even number, and adding to this 
result once the muUiplismd, which is odd, the final result will be 
even + odd, or odd. Conversely, 

(j) When the dividend is a mulidple of the divisor, even divided 
by odd yields even, because odd must be multiplied by even to 
yield even. 

(k) Even divided by even may give either even or odd, because 
«ven multiplied by eitheir yields even. 

(Z) Odd divided by odd yields odd. 

(m) Odd cannot be divisible by even without remainder. 

Examination of these rules shews that in Addition and Subtrac- 
tion likes give even, unlikes odd ;. aod thait in MukipUcfttion the 
product is even unless both &ators are odd. 

£f. If one number is a measure of another nomber, it will also 
be a measure of aU its multipleA; thus 7 is a measure of 14, and 
is therefore a meas4»e of aaoy number of fourteena. Generally, if a 
is a measure of 5, it is. a maasnre of m x 2t^ 

6v If ene amnJber is a meosure of two other numbensj it will 
also be a measure of their sum and of their difBerence. Thus, if 
there be two numbers, each of which is an exact number of [fives] 
(say), their sum and their difierence must still be an exact number 
of [Eves], i.e. [five] wdll be a measure both of their sum aud of their 
difference. GeneraUy, if m measures a and &, it will measure a + 
h and a — h. Combining this with what was said in § 5, we see that 
a number which is a measure of any two numbers is also a measure 
of the sum or difference of any of their multiples. 

7.* If a number measures one ordy of two numbers, it cannot 
measure either their sum or their difference. If one number is an exact 
number of [fives], and another is an exact number of [fives] + [three], 
their sum will be an exact number of [fives] + [three], and their 

* §§ 5, 6 and 7 state thei general principles of which § 4 gires applications to 
the measure 2. K 2 
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difference will be an exact number of [fives] + [three], if the mul^ 
tiple of [five] is the less of the two quantities ; or an exact numbei 
of [fives] — [three], if the multiple of [five] is the greater of the 
two quantities, and this difference therefore will not be measured 
by [five]. 

If a number measures neither of two numbers, it may or may not 
measure their sum and their difference ; [five] will measure the sum 
of two numbers, if the two remainders together make up another 
[five] ; and their difference, if the remainders are the same in each ; 
e.g., 5 is not a measure of 43 nor of 32, but is a measure of their 
sum, since 43 = a number of fives -f- 3, and 32 = a number of 
fives 4" ^9 so that the sum is an exact number of fives -f* ^> i-o. is 
an exact number of fives. Again, 5 is not a measure of 23 nor of 
63, but is a measure of their difference, for 63 is a number of fives 
+ 3, and 23 is a number of fives + 3. 

8. Divisibility of Kumbeb& 

Examine the number 153576. 

(a) This is 153576 units or 15357 tens and 6 units; 3 is a 
measure of 10, and .'.of 15357 tens (§ 5) ; but 2 is also a measure 
of 6 ; .-. it is a measure of 15357 tens + 6 units (§ 6), Le. of 
153576. The same reasoning will hold for any number; there- 
fore the divisibility by 2 depends solely upon the figure in the 
units' place ; for every number above ten is a number of tens + 
some units. The tens are always even, and if the units are also 
even, we have even 4- even, which is even (§ 4, a) ; if the units are 
odd. we have even + odd, which is odd (§ 4, 6). 

Learn by heart : A number u divisible by 2 if the figure in tlie 
units* place is even, 

{b) The number 153576 is 1535 hundreds and 76 units. 4 is a 
measure of 100 (25 X 4 = 100), and .-. of 1535 hundreds ; but 4 
is also a measure of 76 ; .•. it is a measure of 1535 hundreds + 
76 units, i.e. of 153576. If 4 had not measured the quantity after 
the hundreds, it could not have measured the whole number (§ 7). 

Learn by heart : A nmnher is divisible by 4 if the quantity in Hit 
unifs' and tms^ places is divisible by 4. 



\ 
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(e) The number 153576 is 153 thousands and 576 units. 8 is a 
measure of 1000 (125 x 8 = 1000), and .-. of 153 thousands; but 
S is also a measure of 676, and .*. of 153 thousands + 576 units, 
i.e. of 153576. If 8 had not measured the quantity after the thou- 
sands, it could not have measured the whole number. 

Learn by heart : A number is divisible by 8 if tlie quantity in the 
unit8\ t«n£ and hundred^ places is divisible by 8. 

N.B. 2 is the Ist, 4 the 2nd, and 8 the 8rd power of 2 ; and in considering tho 
(livisibility of numbers by these, we connect 2 with 1 figure, 4 with 2 figures, and 
S with 3 figures, from the right. 

(d) Eeasoning analogous to that given in (a) proves that a number 
ts divisible by 5 if the figure in the uniti place is either 5 or 0. [Let 
tho pupil write out the proof of this.] 

{e) 10 = 9 + 1; 100 = 99 + 1; 1000 = 999 + l,&c.; .-. every power 
of 10 is an exact number of nines + 1. 

Analyse 153576. It is 6 units, 7 tens, 5 hundreds, 3 thousands, 
5 ten-thousands, and 1 hundred-thousand. Breaking up these differ- 
ent values into groups of nines and units, we obtain : 

Nines. Units. 
From the 6 units • — 6 

„ 7 tens (7 x9 + 7) 7 and 7 

„ 6 hundreds (5 X 99 + 5) 55 „ 5 

„ 3 thousands (3 X 999 + 3) 333 ,, 3 

„ 6 ten-thousands (5 X 9999 + 5) 6555 „ 5 

„ 1 hundred-thousand (1 x 99999 + 1) ... 11111 „ 1 
which is an exact number of nines + (6 + 7 + 5 + 3 + 5 + 1) units, or 
an exact number of nines + 27 units ; but 27 is itself a multiple of 
9 ; .'.the whole is divisible by 9. Note that 27 = the sum of the 
digits in 153576. 

Learn by heart : A number is divisible by 9 if the sum of its 
digits* is divisible by 9. 

(/) Eeasoning analogous to that just given shews that any num- 
ber is an exact number of nines + tTie sum of its digits. The nines 
must be divisible by 3 ; if, therefore, the sum of the digits is also 
divisible by 3, the whole is divisible by 3. 

* The word digit is deriyed from the Latin digitut, a finger, the fingers bQiA% 
the natural oonnten. ^ 
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Learn by heart : A number is dividble by 3 if the ewm of He digits 
is divisible by 3. 

Note. Erery mnnber diyiable by is divisible by 'Z ; but not erery number 
divisible l7y 3 is divisible l7y 9. 

{<g) Any number which is divisible by 6 will stand both the tests 
of 2 and 3 ; for sixes can be broken np into twos or into threes. 
Conversely, only numbers divisible by 6 can stand both these tests, 
for a number not divisible by 6 must be some sixes -f- 1, 2, 3, 4 or 
5, no one of which remainders can be arranged both in twos and 
threes. 

Learn by heart : A numhe)* is divisible by Q \fit is dunsible hath 
hy 2 and by 3. 

(h) 102 =: 100 = 99 + 1 zz 9 X 11 + ^ 

104 z= 10000 zn 9999 + 1 = 909 X 11 + L 
100 — 1000000 =: 999999 + 1 = 90909 X 11 + 1, &c., 
or any even power of 10 diminished by 1 is a multiple of 11. 

Take the number 1493756, which is 56 mnte + 37 hundrods + 
49 ten-thousands + 1 million. Breaking up these different values 
into groups of elevens and units, we obtain : 

Elevens. Units. 

56 units == — bQ 

37 hundreds = 37 X 9 and 37 

49 ten-liiousands = 49 X 909 „ 49 

1 million = 90909 „ 1 



143 
which is some elevens + 143 units ; but 143 is itself a multiple 
of 11, .'. 11 is a measure of the whole number 1493756. Hence 
if the sum of the successive pairs of digits be divisible by 11, the 
number is divisible by 11. Instead of writing the digits in pairs, 
it is shorter to add them up alternately, considering the digits in 
the odd (1st, 3rd, 5th, &c.) places as units, and those in the even 
places as tens ; e.g. in 1493756 : 

Wording: 6, 13, 22, 23', carry 2; 7, 10, 14'. Arts. 143. 

Learn by heart : A number is dividble by II if the sum of its digits, 
added up alternately, beginning at the units' place, is dimsible bjf 11, 
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{i) Eeasoniug analogous to that in {g) shews that a number is 
divisible by 12 if it will stand the tests of 3 and of 4. [Let the 
pupil writ© out the proof of this.] 

[{j) For divisibility by 7, many tests have been suggested, but no 
one of them is shorter than actual trial. The pupil may exercise 
his ingenuity in provii^ the following methods : 

(a) Break the given number into pairs as for 11 ; divide the pair 
of highest designation by 7, double the remainder, if any, and add 
this product to the next pair ; divide this sum by 7, and again add 
the double of its remainder to the next pair, and so on ; if the last 
remainder is or a multiple of 7, the whole is so. 

(/3) Break into pairs as before ; to the pair of lowest designation 
add twice the next, four times the third, once the fourth, twice the 
fifth, four times the sixth, &c. ; if the result is divisible by 7, the 
number is so. 

(y) If the difference between doable the units and once the tens 
is 0, or a multiple of 7, the number itself is a multiple of 7. For 
short numbers this last method is useful] 

Exercise LX. 

Determine by inspection the measures under 13 of the following 
numbers: 504, 405, 315, 168, 451, 512, 98, 1080, 9999, 864, 
1296, 6144, 7020, 7040, 33264, 142857, 999999, 2520. 

9. Casting out Nines. 

We can now demonstrate the truth of the rules given above 
for testing the accarajcy of the Jesuits in Addition, Subtraction, 
Multiplication and Division- 
It was proved in § 8 (e,/) that " any xramber is an exact number 
of nines + the «um of its digits." Hence the remainder of a num- 
ber divided by 9 may be found by casting out the nines from the 
sum of the digits. In the method given in Ch. II. § 4, the nines 
were rejected as fast as they were obtained, which is obviously the 
same as casting them out at the end. 
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Addition s 



655 


7 


1362 


8 


84052 


5 


15 


6 



86084 3' 

The effect of casfiTig ont nines must evidently be the same, whether 
we cast them out from the addenda separately or from their sum. 
Subtraction. 



4371 
456 



8915 



6 h. 43726 

6 18237 



56143 
12345 



r 43798 



4' 



O' 25489 

In (a) we take a certain number of nines + 6 fi-om another 
number of nines + 6, and must therefore have an exact number of 
nines left. In (h) we take a certain number of nines + 3 from 
another number of nines + 4, and must therefore have an exact 
number of nines + 1 left. In (c) we take a certain number of 
nines + 6 from another number of nines + 1 or (as it may be called) 
a number of nines + 10, and we must therefore have a certain num- 
ber of nines + 4 left. ' ' "^' 



Multiplication : 



a. 87598 x7 
263186 

h. 87598x457 



5^. 



263186 
187990 
150392 

17182286 
In (a) the multiplicand is a certain number of nines + 5, which, 
multiplied by 7, is a certain number of nines + 7 x d or 35. In 
(Ji) the same multiplicand is to be multiplied by a certain number 
uf nines + 7 ; multiplication by nines yields nines, and the multi- 
plication by 7 gives, as in (a), a certain number of nines + 5 x 7 or 
35, and this is in each case a certain number of nines + 8, .*. the 
product should be a multiple of nine + 8. 
Division : 
a. 3586)168542(47 ft. 8586)168665(47 

25102 25225 
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In (a) the divisor is contained 47 times exactly in the dividend; 
therefore the dividend = 47 x the divisor, and the test for multi- 
plication applies. In (b) the divisor 3586 taken 47 times from the 
dividend leaves the remainder 123 ; therefore 47 x 3586 + 123 = 
the dividend 168665, whence the truth of the rule is apparent 

10. Casting out elevens may he used with advantage as an addi- 
tional test of accuracy. Elevens may he cast out in two ways, 
either hy alternate addition, or hy successive suhtractions from 
left to right 

It follows from the reasoning of (h) page 134, that every numher 
is a multiple of eleven, + the sum of its digits added up alternately, 
beginning at the units' place. If, then, this addition is made, and 
if necessary again made on the result, till at last a number is ob- 
tained consisting of not more than two digits, elevens have so far 
been cast out, and the final remainder can be obtained by simple 
division by eleven. Take, for example, 6834667. 

Wording: 7, 12, 15, 21', carry 2 ; 8, 12, S'O'; 201; a«aui, 1, 3', remainders. 
I^ then, 6884567 be diyided by 11, the remainder will be 8. 

Take 683456797. 

Wordinff: 7, 14, 19, 22, 28', carry 2; 11, 17, 21, 2'0'; 298; again, 8, 10', 
carry 1; I'O'; 100; again, 0, 1'; remainder, 1, i.e. 688456797 -Ml, leares 
remainder 1. 

Take 68345679745. 

Wording: 5, 12, 19, 24, 27, 83', carry 8 ; 7, 16, 22, 26, 3'4'; 843; again, 
3, &; 4'; 46 ; 46 -?- 11 leaves 2 ; le. 68345679745 -~ 11 leaves remainder 2. 

This division (disregarding the quotient) may be performed by 
simple subtraction thus : 11 into 68, 6, carry 2 (this 2 being 8 - 6); 
into 23, 2, carry 1(1 being 3 - 2), and so on. 

Wording: 6 from 8, 2 ; from 3, 1 ; from 4, 3 ; from 5, 2 ; from 6, 4 ; from 7, 3 ; 
from 9, 6; from 7, 1; from 4, 3 ; from 5, 2'; or shorter, 2, 1, 8, 2, 4, 3, 6, 1, 8, 2'. 

Take 475615165. 1st, by alternate addition : 

Wording: 5, 6, 7, 12, 16*, carry 1; 7, 12, 18, 2'6'; 256 ; again, 6, 8', 5'; 
£8; 58 -T- 11 yields remainder 3 ; or shorter, 5 from 8=3'. 
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By sncaBeMdye «iibti»ctionfi : 

Wording: 41rom 7, S ; from 5, "2 ; from 6, 4 ; 4 from 1 T here is a difficnltj, 
wbieli can be got over thm : aabtract backwards, 1 from 4, 3, and add this number 
to the figure after 1, viz. 5; 3 + 5 = 8; because the three numbers 415 are four 
hundred and fifteen units of a certain kind ; if from one hundred units, elevens 
be cast out, there is a remainder 1, and from four hundred units the remainder is 
4 ; this 4 added to the 15 makes 19, which leaves 8, (9 - 1). This subtraction of 

I may be done before the addition : 8 from II — 1 from 8 = 7; 7 + 6 = 13; rejecting 

II from 13, leaves 2; 2 from 5=3'; or shorter, 8, 2, 4, 3 + 5=8, 7 + 6 = 13, 2, 
3', as above, . '. 475615165 -?- 11 leaves remainder 3. 

Take 6382417412. By alternate addition : 

Wording: 2, 6, 7, 9, 12', anacyl; 2, 9, 13, 21, 2'T; 272; 2, 4', T; 74; 
74-s-ll leaves 8, or 7 Irom 4 cannot be done ; add 11 to 4, 7 from 11 + 4=8. 

By sobtractions : 

Wordvng: 3 from 6, 3; 3+8=11, 0; 2 from 4, 2; 1 from 2, 1; 1 + 7=8; 
4 from 8, 4; 4+1=6; 5 from 21—5 from 2 + 11 =6', as above ; or shorter, 8, II, 
0, 2, X, 8, 4, 6, a'. 

11. The whole subject of criteria for divisibility of numbers 
in£^ (sometimes with advantage be lareated from the wider point of 
view of ascertaining the remainders of the division without the 
trouble of finding the quotient. In the case where the remainder 
is 0, the number is divisible by the divisor : thus 

a. Every number is a multiple of 2 + the quantity in the units' place. 
h. „ „ 3+ the sum of its digits. 

c. , , , , 4 + the quantity in the units' and tens' places. 

d. ,, „ 5 + the quantity in the units* place. 

e. ,, ,, 8 + the quantity in the units', tens' and hun- 

dreds' places. 

f. ,, ,, 9 + the sum of its digits. 

ff' ti f9 10 + the quantity in the units' place. 

h. ,, „ 11 + the sum of its digits added alternately, 

beginning at the units' place. 

If, then, in this table the quantities following the sign + be 
alone regarded, multiples of the numbers to the left of the sign will 
have been cast out : e.g. cast out fours from 1257639. 1257639 = 
a multiple of 4 + 39, and 39 + 4 leaves remainder 3. 

Accordingly casting out twos, fives, tens, fours and eights, would 
add to the probabilitj of correctness only in the last one, two or 
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three figures as the case may be, and for this reason it is best to 
choose nines and elevens, as the criteria have r.'gard to all the digits. 
In cases of importance, especially where much subsequent work 
depends upon the accuracy of a particular result, it is advisable to 
apply both the tests to this result. 

[12. Divisibility of Numbers in other simple Scales of iN'otation. 
There are three obvious cases to be considered. 

Case I. Where the proposed divisor is a measure of any power of 
the radix. If it measures the first power of the radix, the criterion 
of divisibility is the units' figure ; if it measures the units' figure, it 
will measure the given number, and if not, not. (C£ § 8, a, d.) If 
it measures the second power, the criterion is the last two figures ; 
if the third power, the last three. (C£ § 8, 6, c.) 

Case II. Where the proposed divisor is 1 less than the radix, or 
a factor of this number. The criterion is the sum of the digits. 
(Cf. §8,6,/.) 

Case III. Where the proposed divisor is 1 more than the radix. 
The criterion is the sum of the digits added up altemateiy, begin- 
ning at the units* place (§ 8, h\ or the result of successive subtrac- 
tions, as in casting out elevens in .the decimal scale (§ 10). 

Exercise LXI. 

Ey what numbers not exceeding the radix are the following divi- 
sible ? 

(1) 23054, 12304, 5523 (senary). 

(2) 112235, 16245, 43700 (octonary). 

(3) 444444, 52836, 78780 (nonary). 

(4) 7347^2, tteet, 486310 (duodecimal).] 

13. Resolution into Prime Factors. Every number is either 
prime or is the product of two or more prime numbers or their powers. 
Thus 5 is prime ; 6 is the product of 2 and 3, whidh are prime ; 8 is 
2 X 2 X 2 = the third power of 2; and 12 = 3x2x2 = 3 times 
the second power of 2. 

Find the prime factors of 23760. In § 8 we have given rules for 
determining by inspection the presence of the prime factors, 2, 3, 5, 
Tj 11. Applying these to the number 23760, we find \»W\, M;;* Sa» 
divisible by 2 lour times successively, b^ % l\a^^ \ivii<^ «v>s^<^^vi^^ 



140 PROPSBTIBS OF NX7MBEBS. [oH. XU 

by 5 and by 11; therefore 23760 = 2 x2x2x2x3x3x3x5xll. 

It is convenient to write this, 2* x 3^ x 5 x 11. 

Mod. op.: 2)23760 

g ) 11880 

2 ) 5940 

2 )2970 

8 ) 1485 

8) 495 

8) 165 

6)^ 

11 ^M. 2*x3»x5xll.* 

Exercise LXIL 
Eesolve into prime factors : 



(1) 6 


(5)36 


(9) 120 


(18) 1320 


(17) 7000 


(2) 8 


(6) 40 


(10) 148 


(14) 1760 


(18) 8140 


(3)15 


(7)91 


(11) 240 


(15) 1845 


(19) 8712 


{4)16 


(8) 96 


(12) 720 


(16) 5760 


(20) 1848 



When all the prime factors of a number are found, all its other 
factors can be determined from them, since these are only products 
of the former. For example, 84 = 22x3x7 = 2x2x3x7; the 
only other factors of 84 are those which can be compounded from 
these prime factors, viz. 

2x2=4 2x7=14 2x2x3 = 12 2x3x7=42 

2x3=6 3x7=21 2x2x7=28 2x2x3x7=84 

Hence the factors of 84 are 1, 2, 3, 4, 6, 7, 12, 14, 21, 28, 42, 84 ; 
as we might have found in a more convenient manner, as in § 2. 

In Exercise LXII., such numbers only have been chosen as have 
not more than one prime factor exceeding 11, and none exceeding 
100 ; but if a number be proposed not subject to these limitations, 
how are we to determine its prime factors 1 

Find the prime factors of 867. The factor 3 is obvious : 8G7 = 
3 X 289. 

3 )867 
289 

289 is not divisible by 2, 3, 5, 7 or 11, but we are not yet justi- 

' It is assumed here that a number can be resolved into prime &otors in only 
€uie wajr. It is, however, proved in the ioot-not© tt> pp. ISl^ 15^. 
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fied in declaring it prime, as it may have factors exceeding 11. Try 
13, and we find the remainder 3. 

13)289(22 
29 
8 

The next prime number is 17 j* on trying which, we flnA that it 
is contained exactly 17 times, .-. 867 = 3 X 17^. 

17)289(17 
119 

Since 289 = 17 X 17, 289 can have no factor higher than 17. 
since such a factor would have to be contained in 289 less than 17 
times, and 289 would therefore be divisible by some number less 
than 17, which we have found not to be the case. 

Find the factors of 283. 283 is not divisible by 2, 3, 5, 7 or 11. 
Try 13. There is a remainder 10. 

13)283(21 21x18=278, 22x18=286 

23 

Try 17. Thjre is a remainder 11. 

17)283(16 16x1^-272, 17x17=289 

113 
11 

Therefore 283 can have no lUotor exceeding 17, for such a factor 
would have to be contained less than 17 times, that is to say, 283 
would be divisible by some number less than 17, which we have 
found not to be the case. Therefore 283 is prime. Hence, in seek- 
ing the factors, prime or composite, of any number, we need only 
try prime numbers until the quotient is equal to or less than the 
divisor. Thus, for numbers less than 100, we need only try primes 
under 10. 

Exercise LXIIL 

Classify the following numbers into prime and composite, and 
resolve each composite number into its prime factors : 101, 765, 169, 
247, 2109, 365, 1367, 1867, 4019, 3059, 483, 99, 999, 9999, 99999, 
999999. 

* No composite number neetl be tried, it being ** compounded" of earlier prima 
nuro>»*-% which have already been tried. 
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14. Greatest Common Measure. 

The measures of 20 and 30 respectively are : 1, 2, 4, 5, 10, 
20 ; 1, 2, 3, 5, 6, 10, 15, 30. We see that these two numbers have 
the measures 1, 2, 5, 10, in common, while 4 and 20 belong only 
to 20 ; 3, 6, 15 and 30 only to 30. 

Learn by hea?rt : The measures that two or more numbers luxve in 
common are called their Common Measures, and the greatest of these 
is called their Greatest Common Measure, which is indicated by the 
letters G. c. M. 

15. The oiily common measnre of 8 and 15 is 1, and these two 
numbers are therefore said to be '^ prime to each other,** although 
neither is a " prime xuimber." 

Learn by heart : Numbers whose only common measwre is unity 
are said to he prime to each oxheb, escm^ though they he not prime 
numbers, 

16. Find a cm. of 108 and 1440. 

First method. Find all the £»stor8 of the smaller number. 

1) (108 

2) (54 

3) (36 

4) (27 
6) (18 
9) (12 

The largest of these vhich also measures 1440 is of course the g.cm. 
Beginning our trial divisions of 1440 with the greatest of these 
factors, viz. 108 itself vre find that it is not a measure of 1440. 
108)1440<13 
860 
86 

Kext try 54 ; this also is not a measure. 

£4)1440(26 
360 
36 

Now try 36, which is contained exactly 40 times, and is therefore 
the G.CM. required. 

36)1440(40 
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Find G.CM. of: Exercise LXIV. 

(1) 84 and 96 (5) 120 and 150 (9) 28 and 42 

(2) 48 and 144 (6) 38 and 57 (10) 66 and 99 

(3) 32 and 60 (7) 28 and 49 (11) 100 and 175 

(4) 45 and 28 (8) 141 and 74 (12) 180 and 240 

This method, ^vliich is ao obvious, is convenient for small num- 
bers, but ceases to be so when the factors cannot be readily detected. 

Second method, Eesolve both numbers into their prime factors. 



2)108 


2) 14401 




2)54 


2)720 




8)27 


2)360 




8)9 


2)180 


108=SxSx§x§x3 


% 


2)90 

3)46 

3)15 

6 


1440=5 xS^x2x2x2x 5 xSx5 



Erom § 13 it is evident thiat the pcoducl of all the prime &ct0£s 
which they have in common is the G«aK. roquixed. Thfise ace 
2x2x3x3 = 36. 

If 108 and 1440 be divided by tiieir g.c.m. 36, the quotients 3 and 
40 (2 X 2 X 2 X 5) are prime to each other, as they consist of those 
factors which, are not common to both numbers ; and generally, 

If two numbers are divided by their o.cm., the quotients are 
prime to each other, and it often affords a convenient test for g.c.m. 
to examine whether the quotients are prime to each other. 

Again : as the g.c.m. is made up of all the common factors of the 
two numbers, every measure of the g. cm. is a common measure of 
the two numbers, and they have no other measure in common. 

Find G.CM. of ExBROiSB LXV. 

(1) 512 and 240 (5) 112 and 28 (9) 2100 and 2240 

(2) 1760 and 990 (6) 77 and 231 (10) 210 and 1008 
{3f 5760 and 7000 (7) 840 and 1440 (11) 1435 and 2160 
(4) 212 and 604 (8) 360 and 900 (12) 7040 and 1%%% 
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Tliird method. Find g.o.m. of 4063 and 4541. In this case, the 
above methods would be too laborious, as we cannot determine the 
factors by mere inspection. 

Although as yet the a. o. m. is unknown, the following facts con- 
cerning it are known : 

(a) It cannot possibly exceed the smaller of the given numbers 
(§ 3). Hence, 

(h) If the smaller is contained in the greater, it is the a. o. m. of 

the two numbers. 

4063) 4541 (1 
478 

On trial, we find the remainder 478. 

(c) Any common measure of the two numbers must measure the 
difference of any of their multiples (§ 6), and hence must measure 
478, therefore the g.o.m. we are seeking must be a common measure 
of 478 and 4063. Let us, therefore, find a common measure of the 
numbers 478 and 4063. Eeasoning as before, the a. cm. we are 
seeking must measure the difference of any of the multiples of 478 
and 4063. Take &om 4063 the largest possible multiple of 478, 
ie. divide 4063 by 478. Eemainder 239. 

478)4063(8 
239 

Hence the g.cm. required must measure 239 and 478. As 
before, divide 478 by 239. We find 478 = 2 x 239. 

289) 478 (2 

We have now shewn that every measure of 4063 and 4541 must 
also measure 239; we proceed to prove the converse, viz., that every 
measure of 239 must also measure 4063 and 4541. Every measure 
of 239 measures also its multiple 478 (§ 5), and therefore also 
8 X 478 + 239 (§ 6), ie. 4063 ; and therefore also. 1 x 4063 + 478 
(§ 6), i.e. 4541. But the greatest measui^ of 239 is 239, which is 
therefore the g.cm. required. The sum is commonly worked in the 
following form: 
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4063) 4541 (1 
4063 

478) 4063 (8 
3824 

239) 478 (2 
478 

l\j tho method of Ch. IX. § 13, the sum would look thus : 

4063) 4541 (1 

478) 4063 (8 

239) 478 (2 

This can be still further contracted by dividing alternately from 
right to left and left to right, writing the quotients in order at tho 
top of the Z 

1, 8, 2 



4063 
289 



4541 

478 



The process here followed admits of the following illustration : 

C 



B | C [ C j C} | <^ i C [ C! | C ) OI D I Y 



'I I I I i I ! I I I I I 

It is required to find the greatest length which is contained an 
exact number of times in each of the straight lines AX and BY. 
Since this required length (which we may call L) is to measure 

both AX and BY, it must measure their difference, viz. C ^ 

and as L measures C and BY, it must measure any number of 
times C and the difference between BY and this multiple of C ; 
take from BY as many times C as possible, and suppose there is a 
remainder, T> — , after taking it eight times. As before, L must 
measure both C and D, and suppose we find that D is contained 
exactly (say twice) in C, D will be the length required ; for since D 
measures C, it measures 8 x C + D or BY ; and since it measures 
BY, it also measures BY + C or AX, and is therefore a common 
measure of AX and BY; and it has been shewn that L must 

L 
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measure D ; and as D is the greatest measure of itself, D is the 
G.c.M. required. 

1, 8, 2 



12345678! 



C|C|C|C|C|C|C|C. 



■lY 



• — X 



Exercise LXVL 



Find G.c.M. of: 










(1) 


2536 and 


3487 


(11) 


78473 and 


94653 


(2) 


2479 and 


3589 


(12) 


2760 and 


4485 


(3) 


8045 and 


6195 


(13) 


1177 and 


2675 


W 


8823 and 


11937 


(14) 


14141 and 


16289 


(5) 


568 and 


712 


(15) 


85359 and 


86128 


(6) 


419 and 


52301 


(16) 


44323 and 


61087 


(7) 


11023 and 


6493 


(17) 


17596 and 


26145 


(8) 


27671 and 408870 


(18) 


1485 and 


2160 


(9) 


35143 and 


10283 


(19) 


7040 and 


7392 


(10) 232353 and 


39699 


(20) 


999999 and 571428 



Fourth method. On examining the process last given, we notice 
that the question of finding g.c.m. of two large numhers is reduced 
to that of finding two smaller numbers having the same g.c.m. If, 
therefore, one of the two given numhers has a prime factor not 
contained in the other, it may be thrown out at once. Again^ a 
factor, prime or not, which is common to both, may be taken out 
and set aside for 7;Uimate multiplication into the last divisor ; and 
all this may be done at any stage of the process. This method will 
be found useful where the factors can be detected bs- inspection. 

Find G.c.M. of 976800 and 9990. 



1 0) 976800 

3 ) 9768^ 

3256~ 



407 



9990 1st stage 
999 2nd ,, 



333 3rd 



87 4th 



87 



.•. G.CM. =37x8x10 = 1110. 
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ur 



let stage. Take out and preserve the common factor 10. 

2nd stage. Reject 5x2 = 10 from the left, neither factor being 
common; take out and preserve the common factor 3. 

3rd stage. Reject 2x2x2 = 8 from the left, and 3x3 = 9 from 
the right, as not common. 

4th stage. Reject 11 from the left. 

Find G.O.M. of 250387 and 41041. 

6, 9, 1 



260387 
41) 4141 



101 
9 



41041 



1001 
92 



o.o.M. = 41. 
In this example, we commenced as usual, hut the first division 
revealed the common factor 41, the two quotients 101 and 1001 
proving to be prime to each other. 41 is g.c.m. required. 



Pind G.CM. of : Exercise LXVII. 

(1) 1679 and 1932 

(2) 1003 and 2419 ' 

(3) 33853 and 35017 

(4) 533 and 1189 
(6) 33787 and 34691 

(6) 11009 and 12827 

(7) 4189 and 4307 

(8) 4489 and 5293 

16. If the G.C.M. of more than two numbers be required, wo 
must first find that of any two of them ; then the g.c.m. of this 
result and a third number ; then of this second result and a fourth, 
and so on. 

Find G.C.M. of 4994, 7491, 9988, 12485, 16571. 

73 



(9) 


2268 and 


8348 


(10) 


1189 and 


2146 


(11) 


94653 and 


78478 


(12) 


2993 and 


3869 


(13) 


768 and 16777216 


(14) 


6115 and 


7254 


(15) 


324 and 


456 


(16) 


269178 and 


352002 



11)4994 
454 


7491 
681 


227 


227 



11)227x11 



G.o.M. 227 X 11 



227 908 
227 
G.o.M. 11x227 



9998 



11)11x227 


12485 


227 


1135 




227 



11x227 



227 



16571 
681 



G.o.M. 11 X 227 



G.o.M. 227 
Ana. 227. 



227 is therefore the g.c.m. of all the numbers. 
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¥\nd acM. of 7326, 8547, 9768, 22755. 



41 



3) 7326 


8647 


8)3x11x37 
11)11x37 


9763 


3) 3 X 11 X 37 
11x37 


22755 


11)2442 


2849 


3256 


7585 


222 


259 


87 


296 


37 


1517 


111 


• • • 




• • • 




37 


37 












a.c.3C. 8x11x87 


o.c.M. 3x11x37 


a.c.M. 3x37 = 111 










4rM.lll. 



Note.— If of a series of nambers there be one whicli measures esbch of the others, 
it is the a.o.M. of the series. 



Exercise LXVIIL 

(1) Find G.c.M. of 12, 24, 36. 

(2) „ 2255, 4305, 6355, 9020, 10455. 

(3) „ G8, 17, 102, 34. 

(4) „ 909, 1414, 2323, 4242, 2121. 

(5) „ 1521, 585, 4095, 3393, 107G4, 45G3. 

(6) „ 132288, 107328, 13821G, 97344. 

(7) „ 740, 333, 296. 

(8) Find tlio largest number of which tho following are multiples : 
833, 1785, 1309. 

(9) An exact number of shares, all at the same price, was bought 
with each of tho following sums: £87. 65. od.y £134. 18^. 9^^., 
£341. 6s. 3d. Find the highest possible price of each share. 

(10) Two distances of 901 and 1037 miles respectively are por- 
tioned off into equal daily journeys. Find the smallest number of 
ilays in which the journeys can be accomplished. 

(11) A court 6 yds., 2 ft., 7 in. long, and 5 yds., 2 ft., 5 in. 
broad, is to be paved with square tiles. Find tho largest possible 
-size of the tiles, and how many are required. 

17. Least Common Multiple. 
The multiples of 3 are 3, 6, 9, 12, 15, 18, 21, 24, 27, &c. ; 
tho multiples of 4 are 4, 8, 12, 16, 20, 24, 28, &c. We see that 
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these two numbers have the multiples 12, 24, 36, &c., in common, 
while 3, 6, 9, 15, 18, &c., belong only to 3, and 4, 8, 16, 20, &c, 
only to 4. 

Learn by heart : The mtdtiples that two or more numbers have in 
Cfjmmon are called their corriwxm multiples, and the least of tJiPse in 
called their Least Common Multiple, which is indicated by the letter.^ 
i^ c. M. 

18. rindL.c.M. of 6 and 7. 

Write out simultaneously the multiples of 6 and 7 : 

C, 12, 18, 24, 30, 36, 42; 
7, 14, 21, 28, 35, 42; 

until wo find a number (42) in one series which has ah'cady occuri-od 
in the other. This number 42 is the L.O.M. required, wliich means 
not only that 7x6 = 6x7, but that seven is the least number of 
sixes which is also a number of sevens. Other common multiples 
will be found further on in the series, namely 2 x 42, 3 x 42, and 
the other multiples of 42. ^o number between once 42 and twice 
42 can be a common multiple of 6 and 7 ; for if 6 and 7 measured 
some number between 42 and 84, they would also measure the dif- 
ference between that number and 42, which must be less than 42 ; 
but we have just seen that 42 is the least common multiple of 6 and 7. 
The same mode of reasoning shews that no common multiple of 6 
and 7 lies between twice 42 and three times 42 ; and, generally, any 
common multiple of two numbers is a multiple of their l. o. m. 

Find L.C.M. of Exercise LXIX. 

(I) 5 and 6 (3) 6 and 11 (5) 9 and 10 

l2) 5 and 9 (4) 7 and 3 (6) 2 and 3 

The smallest (integral) common measure of integers is 1. There 
cannot be a greatest common multiple. 

Two numbers must have a common multiple ; for 2 x 3 or C, 
must be a multiple of 2 and of 3 ; similarly, 17 x 19 or 323, must 
contain 17, 19 times, and 19, 17 times; and the question arisen; 
whether this product of two numbers is always not only a commou 
multiple, but their least common multiple. 
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numbers and their multiples : 



[CH. XT. 

the several prime 



10 



15 



20 



30 



35 



40 



45 



50 



as 



ao 



U 



11 



35 



42 



id 



56 



11 



22 



33 



44 



65 



1 ■** 



2G 



3D 



52 



1? 



3i 



51 



10 



57 



23 



40 



29 



58 



31 



41 



43 



47 



53 



B9 



These series evidently contain every number up to 60 ; if prime 
-a^ the head of a, column^ if composite lower down. Those com- 
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pbsite numbers which are powers of prime numbers, will appear 
only in the column of that prime number, the others will appear in 
two or more columns ; thus 8, which is 2 x 2 x 2 = 2^, appears only 
nnder two, while 6 appears under 2 and 3, and 42 under 2, 3, 7. If 
the columns were carried far enough in both directions, they could 
be made to include any number whatsoever. All lists of multiples 
of composite numbers are dispersed at regular intervals through these 
series ; thus, 6 and its multiples are the 3rd, 0th, 9th, &c., numbow 
of the (2) column, and the 2nd, 4th, 6th, of the (3) column. 8 and 
its multiples are only found in the (2) column in the 4th, 8th, 12th, 
&c., places; 42 and its multiples would be found dispei-sed with 
similar regularity in the (2), (3) and (7) columns. 

The L.O.M. of 2 and 3 is 6, of 3 and 5 is 15, of 3 and 7 is 21, of 
2 and 17 is 34, and so on. 

Learn by heart : The L.O.M. of two prime nunibers is their product 

The L.C.M. of 8 and 3 is also their product 24 ; 8 being only in 
ihe (2) and 3 only in the (3) column, the earliest point at which 
they can coincide is 3 x 8 = 24. Similarly, the l.c.m. of 8 and 9 will 
be found to be 72. The l.o.m. of 6 and 5 or of 2 x 3 and 5 is 30, 
for though 6 appears in two columns, 5 does not appear in either of 
them until we reach 6 x 5 or 30. Similarly, the L.C.M. of 15 and 4, 
or of 3 X 5 and 2 x 2, is 15x4, or 60. Again, the l.c.m. of 15 and 
14, or 3 X 5 and 2 X 7, is 15x14 = 210. We find, then, that if the 
two given numbers have no factor in common, i. e. if they are prime 
to each other, the L.O.M. is their product. We may therefore extend 
the last rule. 

Learn by heart : The l.o.n. of two numbers prim^ to each other is 
their product * 

The L.C.M. of 8 and 16 is 16, for it is a multiple of 8, and no less 
number would bo a multiple of 16. 

* This rule is axiomatic in its character, and is accordingly often assumed without 
proof. We have endearoared by tabular exhibition to bring it home more closely 
to the mind of the beginner. It admits, however, of the following proof : 

(1) It is proved that if m measures a and 6, it measures their a.o.M. (P. 143.) 

(2) If m measures ax-h and is prime to a, it must measure &, for it measures 
« X 6 (hyp) and evidently also m x 6, and . • . the o.o.m. of a x 6 and m x 6, but 
this a.o.M. is &, for if a greater number, say e, were this a.o.iL« h would measure 
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Learn by heart : If of two numbers one is a multiple of the others 
it is tJie L.O.M. of the two. 

Find L.C.M. of 6 and 15. 6 = 2 x 3, 15 = 5 x 3, .•. the multiples 
of each of the given numbers will be found in the (3) column, tliose 
of 6 occupying the 2nd, 4th, 6th, 8th, 10th, &c., places, and those 
of 15 the 5th, 10th, 15th, &c., places. Hence the first place where 
the multiples coincide is the 10th place, i.e. 10 x 3 = 30, because 2 
and 5 being prime to one another, 10 is their L.O.M. 

Find L.O.M. of 30 and 12. 30 = 2 x 3 x 5, 12 = 2 x 2 x 3. Hence 
the multiples of 30 and 12 are both in the (2) and in the (3) columns, 
therefore they would all be in a (6) column, if such were made, or 
selected from the columns before us. The multiples of 30 would 
occupy the 5th, 10th, &c., places of such a column, those of 12 the 
2nd, 4th, 6th, &c., places ; .*. (as in the case of 6 and 15) 6 x 5 x 2 
is L.O.M. of 30 and 12. We have fixed upon the common factor 6 as 
the largest among whose multiples 30 and 12 could both be found, 
ie. the g.o.m. of 30 and 12. Hence to find l.o.m. of two numbers, 
divide them both by their g.c.m., and the continued product of this 
G.O.M. and the two quotients will be the l.o.m. required. 

Find L.C.M. of 85 and 187. 

85 I 187 17) 85 (5 17) 187 (11 

17 I 17 • ' 17 

.'. 5 X 11 X 17 = 935 is L.O.M. required. 
One of these divisions might have been dispensed with, since the 
step of dividing by 17 has to bo retraced by subsequent multiplica- 
tion. We might therefore have proceeded thus : 



17 


85, 187 


17 


85, 187 




5 or 




11 




5x187 




11x85 


i.e. 5x1 


87 = 11x85 = 935. 


Ans 


935 i3L.o.M 



required. 

e ; say c=i x 6, . • . a and m would be divisible by Jc, and would not be prime to 
each other as they were supposed to be. 

(3) Since m measures 6, the least value of & is m, and . ' . a x m is the l.o.m. of 
a and m, 

(4) From (2) it follows that a number can be resolved into prime factors in only 
one way. Let N=a x 6 x c x d, where a, 6, c, c?, are primes, and let j> be another 
prime number, then N is not divisible by p\ for if it were so, p^ being prime to a, 
must measure hy,cy,d\ then being prime to &, it must measure c x (2 ; and being 

prime to e, it mast measure d, to which by hypothesis it is primOi 
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Learn by heart : To find l. o. m. o/" two numbertfy dindo etthf r a nm- 
her hy their a.o.M., <md multiply this quotient by tJie other numl>tr. 



Find L. a M. of : Exercise LXX. 


(1) 


60 and 90 


(11) 345 and 346 


(2) 


75 and 100 


(12) 960 and 1000 


(8) 


80 and 105 


(18) 180 and 150 


W 


25 and 75 


(14) 801 and 890 


(5) 


25 and 21 


(16) 555 and 370 


W 


18 and 12 


(16) 120 and 320 


(7) 


865 and 657 


(17) 424 and 583 


(8) 5000 and 6000 


(18) 319 and 407 


W 


25 and 30 


(19) 1679 and 1932 


(10) 


845 and 690 


(20) 1003 and 2419 



19. To find L.O.M. of more than two numbers, we may first fiml 
that of any pair, then L.O.M of the result and a third number, ami 
80 on j but in most cases this method would be found unnecessarily 
cumbrona 

20. Find L.C.M. of 8, 24, 48, 96. Since 96 is a multiple of eael» 
of the other numbers, and is the least multiple of itself, it is l. a m. 
of the series. Hence, if of a series of numbers there is one a mol* 
tiple of each of the others, this one is the l. o. m. of the scries. 

21. Examine the number 840. Ecsolve it into its prime factors 

2)840 
2)420 

2)210 840 = 2x2x2x3x5x7 

8 )105 
" 5)35 
7 
If 840 is divided by any of these factors, or by the product ot two 
or more of them, the remaining factors will give the quotient, llius : 
840-5-2=2 X 2 X 3 X 5 X 7 = 420. 840-r-3 x 7=2 x 2 x 2 x 5 = 40, and so on, 

from which we see that 840 is a multiple of any number whoso 
factors are selected from the series 2, 2, 2, 3, 5, 7. 

^gain, 840 is not a multiple of a number whoso factors arc not 
dU to he found in this series. 



154 PEOPERTIES OF NUMBBRa CH. XL] 



Find L. 0. iL 


of 30, 


56, 42, 


140. 


Eesolve ea 


^ch 


of 1 


bhese numb 


into its prime 


factors. 














2)30 

3; 15 

5 




2)56 
2)28 
2)14 




2)42 

3)21 

7 






2)140 
2)70 
5)35 


30 = 


2x3x5 


7 




42 = 2: 


k3x7 


7 


56 = 


2x2x2; 


x7 = 2'x 


7 


140=2: 


x2: 


<5x 


:7=2«x5x7 



These prime factors can all be selected from the series, 2, 2, 2, 3, 
5, 7 ; therefore, from what we have just said, 2X2X2X3X5 
X 7, or 840, is a common multiple of them all, and it is the least 
common multiple, because no one of these factors can be dispensed 
with. 

Find L.C.M. of 224, 180, 910, 1404, 2025. 



2)224 


2)180 


2)910 


2)1404 




8)2025 


2)112 
2)56 
2)28 
2)14 


2)90 

3)45 

3)15 

5 


5)455 

7)91 

13 


2)702 

3)851 

3)117 

3)39 




8)675 

3)225 

8)75 

5)25 


7 






13 




5 




224=2»x7 




1404=2* X 


3'x 


13 




180 = 2«x38x5 




2025 = 3* X 


:5« 





910=2x5x7x13 
From these select the highest power of each prime number, viz. 
2^ (from 224), 3* (from 2025), 5^ (from 2025), 7 (from 224 or 910), 
13 (from 910 or 1404). 

2*^x3'*x5«x7xl3=2x2x2x2x2x3x8x3x3x5x5x7xl3 = 5896800 
is L. 0. M. required. 

This number 5896800 contains 

224, for it contains 2x2x2x2x2x7 
180, „ 2x2x3x3x5 

910, „ 2 X 5 X 7 X 13 

1404, „ 2x2x3x3x3x13 

2025, „ 8x8x3x3x5x5 

and is therefore a common multiple. Again, no one of the factors 
can be spared, for if one of the twos were omitted, the result would 
not contain 224 ; the absence of one three would vitiate the result 
as regards 2025, and so on with the other prime factors. 
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The rule may be stated thus : To find l.o.m. of any numbers, 
1st. Resolve each number into prime factors. 2nd. Select from 
these the highest power of each. 3rd. Find the continued proiiuct 
of these powers. If one of the given numbers is a measure of an<)- 
ther of them, it may of course be disregarded. If all the numbers 
are prime to each other, their continued product is their l.c.m. 

Find L. 0. M. of 2 Exercise LXXI 

(1) 2, 3, 5, 7 (7) 7, 14, 16, 21, 45 

<2) 2, 8, 6 (8) 30, 40, 50, 60 

(8) 3, 6, 9, 25 (9) 16, 25. 81 

(4) 3, 5, 15, 9, 25 (10) 80, 200, 45, 72, 225, 48 

(5) 6, 60, 12, 15, 20, 80 (11) 98, 35, 77, 121 

(6) 4, 8, 12, 16, 20 (12) 26, 39, 52, 65 

22. The method of the last paragraph may be shortened. 

Find L.O.M. of 80, 200, 40, 45, 72, 225, 48, 36. 
1st. Omit 40, 45 and 36, as being measures of 80, 225 and 72, 
respectively. 

2nd. Take out the prime factor 5, common to 80, 200 and 225 ; 
divide each of them by 5, giving the series, 

\^ 40, 72, 45, 48. 
Omit 16, a measure of 48. Again, taking out 5, we get tlio series, 

8, 72, 9, 48. 

Omit 8 and 9, measures of 72, leaving the two numbers 72 and. 48. 
Taking out their g. o. m. 24, we get 2 and 3, prime to each other ; 
hence 5X5X24X3X2 = 3600 is l.c.m. required. 



5 

5 
24 



80, 200, ^i^ ^^5, 72, 225, 48, ;^6( 
\B, 40, 3, 45, 2, 

a. Si, 

.CM. =5 X 5 X 24 X 3 x 2 = 3600. 



This method differs from that in § 21, only in that we take out 
the common factors from several numbers simultaneously. We may 
;state the rule thus : To find l.o.m. of any numbers, 1st. Expel any 
of them which measure othei-s. 2nd. Place on the left of the ver- 
tical line any prime factor common to two or more of the given 
numbers, and divide those numbers by it. 3rd. Perform these two 
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operations on the series thus obtained until we get a series of num- 
bers all prime to one another. 4th. Find the continued product of 
the last series, and the factors on the left of the vertical line, which 
will be L. 0. M. required. 

N.B. We may bring out a composite instead of a prime factor wlien every mem- 
ber of the series is either divisible by or prime to this composite factor. 

Find L. c. M. of : Exercise LXXII. 

(1) 24, 20, 18, 16, 12. 15 (11) 105, 120. 616. 88, 24, 12, 6, 303 

(2) 18, 36, 24, 35, 20 (12) 12, 18, 27, 63, 28 

(3) 6, 10, 14. 15. 21, 35 (13) 7, 11, 4. 14, 10, 5, 15 

(4) 30, 42, 105, 70 (14) 323, 247, 209, 133 

(5) 12, 20, 28, 18, 30, 42, 45, 63, (15) 6, 5. 3, 11. 35, 44, 68, 17, 14 

105, 70 (16) 1003, 1357 

(6) 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 (17) 899, 961 

(7) 21, 15, 33, 35, 77, 105, 165, (18) 407, 703, 444 

385, 231 (19) 411, 959, 2055 

(8) 16, 6, 8, 2, 12, 8, 48, 24 (20) 120, 400, 500, 375, 1500, 1000, 

(9) 34, 26. 65, 85, 51, 39 960 
(10) 10, 20, 30, 40, 50, 60 

(21) Three travellers journey 15, 18 and 24 miles a-day respec- 
tively. How far off is the first station at which all three put up ? 

(22) If the year of the planet Mercury were exactly 87, that of 
Venus 225, and of the earth 365 of our days ; how many of our 
years would intervene between any two occasions on which the 
three planets would appear to a spectator from the sun to be in a 
straight line 1 

(23) If there be a house-door every 21 yds., and a lamp-post 
every 44 yds., 1 ft. ; supposing a lamp-post exactly opposite one 
house-door, at what distance will the same occur again, and how 
many houses and lamp-posts will intervene 1 

23. Find the least number by which 35 must be multipiiod to 
obtain a multiple of 56. 

G.o.M. of 35 and 56 = 7, 
.•. L.O.M. of 35 and 56 = 5x7x8. 
This contains 7 x 8, 5 times, and 5 x 7, 8 times. Hence 8' x 35 = 5 x 50. Ans. S. 

Find the least number of dollars at is, 2d, which is an exact 
number of crowns. 

o.o.M. of 49. 2d and 5«. = 10(£. 

L.O.M.=10(2. x5x6, 

.*. 6'x4«. 2d=5x5«. Ans, 6. 
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20 1080, 1260 
9 54, 63 
6, 7 
From this operation we can answer the following four questions : 

(1) Find G.aM. of 1080 and 1260. Ans, 9 x 20 = 180. 

(2) Find Lcm. of 1080 and 1260. Ans. 6 x 7 x 180 = 7560. 

(3) Find the least number by which 1080 must be multiplied 
to yield a multiple of 1260. 

Tx 1080=6x1260. Ans. 7. 

(4) Find the least number by which 1260 must be multiplied to 
yield a multiple of 1080. 

6x1260 = 7x1080. Am. 6. 

Exercise LXXIII. 

(1) Answer the above four questions in the same order with regard 
to the following pairs of numbers : 

a. 600 and 480. d. 1109 and 1867. 

b. 1564 and 1932. e. 500 and 729. 
e. 2530 and 1760. /. 2574 and 3336. 

(2) What is the smallest sum of money that can be expressed, 
either 

o. as guineas or pounds ; 

h. as crowns or half-guineas ; 

c. as a multiple of 155. 9d. or of 17^. 6d. t 

(3) Find the smallest weight which can be expressed by an exact 
number either of lbs. troy or lbs. avoirdupois. 

(4) If 1 lb. of sugar is worth 5Jc£., and 1 lb. of coffee, Is, 2d. ; 
find the smallest number of lbs. of coffee which is worth an exact 
number of lbs. of sugar. 

(5) Find the value of the smallest number of lbs. of coffee at Is.dd. 
that can be exchanged for an exact number of lbs. of tea at 2s. 9d. 
each. 

(6) Of two cog-wheels with 75 and 120 teeth respectively, a» par- 
ticular tooth of the smaller wheel comes in contact with a tooth of 
the larger. In how many turns of each wheel will these two teeth 
meet again, and how many contacts will there have been 1 

24. It is required to mix two qualities of wine at .£1. 15«. and 
£2. 10*. per gallon, so as to produce a quality worth £2, 2«. pet 
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gallon. Find the least number of gallons of each that will produce 

the required mixture. 

£2. 2«.-£l. Us. =78. 
£2. 10«. -£2. 2«. = 8«. 
. *. on each gallon at £1. 15^. there is a gain of 7«. 
on each gallon at £2. lOs. there is a loss of 8s. 

and as the losses must be compensated by the gains, our problem 
requires us to take the least number of gallons on which there is a 
gain of 78. that shall balance an exact number of losses of 8«. Now 
7 xSs. = 8x7s. .-.8 gallons at £1. 15«. + 7 gallons at £2. IO5. will 
yield the required mixture. 

Verification : 8 x £1. 155. = £1 4 

7x£2. 10g.= 17 10 
• *. 15 gallons cost 31 10 
.-. 1 gallon costs £31. 10«.-^15 = £2. 2«. 
Mix two qualities of goods at 24«. ^d, and 31^. 7\d. per cwt., so 
as to yield a quality worth 26«. ^\d. per cwt. Kequired the smallest 
number of cwts. of each. 

Profit, 1«. lOJd; loss, 5«. 3rf. 14^ I 1«. 104^, 5s. Zd. 

3 I 15, 42 

I 5, 14 

.*. 14x1*. 104d = 5x5s. Zd.f and .'.14 cwts. of the cheaper added to 6 cwts, 
of the dearer quality will yield 19 cwts. of the required mixture. 

Exercise LXXIV. 
Mix (using the least number of the smallest units given in each 
component) : 

(1) lbs. at b\d. with lbs. at M. to yield lbs. at id. 

(2) lbs. at Is. M. „ lbs. at 28. Id. „ lbs. at Is. l^d. 

(3) lbs. at 35. \\d. „ lbs. at Is. lO^^tZ. „ lbs. at 25. M. 

(4) Casksat£l. Zs.^d. „ casks at lis. 9ffZ. „ casks at £1. \s. 

(5) Tons at X15. 25. %d. „ cwts! at £1. 1 Is. 2d. „ cwts. at £1. 

(G) lbs. at bid. „ lbs. at 15. 2\d. „ lbs. to be sold at 

I5. per lb., making a profit of 2\d. per lb. 

(7) A has to travel 1800 miles in Tartary. On foot he can travel 
1 G miles a day, on horseback 40 miles a day. For how many days 
can he afford to walk so as to complete his journey in 75 days ? 

(8) Mix gallons of spirits at 265. Zd. per gallon with water, so as 
to seU ihe mixture at I85. per gallon. 
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(9) Mix gallons of spirits at £1. Is. 3d, per gallon with water, so 
as to sell the mixture for 12^. Sd, per gallon, and make a profit of 
28. Sd. pep gallon. 

25. When there are more than two given qualities, the problem 
becomes indeterminate, as we may mix any quantities of the quali- 
ties dearer than the proposed price of the mixture, and also any 
quantities of the cheaper qualities, and find the price per unit of 
each of these two mixtures ; the problem is then reduced to that of 
mixing two qualities only. 

26. On the Tests by Casting out Nines and Elevens. 

In Chapter III. § 7, it ib said of the test by casting out nines, 
that "if the results do not agree, the answer cannot possibly be 
correct ; but if they do agree, the chances are at least eight to one 
in favour of its correctness." This implies that the nine test is not 
infallible : as a matter of fact, the nine test tells us that the result 
to be anticipated is some multiple of 9 + a particular number ; thus 
if the remainder after casting out nines be 5, the result to be anti- 
cipated must be one of the numbers occurring in the series, 
5, 5 + 9, 5 + 18, 5 + 27, &c., 
i.e. 5, 14, 23, 32, &c., 
all of which differ from one another by a multiple of nine ; hence, 
if there be an error which the test fails to detect, this error must 
be a multiple of nine. 

Similarly, an error not detected by the eleven test must be a mul- 
tiple of eleven, for the result to be anticipated is some multiple of 
eleven + a particular number (say 7). Hence, the result must be some 
number occurring in the series, 

7, 7 + 11, 7 + 22, 7 + 33, &c., 
i.e. 7, 18, 29, 40, &c., 
all of which differ from one another by some multiple of eleven. 

An error not detected by either test must be a common multiple 
of nine and eleven, i.e. a multiple of ninety-nine. Suppose the nine 
test were to claim as a result a number occurring in the series 7, 16, 
25, &c., and the eleven test a number in the series 3, 14, 25, &c., 
the result must occur in both series. By trial it is found that the. 
first number occurring in both (being the first of the second series 
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the sum of whose digits is 7) is 25 ; hence the result must occur 
in the series 25, 25 + 99, 25 + 198, &c. 

The nine test will not reveal an error caused hy displacement 
of digits, hut the eleven test often will. For example : 



157593. X 17 



157693 X 71 



2679081 



(a) 



11189103 



w 



sS^s 



•*• 



157693.. X 107 



167S93 X 701 



168624.';i 



(c) 



110472693 



id) 



^P 



^ ^ 



If the product (a) had heen required, and (h) or (c) or (d) ohtained 
erroneously, the nine test would have failed to detect the error, but 
the eleven test would have detected it. Again : if the product (c) 
had been required, and (a) or (h) had been erroneously obtained, tho 
nine test would again have failed to detect the error, and the eleven 
test would have been efficient. If (d) had been obtained erroneously, 
both tests would have allowed tho error to pass. 

Division is liable to a kind of error which neither test can possi- 
bly detect, viz. the final remainder may eiToneously bo greater than 
the divisor. All that the tests tell us is, that divisor x quotient + 
remainder = dividend, which may still hold, though the remainder 
be greater than the divisor. 

27. Divisibility op £. s, d. 

A sum of money is divisible by 2 if tho number of farthings is 
or 2, because any number of pence, shillings and pounds are each 
divisible by 2. 

A sum of money is divisible by 4 if there are no farthings, because 
pence, &c., are, but farthings are not, divisible by 4. 

A sum of money is divisible by 8 if there are no farthings and 
the number of pence is even, because pounds and shillings are each 
divisible by 8, and pence only iC tliey are even. 

A sum of money is divisible by 3 if the pence and farthings 
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together are divisible by 3, because pounds and shillings are each 
divisible by 3. 

A sum of money is divisible by 6 if it is divisible both by 2 and 
by 3. (See §8,^.) 

A sum of money is divisible by 1 2 if it is divisible both by 3 and 
by 4. (See §8, I.) 

A sum of money is divisible by 5 if the shillings (omitting half- 
sovereigns), pence and farthings together are divisible by 5, because 
sovereigns and half-sovereigns are divisible by 5. 

A sum of money is divisible by 10 if it is divisible by 2 and by 5. 

To ascertain if a sum of money is divisible by 9, cast out nines 
from the pounds, add twice the remainder to the shillings, cast out 
nines from the result, add three times the remainder to the pence, 
cast out nines from this result, add four times the remainder to the 
farthings, and cast out nines ; if there is no remainder the sum of 
money is divisible by 9, and if not, not. 

Take, for example, £2838. 145. 9|d 

Wording: 2, 10, 1, 4, 12, 3; 6, 20, 2; 6, 15, 6; 27, 0'. 
The sum is divisible by 9. 

Again ; Cast out nines from £2756. 18^. 4J^. 

Wording: 2, 9, 0, 5, 11, 2; 4, 22, 4; 12, 16, 7 ; 29, 2*. 

If £2756. 18s. 4|d be divided by 9, the remainder will be 
2 farthings = |c?. 

The reason for the process is as follows : £1 = 20 shillings = 
2x9 shillings 4- 2 shillings. Eejecting the nines, we have 28, &obl 
every pound, similarly Is, = 12 pence = 9c?. + 3d.; rejecting the 
nines, we have 3d. from every shilling, and Id. = 4 farthings. Hence, 
as stated above, we multiply successively by 2, 3 and 4. 

N.B. If the sum of money is not divisible by 8, which can be readily seen, it 
cannot be divisible by 9. 

To ascertain whether a sum of money is divisible by 11, multiply 
successively by 9, 1 and 4. 

Take, for example, £53562. 135. id. 
Wording: 2, 7, 1, 3 ; 27, 5, 18, 7 ; 11, O*. 
The sum is divisible by 11. 

21 
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• Again : Cast out elevens from ^1723. I65. S^d. 
Wording: 6, 4, 7; 63, 8, 24, 2; 10, 42, 0'. 

If £1723. 16s. 8Jd he divided by 11, the remainder will be 
9 farthings = 2^d, 
The reasoning for this is analogous to that for divisibility by 9. 



CHAPTER XIL 
MISCELLANEOUS EXAMPLES. 

1. (1) If 4 articles cost £5. 78, 8d.y what will a dozen cost? 

(2) If 6 articles cost 17«. 3Jd, what will 30 cost? 

(3) If 20 men can do a piece of work in 17 days, how long will 
4 men take ? 

' (4) If 7 silk handkerchiefs cost £h 8«. lOJef., what will 91 cost? 

(5) If a dozen of wine cost £2. 2«., what will 3 bottles cost ? 

(6) If 28 lbs. cost £7. 17«. 6d, what will 4 lbs. cost? 

(7) Find the cost of 5 articles at £6. 6s. Sd, per score. 

(8) If 17 articles cost £3. 18*. 7|d, what will 1 cost? 

(9) Find the cost of 15 articles, if 8 cost £1. 7s. 4d [Here first 
find the cost of 1 article, and thence of 15.] 

(10) Find the cost of 35 articles, if 15 cost £7. is. d^d. [15 and 
35 not being prime to one another (g.c.m. 5), it is shorter and easier 
to find the value of 5, and thence of 35.] 

(11) If the provisions of a fortress will last 60 days, allowing each 
man 24 oz. per day, bow long will the provisions last, if the allow- 
ance is reduced to 15 oz. ? 

(12) And what maybe the daily allowance, for the fortress to 
hold out 144 days? 

(13) Find the cost of 9 articles, if 8 cost £17. 4s. 10c?. 

(14) Find the cost of 25 articles, if 45 cost £3. 10.«j. 3|cf. 
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(15) If 1 cwi cost £30, what will 77 lbs. cost? 

(16) If 1 ton cost £8. Ss. ^d,, what will 13 cwt cost? 

(17) If for 20 shillings I can travel 150 miles, how far shall I be 
able to travel for Us. ? 

(18) If 2 tons, 5 cwt. cost £23. 12*. 6d, what will 1 ton, 5 cwi 
cost? 

(19) If in 1 year, 8 months, I put by £45, how much shall I put 
by in 2 J years ? 

(20) If 1 cwt., 2 qrs., 12 lbs. cost £3. 15«. 9d., what will 1 cwt, 
3 qrs., 4 lbs. cost ? 

Simplify: 2. Brackets. 

(1) (8 + 3)x5 + 10 

(2) (145 + 29 + 10) X 6 + 100 

(3) (2519 — 728) X 45 + 512 

(4) 2619 X 45 — 728 x 46 + 618 
(6) (368 + 119) X 7 + 99 

(6) 99 + (119 + 858)x7 

(7) 99 + 119 + 358x7 

(8) (99 + 119 + 358) X 7 

(9) 99x7 + 119x7 + 358x7 

(10) 67x19 + 25 

(11) (67+25) X 19 

(12) 67x19 + 67x8 

(13) 67 X (19+8) 

(14) 48520x1976 + 48520x1090 
(16) 48620 X (1976 + 1090) 

(16) (68512 + 7426) + (58512 — 7426) 

(17) (68512 + 7426) — (68512 — 7426) 

[ITote that to (16) the answer is twice the greater number, and to (17) twice the 
less. Why ?] 

(18) 758x758 — 757x757 

(19) (125796 + 18043 + 237509 + 2759286)-^602 

(20) (106033 + 112568)-+(46 + 62) 

(21) (106033 + 1126B8)-+(437+698 + 612 + 396) 

(22) (436 X 486 — 167 x 157)-+(436 — 167) 

(23) (8424 X 7056 xl02)-j-9072 

(24) (3492 X 2049 x867)-T-15606 
(26) (34936 X 816 x2046)-+209616 

(26) (£1. 12«. 8\d, x63xll2)-j-£l. Is. d^d, 

(27) (£1. 12«. 8id.x 63x112)4-392 
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(28) (£597. 13«. lid, x 846) — (£597. 13«. lid. x 843) 

(29) 28519 X 63 — 28519 x 53 

(30) 62743 X 1509 — 62740 x 1509 

(31) (14688 X 1045 xl0110)-T-108851 

(32) (812345 + 109876 + 234567 + 321098 + 456789 + 159576) -^ (3257 x 643) 

(33) £14. 7«. 3Jd x79 + £14. 7«. 3id x21 

3. (1) London contains 400778 houses, each inhabited by 8 
persons on an average. Find the total number of inhabitants. 

(2) The water- works of London supply 26 gallons a-day for each 
person. How much is supplied in a year to all London 1 

(3) How much will this water weigh, at 10 lbs. per gallon ? 

(4) In 1868 the births were in London 115744, and the deaths 
74908. What was the increase of the population from this source ? 

(5) The area of the metropolis is 77997 acres. How many square 
miles is this ? (1 square mile = 640 acres.) 

(6) The total revenue of the United Kingdom in 1868 was 
£71,860,677. 12s. 8d, and the expenditure was £74,082,280. 5«. M. 
Find the deficit. 

(7) The difi*erent sources of inland revenue yielded in 1868 : 
excise, £20,173,288; stamps, £9,461,010; taxes, £3,450,318; 
income-tax, £6,184,166. The income from the same sources in 
1867 was £39,159,781. Find the increase or decrease. 

(8) The income-tax was levied at 6d. in the pound. Find the 
amount of income taxed. 

(9) Divide £15,000 among A, B, C and D, giving to A £1961. 
0«. 8c?. more than to either of the others, who have equal shares. 

(10) At an election, the Liberal candidate obtained 1375 votes 
more than the Conservative. The total number of votes polled was 
7209. How many voted for the Conservative 1 

(11) A leaves an estate of £100,000, of which he disposes as 
follows : building lodging-houses, £1750 ; endowment of parish 
school, 1000 guineas ; hospitals, £500 ; to the church, £500 ; to 
each of 4 chapels, £125 ; to each of 7 old servants, 19 guineas ; the 
residue to be divided amongst his family, giving one-third to his 
widow, one-fourth to his daughter, and the balance in equal shares 

to his 2 sons. Find their respective shares. 
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(12) Find the total weekly wages of 325 men, 108 women and 75 
children, who receive As, SeZ., 28, lOd, la. Id, per day, for each man, 
woman and child respectively. 

(13) A exchanges with B 1 cwt, 11 lbs. of coffee, at lO^i. |)er 
lb., for 5 cwt., 1 qr., 12 lbs. of sugar, at 3^d. per lb. The difference 
is to be paid in money. How much is to be paid, and by whom ? 

(14) Find the average age of 7 persons, aged respectively 47, 38, 
52, 45, 41, 49, 43 years. [An average is the sum of a number of 
quantities divided by the number of these addenda.] 

(15) Find the average height of the following Peaks : Monte 
Viso, 12580 ft. ; Genfevre, 11780 ft. ; Cenis, 11457 ft. ; Iz^ran, 
13266 ft. ; M. Blanc, 15732 ft. ; Matterhorn, 14835 ft. ; Rosa, 
15150 ft.; Gallenstock, 12475 ft. ; Vogelberg, 10866 ft.; Ortlerspitz, 
12852 ft ; Groszglockner, 12776 ft. ; Finster-Aarhorn, 14109 ft. ; 
Jungfrau, 13176 ft. 

(16) A mixes 4 gallons of spirit at 10«. 9|c?., with 6 gallons at 
16«. l^d.y and 5 gallons at 78. 6d. each. Find the average cost per 
gallon. 

(17) Find the average age of a school in which there are 20 boys 
at 9 years old, 4 at 10, 10 at 11, 12 at 12, 11 at 13, 2 at 14, and 

1 at 15 ? 

(18) A piece of translation consists of 32 pages, averaging 21 
lines of 15 words each. What will be the charge at the rate of 
3«. 6^. for every 72 words ? Also at the rate of 3«. 6d, for every 96 
words ? 

(19) I mixed 2 cwt., 2 qrs., 20 lbs., at 6|d per lb., with 4 cwt, 

2 lbs., at id, per lb. Find the price per lb. of the mixture. 

(20) What is my income, if at 7d. in the j£, I pay £11. 1*. Sd 
income-tax ? 

(21) £11. Is. Sd. ^ 7. 

(22) A's income is 500 guineas. What will be loft him afUw 
paying the income-tax of 5d, in the £ ? 

(23) How many times will a coach wheel, of 13 ft, 9 in. in cir- 
cumference, turn round in going from London to Brighton, 50 milesl 

(24) In exchange for 833 articles at Is, Ad. each, I gave 39 
guineas and 100 articles. What was the cost of each of the latter ] 
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(25) Divide XIOO. I65. among A, B, C and D, giving to A 
£10. 10«. more than to B, and to B .£5. 5& more than to either C 
or D, who have equal shares. 

{20) I spent £97. 1«. M, on equal quantities of three kinds of 
goods, at 4«. 5c?., 6«. Zd, and 8«. 9d. each article respectively. How- 
many articles did I buy ? 

(27) Divide £171. IO5. among 5 men, 6 women and 7 hoys, 
giving to each woman twice a boy's share, and to each man three 
times a woman's share. 

(28) Bought half a ton of sugar for £15, and sold it at ^\d. per 
lb. Find profit or loss. 

(29) Find the least number of rupees at 2a M. each that shall 
also be an exact number of rupees at Is, \^\d. each. 

(30) What is the greatest number by which 7927 and 8773 can 
be divided, leaving remainders 80 and 100 respectively? 

(31) Bought 24 yards of cloth for £4. 3^ For how much must 
the whole be sold to gain 6f d per yard 1 

(32) I sold 243 sheep at £2. 7s. 6c?. each, and with the proceeds 
bought as many oxen at 16J guineas each as my money would 
allow. How many oxen did I buy, and what was over 1 

(33) How many francs at 10c?. each can I get for £58. 12s. M. ? 

(34) Find the cost of 1 ton, 5 cwt., 16 lbs., at Z\d, per lb. 

(35) A railway, 27 miles in length, is estimated to cost £15000 
per mile. How many shares at £25 each must be issued ? 

(36) Find a number of pounds between £365 and £380, which is 
also an exact number of guineas. 

(37) Find all the sums of money between £280 and £300, 
which are multiples both of 65. 3c?. and of 1 Is. 3c?. 

(38) Prove (a) that the o. c. m. of any two numbers can never 
exceed their difference ; (ft) that any two consecutive numbers must 
be prime to each other ; (c) that if two numbers are divided by 
their 0.0. M. the quotients are prime to each other; (c?) that any 
number which is divisible by two other numbers will be divisible by 
their L. 0. M. ; (c) that one-third of the ditference between any num- 
ber and the aum of its digits is divisible by 3 ; (/) that every prime 
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number but 2 can be made composite by the addition or Ru]){rnction 
of unity ; {g) that every prime number greater than 3 can l»i5 imido 
a multiple of 6 either by the addition or else l)y the subtraction of 
unity ; (A) that any two consecutive odd numbers must bo priniu to 
each other. 

(39) Express 28437 in the undecimal and duodecimal scales. 

(40) If I buy 20 gross of pens at 9d. per dozen, and sell them at 
Id. each, what profit do I make ? 

(41) If I mix 50 gallons of spirit at 14*. Sd. per gallon, with G4 
gallons of water, at what price per gallon must I sell the mixture to 
gain £8. U. 6d. 9 

(42) If my salary is 100 guineas per annum, what should I be 
paid from June 3rd to October 27th 1 

(43) If my salary is £300 a-year, how much a-year should I lose 
by being paid £5, 15«. per week ; and how much should I gain by 
being paid £5, 15& 6d. 1 

(44) 33 tons of coal, bought at 23s. per ton, are sold at Is. Gd. 
per cwt Find total profit. 

(45) Eequired the weight of 17 boxes, each weighing 2 cwt., 
17 lbs. 

(46) How many men would weigh a ton, if they weigh on an 
average 10 stone (of 14 lb.) each? 

(47) How many fathoms are there in 17 m., 6 fur., 90 yards? 

(48) How many weeks have there been from the beginning of 
the 19th century to January 6th, 1869, counting leap-years? 

(49) If I mix of four different drugs, 5 drs., 2 scr., 14 grs.; 
1 oz., 3 drs., 2 scr., 17 grs. ; 2 oz., 7 drs., 19 grs., and 6 oz., 4 drs. 
respectively, and make up the mixture into 26 doses, what will each 
dose weigh ? 

(50) If I subscribe 3 guineas the first year, and increase my sub- 
scription by lOs. 6d, each successive year, how much shall I have 
given in 10 years ? 

(51) If I begin with £768. 9^. 9d, and spend each month one- 
third of what I have at the beginning of that month, what will be- 
left me after 6 months ? 
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(52) If the Liberal majority in 1868 was 65, and in 1869 was 
119, how many seats must have been won ? 

(53) A sovereign weighs 123 grains ; tow many can be coined 
out of 41 oz. troy 1 

(54) What would 21000 sovereigns weigh in avoirdupois weight 1 

{55) How long would a velocipede take over 50 miles, at the rate 
of a furlong a minute 1 

(56) If a box holds 20 bags of corks, each holding a gross, what 
will 503 boxes cost at 4 Jd per dozen corks ? 

(57) The four quarters of the year 1869 begin as follows : 
March 20th, 1 h., 32 m., p.m. ; June 21st, 10 h., 4 m., a.m. ; Septem- 
ber 23rd, 28 m. a.m. ; December 21st, 6 h., 23 m., p.m. Find the 
lengths of spring, summer and autumn; and taking the year as 
365 d., 5 h., 48 m., find the length of winter. 

(58) If with 8| dozen oranges at 1^^. each, and 31 J lbs. sugar 
at 5^d, per lb., I make 45 pots of marmalade, what is the cost per 
pott 

(59) I spent £291. 58. on equal quantities of 3 different kinds 
of goods, costing respectively 13*. 3d, 18«. 9d,, £1, 6s. 3d. each 
article. How many of each kind did I buy 1 

(60) How many doses of 5 dwt., 8 grs., can be made of 3 lbs. 
troy? 

(61) A dealer bought 560 sheep at £2. is. 6d. each, and 320 
oxen at £18. lOs. each. He sold 160 sheep at £2. 18s. each, and 
the remainder at £2. 5«. each. Of the oxen, he sold 45 at £20 
each, and the remainder at 18 J guineas each. His expenses in the 
transaction were £37. 10«. Did he gain or lose by the transaction, 
and how much ? 

(62) Make out a bill for the following purchases : 

12 lbs. of mutton @ 8^ per lb. 

64 „ „ ©09 „ 
144 „ beef @ 114 „ 

8J „ „ ©08 „ 

5i „ pork ©10 „ 
104 „ cheese © 94 „ 
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(63) Find the cost of constructing a railroad 125 miles long, at 
the rate of 16 guineas per yard. 

(64) What do you understand by the prime factors of a number? 
How may you determine by the inspection of the digits of a number 
when it is divisible by the numbers 2, 3 and 11 respectively. Find 
G.CM. of 7854 and 9768. 

(65) Eeduce 167805 lbs. avoirdupois to tons. 

(66) Find all the divisors of 2145. 

(67) I bought 8027 articles at 5«. lOJd each, and sold 4000 
articles at 6«. 3d, each. At how much a-piece must I sell the re- 
mainder to make a profit of j£309. 175. 7 Jdf. on the whole ? 

(68) Explain the terms : Measure, prime numbers, odd numbers, 
and numbers prime to each other. 

(69) What sense, if any, can you attach to the following expres- 
sions : 

a. £15. 3«. 8(i.+£3. Ua. dd. 
h, £16. 3a. Sd.— £3. 11«. 9d, 
€. £15. 3«. 8dx£3. 11«. 9rf. 
d. £16. 3«. 8rf.4-£3. 11«. 9d. 
€. £16. 3«. 8e2. x£l. 
/. £15. 3«. 8d. xO 
0. £15. 8«. Srf.xl 

(70) How many coins, each worth 12*. 7(f., must bo given in 
exchange for 143 coins at I65. 10|c?. each, added to 567 coins at 
10s. l\d. each? 

(71) Find all the common measures of 5082, 9438, 10890 and 
8712. 

(72) If of a series of quotients obtained by dividing each of a 
given series of dividends by a common measure, one quotient is 
prime to all the others, the common divisor is the q.o.m. of the series 
of dividends. Prove it. 

(73) If 50 shares are bought at £35. 10«. 6c?. each, and sold for 
£2042. 18*. 4d, what is the gain per share ? 

(74) A company has 2000 shares of £50 each. It fails, and its 
debt, £58333. 6«. 8d. must be paid by the shareholders. How much 
will the holder of 73 shares have to pay, and what will be his total 
loss if he bought the shares at half-price ? 
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(75) How long would light, which travels from the sun to the 
earth in 8 minutes, take from the nearest fixed star, which is 200000 
times as far as the sun ? 

(76) A train started from London at 9.15 a.m., and reached 
Bristol, 120 miles off, at 12.25 p.m. ; it stopped at 5 stations, losing 
5 minutes at each, with 15 minutes extra at Swindon for refresh- 
ment. Find the average rate of the train. 

(77) Divide £6842. Us. 5d. among A, B and C, so that A may 
have £568. Us. id. more than B, and C £728. 18s. 2d. less than B. 

(78) Find g.o.m. of 15 h. 12 min., and 1 d., 3 h., 33 min. 

(79) State and prove the test of accuracy by casting out of nines 
in division. 

[(80) Find the criteria of divisibility by 2, 3, 4 and 5 of numbers 
expressed in the senary scale. 

(81) If the number of odd digits in any number expressed in a 
scale with an odd radix be even, the number is divisible by 2 ; if 
not, not.] 

(82) Three watches are set together ; the first gains 6, the second 
8, and the third 10 minutes a- week. In how many weeks will they 
again shew the same time ? 

(83) Convert £5013 to guineas, and 5013 guineas to pounds. 

(84) Is 1109 a prime number? Describe the shortest way of 
deciding the question. 

(85) Find a cm. of 16776 and 2096, and explain each step of 
the process. Also of 12018, 20030, and 30045. 

(86) Define the Least Common Multiple, and find l. c. m. of 85, 
125, 1445, 4913. 

(87) Find the cost of 4 tons, 13 cwts., 1 qr., 19 lbs., at 2|c?. per 
lb., and of 2000 oz. troy, at £3. 17s. lOJc?. per oz. 

(88) If a certain number of yards at Is. l\d. per yard, and the 
same number of yards at Is. 6^d. per yard, amount together to 
£515. \s. Zd., how many yards are there of each? 

(89) If 450 articles at £2. 10s. 6c?. per article, and a certain 
number of articles at 5«. d>\d. each, amount together to £1215. 
^A £^d. how manv articles of the latter kind are there % 
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(90) If i5 oxen at £18. 12«. Gd, each, and Ti* shoup, toi^othor 
cost X971. 58., how much docs each sheep cost ? 

(91) A fast train starts 2} hours after a slow one ; in what time 
will it overtake the latter, their rate being i'2 and 30 miles per 
hour respectively ? 

(92) A and B start from York and London, travelling 23 miles 
and 17 miles per hour respectively. In what time will they meot, 
and what distance from London, the total distance being 200 miles ? 

(93) A house and its furniture together are worth £2085, the 
value of the house being 4 times that of the furniture. Find the 
cost of each. 

(94) Find the mean of the following observations : 43^ 15', 48" 1 ;)', 
420 17/^ 470 y^ 500 50; 46O 19', 5P, 44^ 10', 35^ 12', 380 47'. 

(95) Express 4113 (decimal) in the quinary and duodecimal scales. 

(96) Convert tetet from the duodecimal into the senary scale. 

(97) I bought 701 articles for X14493. 3s. Qd., and sold them at 
a profit of X8. 6a 6d, each ; the total proceeds I invested in somo 
mining shares, each costing £87. 12*. 6^. and yielding £3. 8s. 9d. 
a-year. Find my total yearly income. 

(98) The fore wheel of a carriage is 8 feet, 9 inches in circum- 
ference ; the hind wheel 14 feet, 7 inches. If a nail on the outside 
of each wheel touch the ground at starting, how many times in the 
course of a mile will the same two nails be on the ground together 1 

(99) At the Crystal Palace were admitted on a Foresters* day 
83500 persons, each paying Is, How many admissions on a half- 
crown day would amount to an equal sum ? 

(100) A person after paying an income-tax of 5d. in the £, has 
£979. 3s. 4d left. Find his gross income. 
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MEASURES OF LENGTH AND BUBFACB. 
Lineal Measure. 

12 inches (in.) = 1 foot (ft.) 

3 feet K 1 yard (yd.) 

1 fathom = 2yards=6feet 

5i yards = 1 rod or pole (po.) 

40 poles, or 220 yards ... =1 furlong (for.) 
8 furlongs, or 1760 yards = 1 mile (m.) 

Gunter's Chain (wed for Land-measuring), 

100 links, 22 yards, or 4 poles = 1 chain (ch.) 

484 square yards s 1 sq. chain 

10 sq. chains, or 100,000 sq. links s 1 acre (ac.) 
80 chains = 1 mile (m.) 

Vhth Measure (used by Drapers^ Mercers^ Clothiers^ &€.)• 
2\ inches (in.) ... =1 nail (nl.) 
9 ,, (4 nails) = 1 quarter (qr.) 
86 „ (4qr8.) = 1 yard (yd.) 

SQUARE MEASURE. 

144 square inches (sq. in.) =1 square foot (sq. ft.) 

9 square feet = 1 square yard (sq. yd.) 

30J square yards s 1 square pole (sq. pi.) 

40 square poles sr 1 rood (ro.) 

4 roods (4840 yards) = 1 acre (ac.) 

6:10 acres = 1 square mile (m.) 

MEASURES OF VOLUME. 
Solid or CMe Measure, 
1728 cubic inches = 1 cubic foot (c. ft.) 
27 cubic feet... = l cubic yd. (c. yd.) 

ArOTHEOARIES WEIGHT. 

I 20 grains troy = 1 scruple 

I; 3 scruples = 1 drachm 

\ 8 drachms = 1 ounce (troy) 

12 ounces » 1 poujid (troy) 



WEIGHTS AND MEASURER 173 

MEASURES OP WEIGHT. 
A volrdupois Weight (wed in almost aU commercial tranaacliomjt 

16 drams (dr.).... = 1 ounce (oz.) 

16 ounces = 1 pound (lb.) = 7000 grains 

28 lbs. ss 1 quarter (qr.) 

4 quarters, or 112 lbs. = 1 hundred- weight (cwt). 
20 hundred -weight = 1 ton (ton) 

Troy Weight (wed in weighing OM and Silver ^ d-c). 

24 grains = 1 pennyweight (dwt.) 

20 pennyweights = 1 ounce (oz.) 

12 ounces = 1 pound (lb.) =5760 graina ./ 

MEASURES OP CAPACITY. 
Liquid. 

4 gills = lpint(pt.) 

2 pints ... = 1 quart (qt.) 
4 quarts... = 1 gallon (gal.) 

Drg Measure, 

2 pint* (pts.) = 1 quart (qt.) 

4 quar*a = 1 gallon (gal.) 

2 gallons ... = 1 peck (pk.) 

4 pecks =1 bushel (bus.) 

8 bushels ... =1 quarter (qr.) 

5 quarters... = 1 load (Id.) 

ANGULAR MEASURE. 
60 seconds (") = 1 minute (1') 
60 minutes... s= 1 degree (1^) 

MEASURES OF TIME. 

60 seconds = 1 minute (mi n.) 

60 minutes s= lhour(hr.) 

24 hours = 1 day (d.) 

12 calendar months = 1 year (yr.) 

365days = 1 year (yr.) 

PAPER MEASURE. 
24 sheets = 1 quire (qr.) 
20 sheets = 1 outside quire (out. qr.) 
20 quires = 1 ream (rm.) 
10 reams' = lbale(bL) 
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PEEFACE TO FIEST EDITION. 



The Second and Third Parts of our Arithmetic, bound together 
in the present Volume, treat of Fractional quantities in a two-fold 
aspect In the Second Part the results are obtained by means of 
Yulgar Fractions, and are, often at the cost of much labour, " need- 
lessly accurate." In the Third Part, calculations are made with 
Decimal Fractions, which, in the large majority of cases, save a great 
deal of labour by systematically disregarding minute quantities. We 
have thus the power of obtaining accuracy to within any assigned 
degree, which is aU that is needed in the affairs of life. To use, 
however, such methods without lapsing into slovenliness of thought, 
it has been necessary to introduce at once the notion of Limits. It 
is evident that in so elementary a treatise as this, hardly more could 
be done than indicate the existence in the human mind of such no- 
tions ; but not only is no harm done, but great good is gained, by 
opening vistas of thought to the young student, and by carefully im- 
pressing upon him that in science there is no such thing as finality. 

This consideration also must be our justification both for the 
introduction and for the superficial treatment of Converging Frac- 
tions (Part ni. Chap. I.) : for their introduction, because they furnish 
the easiest conception of Approximation ; for their superficial treat- 
ment, because a knowledge of Algebra is required for their thorough 
comprehension, and they have on the whole very little bearing on 
the ultimate objects of the book. This Chapter may therefore be 
omitted at discretion. 
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Teachers are often in doubt as to the proper sequence of subjects 
to be taught. It has been suggested that Decimals ought to be taught 
before Yulgar Fractions, being so much more easy to manipulate. 
This theory is very tempting, but fails in the cardinal point that the 
notion of Decimals is a much later one than that of Vulgar Fractions. 
The binary divisions are in fact the earliest with which the human 
mind is acquainted. Moreover, the operations of Decimals are mere 
applications of rules previously established in Vulgar Fractions. 
Who, for example, could realize that -2 x -3 = '06, if he had not pre- 
viously understood multiplication by Vulgar Fractions ? The prin- 
ciple of appealing to the experience of the student in order to 
establish the rule, has induced us to interweave mental arithmetic 
exercises in the earlier Chapters on Vulgar Fractions. Proportion 
is treated as a later notion of Fractions, which in fact it is, so long 
as we confine oui'selves to numbers. 

The methods we give for the ready Decimalization of English 
Money, Weights, and Measures, are, with a slight exception, entirely 
new. They yield, we believe, all the advantages to be derived 
from the introduction of Decimal Coins, Weights and Measures, 
without incurring the fearful inconveniences of a change, or for- 
feiting the very notable benefits conferred by the subdivision of 
the English sovereign into 20 x 12 x 4 farthings. As long as there 
are twelve months in the year, and as long as men prefer to deal 
in dozens rather than in tens, so long will 12 be a most con- 
venient factor in our coin. Whether our weights and measures 
ought to be superseded in favour of a decimal system, may be fairly 
considered an open question ; but till such change is effected, the 
methods of Part IIL CL VIIL, will very nearly answer the same 
purpose. 

A. SONNENSCHEINT. 
H. A. NESBITT. 

6kpt. Sbd, 1870. 



PEEFACE TO SECOND EDITION. 



In the present Edition we have made a few alterations, notwith- 
standing the disadvantages that always attend the introduction of 
changes into a School Book in general use. We had, in fact, to 
choose between the evil of stagnation and the inconvenience of im- 
provement. 

These changes (disregarding mere corrections) are : 

L The Kotion of Eeciprocals has been more fully developed. 
XL A separate Chapter has been introduced on the " Unitary 
Method" immediately after Division of Vulgar Frac- 
tions. 
TIL A part of the text on Eatio and Proportion has been re- 
written, notional reasoning having been substituted for 
symbolic reasoning. 
lY. Several sections in Part III. have been transposed to 
earlier stages, viz.: 

(a) Simplification of Complex Decimals and g.o.m. and 

L.O.M. of Decimals from Ch. XIL to Ch. III. 

(b) Number of Decimal Places in a Continued Product 

from Ch. XII. to Ch. IV., with introduction of the 
two new Exercises XXL (b) and XXIIL (b). 

(c) Compound Interest from Ch. XII. to Ch. X. 

V. The Table of Contents has been amplified. 

Of these changes, only the second requires comment We have 
effected a complete severance between the two modes of thought; 
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ie. the more primitive mode of conscious distinct reference to XJnit^ 
as an intermediate step, and the more advanced method of reasoning 
on relative magnitude, the reference to Unity being less prominent 
in the mind ; this last is an indispensable step towards the conccp* 
tion of ratios between incommensurable quantities. 

Some writers, indeed, advocate the omission of " Proportion" alto- 
gether from Arithmetic, recommending the sole use of the Unitary 
Method, which they call "Reasoning by First Principles." Wo 
contend, however, that there is no special virtue in primitive methods, 
and that, on the contrary, they are necessarily cumbrous. All progress- 
is towards simplicity. It is no doubt necessary that the student should 
be able to fall back upon Elementary Reasoning, but he must not 
abide by it. We might, on the plea of " First Principles," advocate 
the rejection of Multiplication and Division in favour of Cumulative 
Addition and Subtraction. In a word, all contractions of operations 
entail the losing sight of " First Principles," and progress in any 
science would be impossible if the earlier truths had to be reiterated 
at each new step. 

By the early introduction of the "Unitary Method" there is 
gained the practical advantage that pupils are enabled to solve 
**Rule of Three" questions as soon as possible, which is a decided 
convenience in other branches of study, such as Chemistry, JNTatural 

Philosophy, &c. 

L. SONNENSCHEIN. 
H. A NESBITT. 

April, 1875. 
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CHAPTEE I 

VmFOmi DENOMINATOBS. 

§ 1. The word Fraction is derived from the Latin frachiSy broken, 
and Fractional differs from Integral Arithmetic in that it deals with 
parts of things instead of with whole things ; but, as we shall see, 
the same notions of More and Less still apply. It is to be under- 
stood that the parts here spoken of are only such as are obtained by 
dividing the whole into equal parts. 

§ 2. K a whole is divided into two equal parts, each of them ia 
called one-half; and therefore there are two halves in a whole. 

If a whole is divided into three equal parts, each part is called 
one-third, and therefore there are three thirds in a whole. 

K a whole is divided into four equal parts, each part is callea 
one-fourth, or one-quarter, and therefore there are four fourths or 
quarters in a whole. 

Similarly a whole may be divided into seven sevenths, twenty-one 
twenty-firsts, thirty-two thirty-seconds, &c. 

Exercise I. 
Find one-half, one-third, one-quarter, one-fifth, one-sixth, one- 
seventh, one-eighth, one-ninth, one-tenth, one-eleventh and one- 
twelfth of ^57. 15*. 

§ 3. One-half, one-third, &c., are written, J, J, \, ^, J, &c. 

Two-thirds of a whole are obtained by dividing the whole into 
three equal parts, and taking two of them. 

Three-quarters of a whole are obtained by dividing the whole int) 
four equal parts, and taking three of them. 
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Five-sevenths of a whole are obtained by dividing the whole 
into seven eq^ial parts, and taking five of them, and so on. 

These parts are written, f , f , ^, &c. 

The lower figure of every fraction, then, shews us into how 
many equal parts the whole has been divided, and might therefore 
be called the Divisor; but by shewing us the numbor of parts into 
which the whole has been divided, it also shews us the Name of each 
part, and is therefore called the Namer, or, more commonly, the 
Denominator. 

The upper figure of every fraction shews us how many of these 
parts we take, and is therefore called the Counter, or, more commonly, 
the Numerator. 

N.B. l%e German words Zdhler and Nenner give the same ideas in more &mi- 
liar language. In German, the ordinal filnfle is clearly distinguished from the 
fractional Fiinftel; but unfortunately in English the word fifth has both these 
meanings, which sometimes requires to be pointed out. 

The words Numerator and Denominator are derived from the Latin nvmeraref to 
count, and nominarCf to name. 

Example. Find f of .£157. U 5ld. 

i of £167. is. 5id, = 8) 157 4 Sj 





iof 


If 


52 8 If 
2 






= £104 16 3i 








EXERCISB IL 




Find(l) § of 

(2) f of 

(3) 1 of 

(4) i of 

(5) ^ of 

(6) 1 of 


£. (. 

197 15 

1037 17 

23 7 

1001 15 

893 1 

347 13 


d. 

6 

9| 



H 

6 


£. t. 

Find (7) | of 8043 17 

(8) ^ of 27419 12 

(9) T^r of 489 18 

(10) ^ of 3584 16 

(11) T^ of 23 7 

(12) ^ of 66 17 


3 

Hi 

3 

9| 

9 



Exercise A.* 

(1) A journey is divided into two equal parts; what will each 
partr be called ? Am, One half of the journey. 

(2) A goose weighs 7 lbs. and half its own weight ; what is the 
weight of the goose ? Ane. 14 lbs. 

* All Exercises numbered alphabetically are to be worked mentally. 



OH, L] UNIFORM DENOMINATORS. 3 

(3) A post is buried one half in the ground, and there are five 
feet above ground ; what is the length of the post 1 Am. 10 feet. 

(4) A post is driven through the water into the ground below ; 
J is in the ground, \ under water, and 10 feet above the water. 
What is the length of the whole post ? Am, ZO feet 

(5) Divide the half of 6c?. among 3 children ; what will each child 
get) Am, \d. 

(6) How much is | of Is. ? Am. M. 

(7) Out of 6c?. I spend \ of 1«. ; how much is left me ? Ana. 2d. 

(8) Find the difference between § of Is. and J of Is. Ans. 2d. 

(9) From | of £1 take | of 1«. Am. lis. ed. 

(10) From f of £1 take f of a guinea. Am. Is. 

(11) I sold ^ of a dozen of wine; how many bottles were left ] 

Alls. 2 bottles. 

(12) To I of £1 add | of U Am. 12s. lOd. 

(13) How much is f of an hour ? Am. 24 minutes. 

(14) How would you get yt of a thing 1 

Am. Divide the whole into 11 equal parts and take 7 of them. 

(15) If I cut off I of a thing, what part of the whole will be left 1 

Am. ^ of the whole. 

(16) Distribute y of a guinea among 6 persons. Am. 2s. each. 

(17) How much is -j^ of a yard ? Am. 1 ft. 3 in. 

Exercise III. 

(1) Find the length of 4 of a mile. 

(2) Divide yt of a mile into 8 equal parts. 

(3) Find | of a ton. 

(4) Find f of 1 lb. troy. 

(5) Find the value of £| + £§ + 1 of U. 

(6) Find the value of § of a guinea + £J — f of Id. 

(7) Distribute y of 1 cwt. of coals among four persons. 

(8) Divide the distance of ^^j- of 7 miles into 8 equal portions. 

(9) If I spend f of a guinea per day, how much is that in 10 days 1 

(10) Find the value of the whole amount, if ^ of it is X429. 
68. Sd. 

(11) Find the value of J^J, J^J, J^f, XJ, ^, J&^, J&|, J^f, JB$, £i, 
£1, £i, je|, £1, £i, £^, £^, £^, £^,£^. 

b2 
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(12) Find the value of J of U, J of U, § of U, J of la., f of 1«., 
J of U., 4 of U, J of U., f of 1«., I of U, i of 1«., tV of U. 

§ 4. We know that 4 means a whole divided into 5 equal parts, of 
which we take 4 ; similarly 4 means a whole divided into 5 parts, 
of which we take all 5, that is, 4 is the whole ; but what is the 
meaning oi^'i We must evidently extend our definition of a 
faction. ^ must mean that more loholes than one are divided into 

5 equal parts ecich, and that we take 6 such parts. 

7) T> f > T ^^^ ^^^ ^^^^ ^^^ unity ; 

4 = unity, and 4> ti f > &c., are each greater than unity ; hence, 

If the numerator is less than the denominator, the value of the 
fraction is less than unity. 

If the numerator equals the denominator, the value of the frac- 
tion equals unity. 

If the numerator is more than the denominator, the value of the 
^'•action is more than unity. 

Fractions which are less than unity are called Proper Fractions, 

Fractions which are equal to or more than unity are called 
Improper Fractions, 

Quantities consisting of an integer and a fraction are called 
Mixed Numbers; e.g. 3^, 5§, 114^. (These are read three and a 
half; five and two-thirds, &c.) 



(1) How many 

(2) How many 

(3) How many 

(4) How many 

(5) How many 

(6) How many 

(7) How many 

(8) How many 

(9) How many 
{lOJ How many 



Exercise B. 




halves in 1^ 1 


Am. 3 halves. 


halves in 5| 1 


„ 11 halves. 


thirds in 3|] 


„ 11 thirds. 


thirds in 5 wholes t 


„ 15 thirds. 


quarters in 2f ] 


„ 11 quarters. 


wholes in 10 halves? 


„ 5 wholes. 


halves in 10 wholes ? 


„ 20 halves. 


wholes in 17 halves ? 


. 8i 


wholes in 17 thirds? 


„ 5f. 


wholes in 20 fifths 1 


„ 4 wholes. 



OH. l] uniform denominators. 

(11) Eeduce to whole or mixed numbers : 



V». Am. 2i. 


y. iin«. 3^. 


V. 


Aru. Sf. 


¥• » H- 


T • » ^T* 


n- 


»» 3Ti^ 


11 12 
T • 99 ^V 


f«. ,. 3. 


85 


» 2ii. 


TT- 


¥• .. H- 


^- » 2A. 


85 


» 11|. 


12) Beduce to improper fractions : 






9|. Ant. y. 


84-. iln<. V- 


6|. 


^n«. V- 


io|. „ V. 


5i^- » «. 


11§. 


,. V- 


a 4 70 


IOtV « W- 


4*- 


40 


fi4k 20 


4|. „ V- 


3|. 


11 


99 IT- 



(13) I distributed seven apples among some children, giving to 
each J of an apple. How many children were there ? 

A718. 21 children. 

(14) Which is greater, and by how much, -y or 2 wholes 1 

Ans. 2 wholes are greater by ^ 

(15) If I cut up 8f yards of tape into strips of -J- yard each, how 
many strips shall I get 9 Ans, 42 strips. 

§ 5. Eeduce the mixed number 8^^ to an improper fraction. 
One whole =14; eight wholes = *t^*, and the ^ make ^^•. 





Exercise IV. 








Eeduce to improper fractions : 








(1) 2J. 


(6) 84^. (11) 4L 


588 

loco- 


(16) 


6000t§5^ 


(2) 3J. 


(7)864i^. (12) 4L 


es 

1000- 


(17) 


lOOff. 


(3) 7f. 


(8) 46,2;,. (13) 41, 


1000- 


(18) 


10000^. 


(4) 8|. 


(9) 46^. (14) 41, 


lOOOO* 


(19) 


3001t^. 


(5) 12H. 


(10) 46^^. (15) 400^ 
Exercise C. 


nnj"- 


(20) 


73U- 


(1) How many wholes in 3 halves ? 






Am. 1|. 


(2) 


„ 5 halves ? 






« 2i. 


(3) 


„ 5 thirds ] 






» 1*. 


W 


„ 5 quarters ) 






., u. 


(5) 


„ 7 quarters ? 






« If. 


(6) 


„ 11 quarters! 






„ 2|. 


(7) 


„ 11 fifths? 






n 2i. 



'6 VUIiGAB FBACTI0K3. [OH. I. 

(8) How many wholes in 15 fifths 1 Ans. 3. 

(9) Find the difference between 5 wholes and 18 fifths. „ If. 

(10) If I spend y of a shilling in a day, what shall I spend in 14 
days) Ans, 28, 

(11) If I have 32-fifths of a cake, and wish to give a whole cake 
to each child, to how many children can I give it ? 

Ans, 6 children and f of a cake over. 

(12) Reduce to whole or mixed numbers : 



18 


>|mo 


71 


IT' 


^UUf, 


'$. 


V- 


w 


H. 


27 


ff 


6f. 


87 




n- 


T' 


91 


87 




Gh 


F* 


91 


87 




5f 


T* 


99 


V. 


w 


4|. 


V. 


»> 


.4^. 


V. 


n 


5. 


80 




5f 


7* 


91 



68 


ii/ZJ. 


5A- 


w- 


Am, 10. 


11 




1^ 


100 




lOA- 


TXF- 


»> 


TV 


99 


n- 


99 


^TV' 


w- 


♦9 


iiA- 


n- 


» 


^A- 


w. 


*9 


12A- 


48 




4^- 


180 




13A. 


T77- 


9> 


TTT- 


99 


86 




SA- 


ISO 




1 80 
^100- 


TTT- 


9> 


100' 


99 


68 




GA- 


428 




A 28 
^lOO- 


TXT- 


91 


100- 


99 


74 






4080 




40^. 


TTT- 


w 


100 • 


99 


f#- 


99 


8A- 


4080 
100^- 


99 


hUjy 


02 




Q 2 


4080 




1. 


TTF- 


99 


■i08»- 


99 



§ 6. Reduce ^3^ and ^^ to whol« or mixed numbere. Since there 
are 23 twenty-thirds or 29 twenty-ninths in every whole, as Tnany 
times as we can get 23 twenty-thirds out of 299 twenty-thirds, or 
29 twenty-ninths out of 529 twenty-ninths, so many wholes will 
there be. Divide therefore the numerator by the denominator; 
the quotient will be wholes, and the remainder, if any, will be frac- 
tional parts with the same denominator as the proposed fraction. 
23)299(18 29)529(18 

69 239 

7 
W=18 W=18A 

Exercise V. 
Reduce to whole or mixed numbers : 

(1) V- (6) W- (11) W- (16) '^fl'^ 

(2) V«- (7) W- (12) W- (17) "SW^ 

(3) V- (8) ¥r*- (13) «^^ (18) «4f^^ 
W V- (9)1^». (14) "iV*- (19)¥iA^'- 
(5)^r. (10) n- {15) '"^oo. (20)|^4f^ 
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§ 7. Addition and Subtraction op Fractions. Let us recal the 
meaning of the symbol f . We have said above that it means 3 
pieces of equal size, each of which is called or named a quarter. 
Similarly, •$• means 4 equal pieces, of which each is called a seventh. 
JNTote that the symbol 4 performs very different functions above and 
below the line. Above the line it represents quantity or number; 
below the line, name. 

"In Addition and Subtraction we must always have the same 
kind of units, viz., so many things of one kind added to or taken 
from so maiiy things of the same kind." (Part I. p. 59.) It follows 
that we can only add or subtract fractions of the same denomination. 

Exercise D. 
(1) J + |. Am, 2. (11) 2| — 4. Ana. If. 

(2)f + f + J. „ 1§. (12) l-(f + i) „ |. 

(3)i + i + f. „ H. (13) 24+a|. „ 6|. 

WI + 4. . ^h (1^)4+;. » 2i. 

(5)^-*. „ 1^. (15) 11-4. .» |. 



93 



I 3 



(6) 1J + 2J. „ 4. (16) 1| + |. „ 2 

(7) lj + 2f. „ 4. (17) U-|. „ 1| 

(8) 3i + f. „ 4. (18)2A-li^. „ lA. 

(9) 2f+li. „ 4. (19) 3-2^. „ ^. 
(10)4|-|. „ 2J. (20)3^-1^. „ 1,V 

Simplify 3V + A + 14 + i|. ^ns, ^ = 2 



SimpUfy 8^+6^ + 5^ + 11. -4/w. 19f| = 19 + 2^ = 21^. 
It is generally shorter, however, to add the fractional parts first 
and carry the wholes ; thus, in this last example, the fractions come 
to fl or 2^ ; put down ^ and carry 2 to the wholes. Similarly, 
in Subtraction we shall first deduct the fractional part, and then the 
wholes, but if the number of pieces in the subtrahend exceed that 
in the minuend, we must break up one of the wholes of the minu- 
end, or else add the value of a whole to both terms, as we have done 
in subtraction of money. Thus : 

S|— 7 =2f; 

9t-7| = 2f; 

9|_7| = 2; 

9 -7| = 8|-7f = lf; 
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or, 9 — 7f = 9| — 8|=1|; 
or, 9i-7| = 9|-8f = lf 

Exercise YL 

(1) 2J + 3J + 5J. 

(2) 8J + 7J-t-15§+lJ. 

(3) 42f + 58f + 3J + 19f + llj. 

(4) 73|^ + 5f+7| + 184| + 2049f. 
(5)6if+8i^+12i^+lA. 

(6) 3^ + 52^ + 87^ + U3^ 

(7) 278^ — 189. 

(8) 278^—189^. 

(9) 278^-189^. 

(10) 278 — 189||. 

(11) 278|i — 189^. 

(12) 52^ + 86^^ + 42,!^ + 5,^ + 84^. 

(13) 584^ + 129,^ + 43^ + 3^ + i^ + l^ 

(14) 1^ + 6^+11^+17^ + 22^ + 27^. 

n ^"S O 43 . Q 154 , A 266 , K 876 , R 487 . 7 «© 

1 1 

(16) 2012^ — 789. 

(17) 2012^ — 789^. 

(18) 2012^ — 789|f. 

(19) 2012 — 789||. • 

(20) 2012^1 — 789^. 

/01\ Qyil7 . IQll , .IQl 



96 
i 487 . 7 «©8 . Q 700 . 



(21) 34i|+18^ + 49|«+519|$ + |4. 

(22) 4301^ — 896. 

(23) 4301^^ — 896tV 

(24) 4301 — 896^. 

(25) 4301^1^ — 896|^. 

(26) 100A-(12A+16A + 20^ + 241^). 

(27) (14tV+16A+18tt + 21tV + 233^) — 10^. 

(28) {b^hj + HtV^t + 1BtVi7 + 24^ + 31^ + 37^^) - (l^J 
+ 7^^ + 14^ + 20^1^ 4- 27^^ + 33^). 

(29) (538^ + 1693g «) + (538^ - 169|§«). 

(30) (538^t# + 169f^) - {53SiU - 169|^). * 



GH. l] 
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(31) ift-f^^-*-^^-^^^-^-- 

(32) lii-T t-^T 1,7 -r I^TTT ,.^ 

(33) 8| + 8| + 8| + 8| + 8|. 



718. 71 8. 718. 718. 718, 71 8. 71 « 



TT* 



§ 8. multipucation op fractions by integers. 

Exercise E^ 
(1) How much is 3 times ^ ? 



(2) 


99 


5 times ft 


(3) 


» 


8 times |t 


(4) 


» 


5 times 1 1 


(5) 


99 


Joffl 


(C) 


M 


iof4J1 


(7) 


99 


iof2|? 


(8) 


99 


i of 2^1 



» 7J. 
12. 



Ans. f to each part. 

ff I7 to each part. 

Ans, 



5 

T' 
8 

T* 

(9) How many times can we take ^ out of 2| I Ans, 3 times* 

(10) „ „ ^outof2|1 „ 5 times. 

(11) „ „ If out of 5^1 „ 3 times. 

(12) Divide 5 J into 7 equal parts. 

(13) Divide 7-J- into 6 equal parts. 

(14) Eepeat f fourteen times. 

(15) What is the seventh i)art of 5f ? 

(16) Distribute 4-| cakes among 6 boys. 

Ans. 7 of a cake to each boy. 

(17) If I walk 2^ miles an hour, how long will it take me to 
walk 8f miles 1 Ans. 3 hours. 

(18) Take 4^ ten times. Ans. 5^. 

(19) Divide 5^ into 10 equal parts. Ans. ^ to each part. 

(20) How many times is 4 contained in 5y I Ans. 10 times. 

(21) Eepeat f eight times. Ans. 5. 

(22) I distributed 8^ cwt. of coals among some persons, giving: 
to each 1^ cwt. How many persons were there 1 Ans. 5 persons. 

(23) If I spend f of a shilling a-day, how much shall I spend in 
6 days, and how long will Ss. last me ? 

A71S. 1^ in 6 days ; 28 days; 

(24) If 1 strip is 1§ yards long, how many strips can I make of 
10 yards 1 Ans. 6 strips. 
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{25) If I sell J of a load of hay 8 times, how much do I sell ? 

A71S, 5J loads. 

(26) If one cap is made of 4 of a yard, how many yards are 
Avanted for 7 caps ? Ans. 5^ yards. 

(27) If 1 coat requires 2f yards, how many coats can be cut out 
•of 13f yards ? Ans, 5 coats. 

(28) 'How many strips of carpet, each If yards long, can be cut off 
^ remnant 8| yards long ? Am. 6 strips. 

(29) How many times will a wheel, y of a yard in circumference, 
turn round in travelling over 12^ yards 1 Am. 15 times. 

(30) How much ground will be travelled over by a wheel. If 
:yards in circumference, after it has made 7 turns ? A718. 9| yards. 

(31) How much ground will be travelled over by a wheel, 1^ yards 
in circumference, after it has made 4J turns ? Am. 6f yards. 

(32) Find the circumference of a wheel which makes 9 turns in 
4jravelling over 7^ yards. Am. f of a yard. 

Let -^ be 1 farthing, -j:^ *= 1 halfpenny, -^- = 1 penny, -|- = 1 
shilling. 

•T'<2 = -f =-jJp; again,^x 12 = V = Ti sunUaxly, -^ x 12 = 

84 _7_ 

p - s* 

In each case here we have two answers, one obtained by alteration 
X)f the number of the things, and the other by alteration of the nami 
of the things, keeping their number the same. In the same way, 

i x4= I =i •.•*1 whole = |. 
^x3=^ = ivlwhole = |f. 
^ X 3 = y| = 4» being 4 times as much as -^ x 3. 

Comparing the two answers to each of these questions, we again 
perceive that multiplication may be performed either by change of 
iihe number of the things or of the name of the things. 

Examine the nature of each of these changes. When the number, 
i.e. the numerator, is changed, we multiply , but when the name, i.e. 
•the denominator, is changed, we divide. These two operations cor- 

• •.'= because; .*.= therefore. 
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respond to our previous notions of fractions. Thus, if we wish to 
treble any number of slices of a cake, we may either take three 
times as many slices, or make each slice three times as large. Sup- 
pose each slice to be ^ of a cake ; 3 times 4 such slices, or -^ x 3, 
will be either 12 such slices, i.e. |-|, or 4 slices each 3 times as large 
»s "Tj-i ^^ti 3 times -^ is A = t> •'• *^® ^ slices will be 4; hence 
^ X 3 = 14 or ^. Of these two answers, 4 being the simpler is 
preferable. 

^x5=:^. Here, 5 not being a measure of 16, we can at 
.present apply only the first method. 

Learn by heart : To multiply a fraction by an integer, multiply 
His numerator w divide the denominator. Division is pi'cferahle 
Vfhere it can he done without remainder. Thus : 

18 V 9— 18 _ 1 8 
TIT ^ -^ - TIT - ^TT7' 
18 V ^ — 8© _ 1 .1» 

48x4 = V=2|. 
i»x5 = V=3J. 

3Ax2 = 6f 

3^ X 3 = 9|- = lOJ, or, beginning with the fraction, y*^ x 3 = f = 1 J, 
put down \ and carry 1 whole : 3x3 + 1 = 10. Ans, lOJ. 
3^^x4 = 131. 
3^x5 = 17^1^, &c 

EXBBOISE YIL 

(1)^^2,3,4,5,6,7,8,9. 

(2) U X 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 20. 

(3) T|5^ X 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 16, 18, 24, 36, 72. 

(4) ^ X 2, 3, 4, 5, 7, 9, 10, 20, 25, 30, 50. 

(^) ^ ^ 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 20, 30, 40, 60, 60, 70, 
80, 100, 120. 

(6) 4J X 2, 3, 4, 5, 6, 7, 8, 9, 10. 

(7) 11^x2,3,4,5,6,7,8,9,10. 

(8) 118^^^ x 2, 4, 5, 7, 11, 20, 24, 26, 100, 500. 

(9) What will 9 men pay for their dinner, if each pays J of a 
€ro\vn 1 
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(10) If 1 horse eats | of a load, what will 4 horses eat 1 

(11) If I consume 2^ bushels a-week, how much shall I con- 
sume in 7 weeks 1 Also in 4 weeks 1 

(12) What will be paid for 6 articles at £1\^ each I 

§ 9. Division op Fractions by integers. 

Exercise F. 

(1) Whatis Jof J1 Ana, I. 

(2) How many thirds are there in a whole 1 Ans, 3 thirds. 

(3) If each third is cut in half, how many of these smaller pieces 
will there be in the whole ? Ans, 6 smaller pieces. 

(4) What part of the whole would each smaller piece be 1 Am, J. 

(5) How much then is J of J ? >, i« 

(6) How many halves in a whole 1 Ans, 2 halves. 

(7) If each half is divided into three equal parts, how many of 
these smaller pieces will there be in a whole ? Ans. 6 smaller pieces. 

(8) What part of the whole would each piece bo I Ans. J. 

(9) How much then is J of J ? » i* 
Teacher. Therefore i of J = J of J = J. 

Illustration : A - 





! 




B 





AB is the whole, AC the half, AD the third, AE either half of 
the third, or one-third of the half, or one-sixth of the whole. 



Similarly J of J = J of J = T^ : 



(10) 


i 


of 


1 


(11) 


1 


of 


i- 


(12) 


i 


of 


4- 


(13) 4 


of 


J. 


(14) 


i 


of 


1 

TXT- 


(15) 


i 


■f" 


2. 



Am. 



717' 



7T7' 



Ti* 



^T* 






(16) i -s- 

(17) i + 

(18) 4 ^ 
(19) 



3. 
2. 

4. 
4. 
6. 
(21) i of |. 



AV4. 



1 
(20) X 



4- 
4- 

1 

1 
"SIT* 

1 

inr* 

1 
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iof J. 



8. 

of k. 
-5- 5. 



(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) i of |. 

(32) 

(33) i of 

(34) 

(35) 

(36) 

(37) 

(38) 



Ant. 
n 
» 



+ 7. 
of i. 
of i. 



I of J. 

^of J 

1 
TT 

f of J. 



of A. 



99 

99 



J of |. 
(39)^of^, 
(40) 4 of i 
(41) 
(42) 



iof i. 
4of 1. 






TT* 
TT' 
TT' 

Tif 
A* 
Tif 
riT' 
TT- 
"BIT' 
W' 
A« 
TT- 
TXT- 
A- 

ry- 

TT- 

TTnr* 

TT- 
TT« 
Tff- 



(43) A 

(44) A 

(45) A 
(46)Tlr 

(47) A 

(48) ^ 

(49) i 

(50) i 

(51) I 

(52) I 

(53) i 

(54) i 

(55) i 

(56) A 

(57) T^ 

(58) i 
(59)^ 
(60)^ 

(61) h 

(62) 4 

(63) ^ 



of A. 
of A. 
of A- 
of^. 
ofA- 

-r 9. 

^ 5. 

- 7. 

-r 8. 

^ 4. 

^ 7. 
-- 3. 
-^ 8. 
-12. 
-11. 

-r 8. 

- 4. 

- 2. 
-20. 
^ 5. 
-10. 



^/i«. 



1 

TTT- 

1 
TTT- 

1 
TTT- 

1 
T3T- 

1 
TTT- 

1 
TT- 

1 
TT- 

1 
TT- 

1 
T8-- 

1 
TT- 

1 
TT- 

1 
TT- 

1 
TT- 

1 
T^T- 

1 
T3T- 

1 
TT- 

1 
TT- 

1 
TT- 

1 
TT- 

1 
TT- 

1 
TTT* 



-p — 2 means that 6 pence are to be distributed into 2 equal 
parts. Am. jr to each part. 



•^ 2 = "Hp-; similarly, -p- - 2 = -„?-; 



and 4--^ 2= ^ 



HP - 



In this last case, we have two answers, one obtained by alteration of 
the number^ and the other by alteration of the name. In the same 
way, I- - 2 = I to each part. | - 2 = ? Here we cannot divide 
the number; can we solve the question by altering the name f We 
have to divide a seventh into two equal parts, i.e. to find the half 
of |. Ans, ^ to each part. Similarly, t^2 = -^ to each part; 
also T H- 2 = -j^ ; but f — 2 = ^, therefore we obtain two answers, one 
by dividing the numerator, the other by multiplying the deno- 
minator. As before, these two operations correspond to our previous 
notions of fractions. Thus if we wish to distribute any number of 
slices of a cake among three persons, we may either distribute the 
fiHces, or break up each slice into three equal parts. Suppose each 
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slice to be Y of a whole cake ; in dividing 6 such slices among 3 
persons, we may either give 2 slices to each, i. e. y, or we may break 
up each seventh into 3 parts, and give to each person 6 such parts^ 
of which each is J of ^, or ^, therefore each person will have ^. 
Of these two answers, ^ being the simpler is preferable. 

^ -!- 3. Here, 3 not being a measure of 5, we can only apply 
the method of breaking up tho pieces. Ans. ■^. 

Learn by heart : To divide a fraction by an integer^ either divide 
ihe numerator or multiply the denominator. Division is preferable 
ioh^e it can be done loithout remainder. 



1^2= 4 to each part. 

8 . Q _ 8 



8 . ft_ 8 
-g--rO- -y 



l|-r 2 = V H- 2 = ^ to. each part, 

15 . Q _ 12 . O _ 4 
ly-rO— y-r-O— y „ 

15 . 4._ 12 _j.4.— 8 



16.f!_12.fJ_2 
16 . 7_ 12 . 7 _ 12 

IS H- 12 = 12^12 = 1 to each part. 
14|--r- 2 = 7| to each part. 
14f^3 = 4i^« „ 

Working: 3) 14^ 

4 wholes and 2f or y over ; V-^-Ss Jf. 
14|^-$- 4 = 3^ to each part. 
Working: 4) 14^ 

aand 2J or V over ; V-5-*= >• 
14^ -T- 5 = 24^ to eacdi part. 
Wwhing: 5) 14f 

2 and 4f or V over; V-5-5=f. 
141^ 6 « 2 J4 to each) part. 
Worhkhg: 6) 14f 

^ttad i2f OF V^ over ; V^6'sr JJ^ 
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EXBROISB VIEL 

(1) ^-2,3,4,5,6,7,8. 

(2) If -2, 3, 4, 5, 6, 7, 10. 

(3) ^-2, 3, 4, 5, 6, 10, 20, 100. 

(4) 51-2,3,4,5,7,10. 

(5) 381-2,3,4,5,6,7,8,12,20. 

(6) 1423^-2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. 

§ 10. The two rules for multiplication and division of fractions by- 
integers can be summarized thus : Either perform on the numerator 
the operation indicated by the sign, or on the denominator the 
opposite of what the sign indicates. In each case division is pre- 
ferable to multiplication where it can be done without remainder. 

Exercise IX. 

(1)^x2,3,4,5,6,7,8,25,35,175. 

- 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 72. 

(2) 81^x2,3,4,7,11,12,77. 

-2,3,4,5,6,7, 10,23,230. 

(3) rindi,J,i,i,i,|,i,^,^of||. 

(4) Eind hhhhih h h ^ of 860^. 

(5) A Hanoverian mile is 4^ English miles nearly. Find the- 
length in English miles of 11 Hanoverian miles. 

(6)FiBd|,.i,|,|,;,T3;yof2522%. 

(7) How long will 13^ pieces be, if 3 are 8f yards in length ? 

(8) Distribute 9 J cwt. of potatoes among 7 families of 5 persons 
each. How much will be given to each family, and how much to 
each person ? 

(9) If 1 person consumes ^ of a lb. a-day,, how much will a 
family of 5 persons consume in a week ? 

(10) Find the average of the following lengths : 1^ yds., 1^ 
yds., 1^^ yds., |f yds., 1^^ yds. 

(11) I empty into a vat 2 vessels of i^ gallons each, 3 vessels of' 
2^ gals, each, 7 vessels of 1^^ gals, each^ 5 vessels of 4^ gals. each. 
Distribute the contents of the vat into 2 equal vessels; also into 3»^ 
4f 5, 7, 12, and 29 equal vessels. 
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(12) If I walk 3|- miles an hour, how far shall I walk in 2, 3, 4, 
•5, 6 hours ? 

§11. ^x8 = l whole ; therefore f x 8 = 3 wholes, | x 8 = 7 wholes. 
Similarly -^ x 11 = 1 whole, -j^j- x 11 = 6 wholes, &c. Hence : 

Learn by heart : Any fraction multiplied by its denominator gives 
Jot answer its numerator as a whole number. 





EZBBOISB 


X. 


(l)Axl3. 




(5) 10^ X 19. 


(2)^x23. 




(6) 463|| X 62. 


(3)||ffx9711. 




(7) 8* X 7, 14, 21. 


(4)6Jx6. 




(8) 10^ X 24, 36, 60. 



Exercise G. 
§ 1 % (1) How many times are f contained in 5 J ? Ans. 7 times. 

(2) If one cap requires If yards, how many can he made out of 
^]^ yards? Ans. 3 caps. 

(3) A distance of 5^ miles is divided into lengths of ^ of a 
mile each. How many such lengths are there ? Ans, 10 lengths. 

(4) By what number must ^ he multiplied to give 4| % Ans, By 1 1. 

(5) How many times is f contained in 9 wholes ? Ans, 24 times. 

(6) If one dinner cost f of half-a-crown, how many dinners will 
5 half-crowns pay for % Ana, 5 dinners. 

(7) Interpret 8f^|. 

Ans, How many times are f contained in 8|. 

(8) 8|-f.|. Ans, 21 times. 

(9) Interpret 4f -f- ^ and 4|-^ 6. 

Ans, The first means, How many times are -J- contained in 42 • 
the second means. Distribute 4|- into 6 equal parts. 

(10) What are the answers then ? 

Ans, 5 times ; and -J- to each part. 

(11) If a man spends $ of his daily wages, how many days will it 
take him to accumulate 4 days' wages? Ajis, 10 days. 

f 12) (If + «) ^ (18 — «). Ans, 4 timea 
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EXEROISE XL 

/1\ '7fil2-t. 1 8 * « 8 11 16 

\^) •"TF"TJr» TJr» TJT) Yir» Ty> TS9 TS* 

(2)7611+3^,411,7^,19^. 

(3) If a wheel is 2^ feet in circumference, how many turns will 
it make in travelling over l?^- feet ? 

(4) How many times is ^ contained in 44^ ? 

(5) To how many people can I give ^ of a load each out of 5/j 
loads] 

Exercise XII. 

(1) If I consume 2| bushels in one week, how much shall I 
consume in 3 days ; also in a quarter of a day ? 

(2) Divide 34174 by 45. 

(3) If I spend alternately £^ and £^ in a day, how much shall 
I spend in 14 days, and how long will £8| last me 1 

(4) Find the value of ^ of a guinea + f of a shilling — f of 9d, 

(5) Find the value of ^ of £209. lU 2ld. 

(6) 21^x2,3,4,5,6,7,8,9,10,35. 
(7)211-2,3,4,5,6,7,8,9,10. 

/Q\ 026 .1 8 24 118 

(9) If I of a ship cost £3259. lU 8c/., what will the whole cost ? 
Also what will ^ cost 1 

(10) If a certain number of trusses of hay were accurately distri- 
buted among 359 horses, each would have 2//^ trusses. How many 
trusses were to be divided 1 

(11) Simplify (9|^ + 11^ + 13^8^ + 15^ + 17yV + 19^) — 
(8iV + 7A + 6A + 6A + 5A + 41^). 

(12) How many times is the difference between | of 1^ and ^ 
of 1^ contained in the sum of 3 times 10^| and 5 times 9^^? 

(13) Find the length of 7 pieces, if each is 12|^ yards long. 

(14) Find the length of 5| pieces, if each is 60 yards long. 

(15) Find the length of 147| pieces, if 9 pieces are 113| yards 
longi 
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CHAPTER IL 
DTTERCONVEESION OF DENOMINATORa 

§ 1 . We have seen that by multiplying the numerator, the value 
of the fraction is multiplied ; by multiplying the denominator, the 
value of the fraction is divided. Hence : 

By multiplying both numerator and denominator by the same 

numher^ the value of the fraction is not altered. Thus Y'^7~xi~^'^ 
We have, in fact, six times as many pieces as before, but each pieca 
is one-sixth of the original size. 

By dividing the numerator, the value of the fraction is divided ; 
by dividing the denominator, the value of the fraction is multiplied* 
Hence : 

By dividing both numerator and denominator by the same number^ 

the value of the fraction is not altered. Thus : 42 "42X6 ^7* ^^ 
have, in fact, one-sixth of the original number of pieces, but each 
piece is six times as great as before. 

The numerator and denominator are called the terms of the frac- 
tion. By dividing numerator and denominator of a fraction by the 
same number, the fraction is reduced to lower terms, and when the 
terms are prime to each other, the fraction is at its lowest terms. 

I^^^ goTfli ^ lowest terms. 

Applying the tests of Part I. Ch. XL § 8, we instantly find that 
both terms are divisible by 4, .*. sotbS = 80iSfl ' This fraction ia 
again reducible by 4, .*. |gj|^ = gg^i * W® ^^^^ "^^ go* ^^ 0^ ^ 
even common measi;res, and applying the test for 3 or 9, we find 
the fraction reducible by 9, .*. tott^tft* I^peating this test, we 
find it reducible by 3 and not by 9, .*. TfT=T|y. We have now 
got rid of all common measures which are multiples of 3. Applying 
the test for 11, we find the fraction reducible by 11, .'. tIt=tt* 
13 and 17 being prime to each other, the fraction is reduced to its 
towest terms. 

4) 4) 9) 8) 11) 

Mod. op.: 61776 | 15444 I 3861 1 429 I 148 I 18 

80784 I 20196 I 5049 I 561 I 187 I 17 
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^^^^<^ T^fr ^ lowest terma Here none of the tests above nefened 
to leveal a common measure. Find a.o.H. of the terms. It is 59. 



1,71 



69) 



4189 
69 



4307 
118 



4189 
4307 



71 
78 



59 



Iteduce l^H to lowest terms. The tests give ns no common 
measure, and o.o.h. is found to be 1. Therefore the j&action is 

abeady at its lowest terms. 

1287 I 4760 

117 I 119 

Beduce lioBssA ^ lowest terms. 



4)^ 



7850804 



4) 4) 9) 11) 418) 

1962576 I 490644 I 122661 I 18629 I 1239 



18083840 I 3270960 | 817740 | 204435 | 22715 | 2065 | 5 
Here the first five divisors were found by inspection; the last by 

the process for a* o.M. 

1239 I 2065 
418 I 418 
To test the aecuracy of the result, divide the original numerator 
by the last numerator, and the original denominator by the last de- 
nominataE. The two quotients should obviously be the same^ 



8)7850304 
2616768 

Eeduce to lowest terms ; 



5 )18088840 
2616768 



ExEfiOISB XIII 



(1) 

(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

(9) 
(10) 

(11) 

(12) 
(13) 



20 
TT* 
86 

TS* 
42 
TT« 
18 
TT' 
28 

56 
ST' 
08 
TTZ"* 
75 

1800 
1700* 

625 

1800* 

66 

TTT 

148 



875 
1000* 



(U) 
(16) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 



060 

1004* 

85 

Tmr* 

875 
lOOOOf* 
4875 
10000* 

224 
1000* 
2640 
29 70* 

824 
1092' 

024 
1092* 
6732 
TTTcrff* 
8872 
9SU07* 
6840 

TTTmr* 

78478 
94«Sd* 
17506 
2014T* 



(27) 
(28) 
(29) 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 



44828 

61067* 

880 

1243' 

1177 

2676* 

11445 

TySTTT* 

85850 

94126* 

85850 

86128* 

6171 

6782* 

14141 

1628»' 

881406 

104768- 

2760 

4485* 

5760 

TumF* 

2205 

2 240* 

14028 

28892* 



(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 
(48) 
(49) 
(50) 

(51) 
(62) 




IT* 
68 

inr* 

74 
27 



680 

9999* 

148 

9999* 

0000 

9999* 

7 20 

9 9 9 9 7^ 

8280 

99999* 

20810 

99999* 

6216 

999999* 

65065 

999999 ' 

80a684K 

10881S8S' 



20 



VULGAR PRAOnONS. 



[oh. IU 



(53) If a cake is divided equally among a school of 75 pupils, 
30 being boys, what part of the whole cake do the boys get, and 
what the girls ? 

(54) The property of a mining company is divided into 6000 
shares. A holds 625 shares, B 800 shares, and C 900 shares. 
What part of the whole mine does each possess, and what part do 
they hold jointly ? 

§ 2. We have hitherto attached to the symbol f the interpretation 
that one whole is divided into four equal parts, of which three are 
taken. If, however, three wholes are divided into four equal parts 
and one of these parts is taken, we obtain a piece of equal size, for 
a quarter of three must be three times as great as a quarter of one. 
Thus the same piece is obtained by taking three quarters of the 
square A, or one quarter of the three squares B, C and D. 
A B C D 



Similarly, if the line A is one inch, and B three inches, one quarter 
of B, viz. BC, is three times as long as AD the quarter of A, and is 
therefore as long as AE. 

. D I B 



I 



I 



B- 



I 



I 



± 



I I 

I^am by heart : J of 3 = f of 1. Thus : 
iof £3=iof 60<.=15«. 
iot£l=Zx58 =16«. 
)of 8«.=iof 36d=9d 
fofU=8x3rf.=9<i. 

I o{£5. Us, 8cf. = i of 3 X £5. lU. Sd. 

£. 8. d, £. 8. d. 

4)5 11 8 5 11 8 

1 7 11 ? 

8 4 )16 15 

£i Z 9 £4 8 9 
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Similarlj, | of 5 » | of 1. Find ^ of £8. IBs. d^d. in two ways. 
7)8_18_9i £8 18 9^ 

1 5 6i 5. 

5 7)44 18 m 



£6 7 81 £6 7 81 

Find in two ways : Exeeoisb XIV. 

(1) ^ of £940. 7«. Sd. (4) i of £21. 19«. Sd. 

(2) ^ of £1888. ISs. Id. (5) ^ of £:J5. 19«. llfd 

(3) A of £2060. U Sd. (6) f of £17. is. r^d. 

EXBBOIBB EL 

(1) What is i of 3 f Ans. ^ 

(2) Divide 3 into 8 equal parts. An$. | to each part 

(3) If I spend 6<. in 7 days, what j&action of Is. do I spend per 
day) Ans. | of 1«. 

(4) Distribute 7 yards into 11 equal parts. 

Ans. YY of a yard to each part 

(5) Divide 11 yards into 7 equal parts. 

Ans. 1^ yards to each part 

(6) If 2 oranges are divided among 3 children, what will each 
child get ) Ans. § of an orange. 

(7) Divide 4 cakes among 7 children. Ans. ^ of a cake to each. 

(8) Divide 7 cakes among 4 children. Ans. ^ or If cakes to each. 



(9) i of 9. 


Ans. 


n- 


(16) 3^ of 30. 


Ans. 


1^ 


(10) i of 6. 


99 


forf 


(17) 8 -J. 9. 


99 


f 


(11) 1 of 15, 


» 


If 


(18) 7 ^ 10. 


99 


^ 


(12) A of 8. 


» 


A- 


(19) 10 -r 7. 


M 


If 


(13) ^of30. 


n 


11 


(20) 15 -r 4. 


M 


¥or3|. 


(14) ^of20. 


)9 


i- 


(21) 67 -5- 12. 


» 


5^ 


(U)^ot25. 


n 


S 


(22) 12 ^ 67. 


99 


if 



From this it follows that every fraction indicates a division, and 
every division a fraction, the dividend being the numerator, the 
divisor the denominator, and the quotient the value of the fraction. 
It is well to remember that 

Dividend, Divisor, Quotient^ 

Numerator, Denominator, Fraction, 
are two sets of names with identical meaning 
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EZBBOISB XY. 

(1) A Of 111. 

(3) Divide 60 things amongst 42 persons. 

(4) „ 42 things amongst 60 persons. 

(5) „ 108 things amongst 144 persons. 

(6) „ 144 things into 108 equal parts. 

(7) ,, 520 things among 195 persons. 

(8) ,, 195 yards into 520 equal lengths, 

§ 3. Distribute 75419 into 156 equal parts. 

156)75419(488 to each part 
1301 
589 

71 OT«r. 
"We casinow dispose of this remainder 71. It is to be distributed 
into 156 equal parts, each part Trill therefoore be ^-^ of 71 : 
Theicomj^te «nsvv38ry therefore, is 483^^ to each part. 






15372-5-792. 


792)15872(19A 






7452 








324 


81 


9 




792 


198 


22 Ans. 19^7 to each part. 


16043-72. 


8)160«8 
9) 20051 








522«. 




Ans. 228ff to each part 


N.B. On compaxing tliisprooeBB with that giyen an Fart I. Ch. IX. § 15, et seq., 


it wiUle seen thattiiey axe ideniAoal 










XVL 


<1) 17429H-867 






t(10) 8465^5865 


(2) 150768-1-1224 






(11) 156554^2489 


V (3) 1507684-182 






-(12) 780484-42 


(4) 111114-5-41 






(13) 4016098-5-1617 


«!) 86854-i-45 






(14) 184674-2400 


<e) 1000000-5-1625 






(15) 779004-1685 


(7) 195-^610 






fl6) 122194-W6 


(8) 26818^78 






iVT) 4884-2100 


(9) 26813-5-28 






(18) jei004-488. 


§4. £517. 6«. Ucf.- 


7. 








7)517 «11 





£78 18 14 
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When diere are no feurthings in the dividend, the pence over 
4Bhoald not be reduced to farthings, but at once expressed as a frac< 
tion of a penny. 

Find in two ways ^ of £417. 6«. 5d. 

9 )417 6 5 417 6 6 

46 7 44 L 

5_ 9 )2086 12 1 

£231 16 10( £281 16 10} 

£53.88. 9W.-.7. 

7) 53 8 9t 
£7 12 8A 
Here the l^d over must be made into farthings, le, fourths^ 
#-r 7= * . 

£103.88. 101^^6. 

6) 108 8 lOf 

£17 4 9HIH 
Here the 4f over must be made into fifths of a penny. " "*" ^ 

£23281. Ib8.7id.-i- 615. 

616)23281 15 74(37 17 IJ} 
4831 
626 
1053 
4385 
80 

967 
852 

706 . 705 I 141 I 47 

2 ■^^^^ = T230"|"24rl"82" 

EXERCISK XVU. 

(1) £4617. 138. M. -r- 2, 3, 4, 5, 6, 7, 8, 9, 10. 

(2) £4617. 13». 5d^l7, 151, 367, 5928. 
<3) £4617. 138. 5d^42, 63, 84, 108. 

(4) £3815. 6ft 2ld. - 2, 3, 4, 5, 6, 7, 8, 9, 10. 

(5) £3815. 6«. 2|d^l7, 151, 367, 5928. 

(6) £3815. 6«. 2|dLH-42, 63, 84, 108. 

(7) Find in two ways : | of £23. 14«. 2d., £23. 14*. 2\d., 
£'13. Us. 2|d, £23. 14«. 2\d. 



^4 
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(8) Find ^ of £897. 12*. 10d.,£897. 12«. 10Jc?.,£897. 12«. lOf^^ 

(9) Divide 3417^ by 42 in three different ways. 
(10) Find the value of £^, | of a guinea, f of U. 

§ 5. Complex Fractions. 

It is required to find | of |. | of J = -^ (Part II. Ch. L § 9)^ 
.•.|of| = -^,and.-.|of| = 5x^ = ^. Similarly, f of | = 3 x J 
of| = 3x^ = ^. Hence I of 1 = 1 of ^ = if. 



A 
























- 





















X 




h 




































































I> 




^ 




H 




























D 



AD is I of AB. 



From A to C is I of the whole AB, 
AG is 1^ of AD or 1^ of 4^, .*. AH is f of 4^, or 15 times -the piece 
AK, ie. If of AB. 

Again, AE is J of AB, .-. AF is f of AB. 

AL is I of AF or I of f, .-. AH is I of 1 = ^ as before. 

Learn by heart : To simplify a complex fractumy multiply the two 
numerators togethei'for the new numerator^ and the two denominators 
/or the new denominator. 

Exercise 



(1) i of 3. 


Am 


•f. 


(3) i of 4. 


n 


n- 


(3) i of \. 


99 


A. 


(4) J of f. 


» 


i 


(5) 4 of \. 


» 


1 
rar- 


(6) i of IJ. 


M 


1 


(7) i of \\. 


99 


A- 



K. 






(8) i X 4. 


Ans. 


n- 


(9) i X 3. 


» 


i- 


(10) i X 2. 


» 


i- 


(11) 1 X 2. 


» 


li- 


(12) f X 3. 


» 


2i. 


(13) 3-^4. 


» 


i 


(14) 4 4-3. 


» 


It 
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2^ 



(16) i 

(17) I 

(18) H 

(19) n 

(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(S6) 

(27) 5f 

(28) 5f 

(29) 5| 

(30) 5| 

(31) 6 

(32) 7 

(33) I 

(34) i 

(35) I 

(36) i 

(37) Vt of 13. 

(38) J^ 



+ 4. 
^ 3, 
^ 3. 
■^ 4. 
-^ 4. 
of 6. 
of 7. 
of i. 
of I 
of I 
of5|. 
of5|. 

■ir 7. 
-5- 7. 

^ 3 
T- 

-If. 

7. 
6. 
6. 
7. 
6. 
7. 



uin«. 



(39) T^ 
(40)^ 



TS 



TS 



Of A. 

of 11. 



TT ' 



(41)^ 



(42) S 

(43) 11 

(44) 13 

(45) tV 
(46),^ 
(47)^ 

(48) H 

(49) i 

(50) J 



Of A. 

Of A. 

-^ 13. 

-^ 11. 

^ 11. 

-^ 11. 

-J- 11. 
1 

~ Tff- 

of 8. 
of 5. 



n 

>9 
99 
99 
» 
99 



1 

TT* 

1 
TT" 
1 
T- 

1 

5 

XT' 

6 

H. 

1 
TS' 

1 
TS' 

B 
TS' 
4 
T- 

27 

Ty 

4 
T- 
27 

U. 



6 
T' 

H- 

1 

1 

TS' 
6 

T- 

1*. 
lA- 

1 
TTff- 
11 
T7* 

1 
1T7* 

4 
TT7' 

28 
TTF- 
11 

1 
TTS' 

TTS' 

1 

11. 
If. 



iof i 

iof i 

iof i 

iof f. 

fof I 

I Of 

iof 
*of 

|0f 



5 
¥• 

f- 

3 

T- 

4, 



• of 10. 



A of 12. 
» of * 



(51) 
(52) 
(53) 
(64) 
{55) 
(66) 
(57) 
(68) 
(59) 
(60) 
(61) 
(62) 

(63) ^ of 

(64) A of 

(65) A 

(66) A 

(67) A 

(68) ^ of 4j, 

(69) Aof4|. 

(70) ^ 4- 10. 
12. 

(72) 10 -i- 12. 

(73) 12 -^ 10. 

(74) 4| 4- 12. 

(75) 4t-^ 8. 

(76) 4| ^ |. 
4|- 



ilTM. 



TT 



TXT- 

1 
TS' 

7 
TU' 

ofA- 

nrof2i^. 
* of4|. 



(77) 4| ^ 7, 

(78) 4| ■^ If 
(79)44-^ I 
(80) 4^ ^ 



5 



(81) 
(82) 
(83) 
(84) 
(85) 
(86) 



6-*- 
9-5- 
iof 
*of 
iof 
iof 



9. 
6. 
6. 

9. 

1 

s 

V 



1 
TV 

A. 

1 

8 
TTT- 


TXT- 
1 

S' 
8 
F' 

5 
XT* 

8 
TT- 
5 
F' 

H. 

1 
TSJF^ 

1 
TTTT' 

7 
TTTJ* 

7 
TTTJ' 

7 
¥¥• 
2 
T- 

2. 

1 
TTTJ"* 

1 

TTTy* 

5 

H- 

2 

T- 
8 
T- 

8. 

2<i 
TTT- 

3. 

12. 

2 

li^ 

2 

H. 

1 

6 
FT- 
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(87) ^of I of 27. Ans. 2|. (101) | of ^ of^. Am. -^. 

(88) J of I of 45. „ 41. (102) 4 of ^ of |. „ ^. 
(89)1 off „ A- (103) 4 of I of ^. „ ^, 

(90) I off „ A- (104) A of I of 4. „ ^. 

(91) I of 4. „ 2f (105)^ of ^. „ ^. 
<92)4of|of4. „ 1^. (106) ^oi^. „ tIt. 
<93)|of20. „ 12J. (107) A of 12. „ f 
(94)|of I of20. „ 1^. (108),^ of 16. „ IJ. 
(96)|of I of20. ,,6,5^. (109) ,i^ of 46. „ 2. 
(96) I of ^. „ f|. (110)^ of 23. „ f 
(97)4of|of^. „ 4|. (111)^ of 320. „ 54. 

(98) I of ^. „ 14. (112)TrlTrof60. „ A- 

(99) |of I ofT^r- » ^- (113) 4 of A. „ if. 
<100)|of f of,^. „ a. (114)1 of ^ „ H. 

EzBBOisB XYUL 
Prove by finding values that : 

(2) 4off of 1 cwt. = f of^of 1 cwt 

(3) 4 of I of 1 yard=f of | of 1 yard. 

(4) t of ^ of 1 mile = -j5:r of § of 1 mile. 

f 
^ 6. Simplify I of ^ft: of Jl of 20. 

4 of 8 = -iiiL 

V<>^TT 9x11 

4 1. 8 ^12 4x8x12 

^olTjOlyy = 9x11x13 

I Of A Of if Of 20 = ^5^^ Of 20. 

Since i of 3 = | of 1 (Part IL CL II § 2), 971x713 of 20 =. 

_J2_ and^^^^^^^of20-^^^^^?^-^««o. 51246. 5415 

1&xllxl8» "^^9x11x18^* -*"■■ 9x11x13 - TIPST - ^HiT " ^TTV- 



€11. U.J INTEB0019¥BB8I01T OF DBNOMINATOBS. 27 

Learn "by heart : To dmplify a complex fraction^ multiply together 
nil the numeratonfor a new numerator, and till the denominatora for 
a new denmninat&r. 

Simplify ^ of A of i? of if of II of 11. 

4. ro vio jfXB riA jf 11 4x9x10x15x14x11 
A of A of i? of ^ of ^ of 11 = 21x20x11x16x25 

400) 8) 11) 7) 

831600 I 2079 I 698 I 63 i 9 



1848000 4620 1540 140 | 20 



This reduction to lowest terms might have been performed before 
actually multiplying the several numerators and denominators. 

Since 4 x 9 is 3 times as much as 4x3, 4 x 9 x 10 x 15 x 14 
X 11 is 3 times as much as 4 x 3 x 15 x 14 x 11. Hence, dividing 
by 3 the one fecftor 9, divides the whole numerator by 3; and 
generally : — A product is divided by any number z/onb of its factors is 
dvirided by thai number, and therefore any one factor of the nume- 
rator may be divided by a number, provided some one factor of the 
denominator is also divided by that number. 

Note tbat this rale applies only to a series of factors, and not to a series of 
iiddenda, vhere each number must be divided in order to divide the vum. 

The several numerators and denominators may therefore be 
^'cancelled" against each other, thus : 

4 and 16 become respectively 1 and 4 
9 and 21 
15 and 25 

10 and 20 

11 and 11 
and the fraction will be 

|:of|of|of 

which admits of further cancelling. 7 and 14 become respectively 
1 and 2; and this 2 cancels against the 2 in the denominator^ 
, . 1x3x1x8x1x1 «« "k^ft^^ 





n 




3 and? 






n 




3 and 5 






n 




land 2 






» 




land I 




s 










t 




of XX 


1x8x1x8 
" 7x2xlx 


xl4xl 
4x5 


4 


6 
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1 
Mod. op,: 1 Z I Z % 

1 1 

Simplify f of ^ of ^ of I of U of 6^. 

1 

1 1 6 < 6 Y 

1 

EXEBOISB XIX 

(l)}of^ (21) I of ^ of A Of 4. 

(2)§of|. (22) i of 4 of A. 

(3) ^ of 2^ (23) A of ; of I of A of 12. 

(4) i of f of f of 4. (24) A of } of 11 of I of 39. 

(5) |of|?of Aof 8f (25) Aof Aofi^ofliofjf 

(6) A of I? of If of 21?. ofi|ofl4of20. 

(7) I of If of A of 111. (26) 1 of 20 + 1 of 61. 

(8) A off! of II of 7i. (27) A of 7— A of 6. 

(9) I of I of I off (28) Aof2 + Aof3+Aof4 
(10)Aof3f +Aof5 + Aof6. 

(11) Hof A^of 1^ (29) |of 2| + |of 2| + |of If 

(12) I of HI of II of 17. +Aof3|. 

(13) Hoflf (30) Aof 16 + l|of20 + Aof 

(14) 1 of I of I of I of |. 36+Aof8. 

(15) H of II of II of 1||. (31) III of AV of H of If 

(16) |of|of|of|of|of|of (32) I of I of A of I of I off 

I of I of A of 10. of 8. 

(17) A of A of A of A of A (33) A of H of AV. 

(18) Aof I of I of I of I of If (34) A of A of H of 48. 

(19) A of H of lA. (35) H of f of ||. 

(20) ^ot^ot 30. (36) II of A of H of 12. 
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CHAPTER m. 

DIFFERENT DENOMINATOEa 



§ 1. Add ^ and ^. '* In Addition and Subtraction we mnst always 
liave the aame kind of units" (Part I. Ch. V. § 17) ; hence ^ and J 
•cannot be added in their present shape. 

Add ^ and }. Ans. f , because 7 = 7. Can we not similarly 
reduce ^ into thirds ? A whole has 3 thirds, therefore | = J + 1 of 

i = 4 + F>*^ero^orei + i=(i + F) +t = I + f- ^»* as a whole is 
« sixths, J = |and| = J; .•.i + i = | + J = | + i=».* The result, 
however, can be obtained by a simpler process. 

1 — 1— 8 — 4— 5_« — 7«8_0_10_ll_12_18«14_16_ie_17_18 
• 1 -s 2 — » - * 



5 

TIT 



6 _ jr _ 8 _ © 



1 



2 



S 



4 



5 
TT 



6 



We see from this that halves and thirds can both be converted 
into sixths, twelfths, eighteenths, &c., 

or 
or 

and 80 on with other common multiples of 2 and 3. But the L.O.M. 
is obviously the best Illustrations : 



1 


+ 


1 

IT 


_ 8 


+ 1 


= h 










=A 


+ A 


=^^ 


h 








_ 9 


+A 


— 16 _ 


. 6 

-F> 





E 














•. AC = |, AD=f J 



4. 1 — « 



5) lof U = 6(f.,iof U=M (J + l) of U = 6d. + 4<f.=10d = 



4 of 1». 



* This mode of reasoning is here given historically, as being that most commonly 
viggested by the more intelligent pupils. 
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Exercise L. 
To be worked mentally from diagrams drawn on the black board. 



(1) 

(2) 
(3) 
(4) 
(5) 

(") 
buried 

water. 



■i- 

1 

"¥• 

1 

1 



Am, 



*x2. 



Arts. 



. 1 



Jx3. 






(6) 

(7) |-|. 

(8)(I+J)^ 

(9) l + i 

(lo)f-i. 

A post is driven through water into the mud below ; -J is 

in the mud, \ is under water, and there are 5 feet above 

Find the length of the post Am. 30 feek 

A' 



6 
T* 

1 
T' 

3 times. 

Twice. 

tori. 



for- 
4 times. 
7 times. 

1 



a 



^+f 



.^n«. 



(12) 
(13) 
(14) 
(15) 
(16) 

Eeduce to lowest terms 
(24) 



1 

•I- 

2 



1 nf 1 
^01^. 



7 

?• 

iTir. 

1 

1 



G " 




(17)iofJ. ^«<. 


^ 


(18) i^A- » 


8 times. 


(19) f ^A- » 


9 times. 


(20) lf + l|. „ 


3^- 


(21) lf-l|. „ 


A- 



(22)^..l««.J. 



(23) A- 



(25) A- 



^. ^W«. 



(26) 1^. 
(27)^ 



Aru.%. 

8 



(28)1^.^71^.4. 



(29) ^ + ^^i + i. ^n.. lAli^ 

(30) H + 2f + 3^ + 2^. Ans. 10^1^ 

(31) If (i + ^) of a sum of money is £3, 10«., what is the whole 
sum? Ans. £6. 

(32) On Monday I spent f of my money, on Tuesday \ of it, and 
had then £\. 10«. lefL How much had I at first 1 Am. £18. 
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(33)f + f Am.^. (38)f-f 




^W». i^K. 


(34)l-f „ ^. (39) f off 




8 

»> TT7* 


(35)iofi. „ A- (40)^ + l + i + A 


r + inr- 


» Inr* 


(36)iofl. „ A- (41) 2i + lf + 3|. 




.. 715. 


(37)| + |. „ lA. 






(42) Express | as a fraction whose denominator is 20. 


^«*.A. 


(43) „ A 




6 
9> TT7* 


(44) „ i 




M T&* 


(45) „ f 




w TT7- 


(^^) » 117 w » 




w iny* 


(47) 2^^^. 


Ans, 


44 times.. 


(48) 2i-l|. 




Ant.i%. 


(49) 13|-(l| + 2f+l^). 




711 
» 'TIT* 


(50)(i + i) + (i-i)+(lofi). 




11 
w TT7*- 


Heduce to lowest terms : 






(51) 14. Am. A. (53) U- ^«»- f • (55) IS^ ^««- f 


(57). 


nr- ^^«- ^ 


(52)1^ „ f (54)i4. „ f. (56)3^. „ i. 


(58). 


8 2 
BIT' II -K'- 


EXEBCISB XX. 






Shew hy finding values that : 






(l)(l + ^)of£l=fof£l. 






(2) „ 13». 9d.=|ofl3«.9d. 






(3) „ 1 oz. troy = f of 1 oz. troy. 






(4) „ 1 yard = 1 of 1 yard. 






(5) (| + |)of£l=lAof£l. 






(6) „ 13«. 9d. = 1^ of 13*. 9d. 




'* 


(7) „ 1 oz. troy= 1^^ of 1 oz. troy. 




■►. 


(8) „ lyard=l^oflyard. 






(9) „ £2. lit. 6d. = l^ of £2. lit. 6(1 






(10)(|-f)of£l=^of£l. 






(1 1) (t + t) of 1 oz- troy = 1 w 02- troy- 






§2.1 + -]^ i>.o.H. of 8and 12is24. 






1=11; i=A; f =IJ 






1-2.7 .14 






,TT-¥T> TT-^r 






- - 16 + U ,^ , - 







^2 



Mod, op.t 
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24 

8Tl5 
2 14 
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Wwding: 8 in 24, 3'; 8 x 5=16'; 12 in 24, 2'; 7 x 2 = 14', &c 



i+f+*+^+f 


L.C.M. of 2, 3, 9, 12, 6, is 36. 




8 


6 
■^18 




12 


24 




4 


le 




8 


21 




6 


80 




86)109(3A 

1 



«}f + 19|| + 429 14 + H, L. a M. of 48, 45, 18, 60 = 720. 



8 

19 
429 

456 



75 
16" 


10 
"195 


16 


496 


40 


680 


12 


204 



9; s) 
1575 I 175 I 85 



720 80 I 16 



=2A. ^^9. 458 A. 



I of l + l of ; + ^ of 8 + 1*6 + ^x4 + 1^ 

L.O.M. of 6, 12, 3, 40, 16, 16 = 240. 
240 





48 


96 




20 


140 




80 


160 




6 


18 


1 


16 


208 


8 


— 


15 


4 


240)687(2 






157 



Am. eH{> 



9i -7| =9||-7^=2ii 
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Exercise XXI. 

(I) ♦+*; i+li *+*; i-*; ^-4; A+i*; A+ii- 

(2) 12f + 7A; 121-7^; 85^^ + 27^5 85^ -27^. 

(4) 6|^+ll»» + 24|^ + ^+17A + U+llA- 
(6) 94 +.19H + 103J^ + 1^+ lOi. 

(6) 1473 -279; 1473^-279; 1473 -279^; 1473^-279^; 
U73^-279J^ 

(7) A + 7i^ + "A + lOJi + 1*1 + 100 + 77^. 

(8) A + A + H; 20^+11^ + 61 + 305; 278i^-30A 

(9) x + i + x,+ |+i + a + i + i+^; 1 +| + « + 4+|+« + » + e 

+A 

/1A\ 1 1. 1_1. 1_1. 1_1. 1_1>1_1- 1 — i • 1_ I 

(II) A+*i+^+«; ^^i^^n; A+A+i^ 

(12) 118A-17A; 94,^-9111; 125^-10^1; 40^-304^. 

(I3)i-i+i-i + *;t+|-|+li. 

(U)iofJ + JofJ;fof^ + |of^;^o£ll+Aofl3. 
(15) ^bf2ia+TVo^2ia+f of 7^31^ 
(16)3A-^7H + ^ + 91t. 
(17)|of5| + AoflA + |ofif. 

(18) ^of63-Aof7i. 

(19) ^ of 7| + ^ of 10^ - 4 of 2,^. 

(20) a. TO + TOT + TTnnr + TZJWTT > Tinr+ loooff"*" looooo^ 

*^* TO" ■*" Trnr "^ 1000 "^ lOOOO "*" ibooOo^ 

6." nf "*'"TTn>'"*' jouij "*" loooo""*" looooft'*' 



nr"*" looo "*" 100000 •*• looooooo^ 
* TV ■** Tinr ■*" TtrirBv 

/ TttT'^ToW'*' lOO ' OodO' 

/r iy-i- lT _i_ 17 ^ 17 

y* TO" ■•■ TTHT "'' lOOO^lOOC 

A 148 . 2471 . 8«<4a 

**• Trny^ looo ^ loooooo * 



/r 17 _i_ IT . ■ 17 » 17 . 17 

y* TT7 + TTnr + TTnnr+ loooo + looooir 



34 VULGAR FRACTIONS. [CH. III. 

(21) Which is the greater of each of the following 'pairs, and by 
how much :.| or t^; ^^ or Jf ; ^ or ^ ; ^ or -^l 

(22) Also of ^ of J and J of f; 3^ of 3| and ^ of 1|? 

(23) Add together the sum and the difference of ^ of 7f , and 

A of 3 A. 

(24) Find the difference between ^ and ^ ; yy and ^^ ; ^ and 

887142 . 1 artA 1 
1000000 > TBTT *"^ 1000- 

(25) 43^-H-l||-lf|.2J|-2A-2i|-3^. 

(26) 43TV-(U + l|i + l|f + 2i| + 2,l^ + 2|| + 3^). 

(27) (^-fA + 7A+8^+7^+8A + 4A)-36^. 

(28) (8A + 9|^+17iJ + 40)-(301^+llU). 

(29) (17211 + 93^) + (17211-93^). 

(30) (17211 + 93^) - (17211 - 93AV). 

(31) 6f4.¥+^x 3 + 3^x5 + 61-4 + 1^-4- 2 + 1 off. 

(32) A bequeathed to his two sons ^ of his property each, to 
each of his three daughters ^ of his property, to his nephew ^ of 
his property, and a like sum to his niece ; the remainder, £1000, to 
a hospital Find the value of the whole property, and the shares 
in money of the several heirs. 

(33) A was condemned to pay J^ of the costs of a law-suit ; B 
had to pay ^ of the same costs ; C had to pay the remainder, 
amounting to £12. 11«. Find the costs of the whole suit. 

(34) In a cricket-match, 11 players made a certain number of 
runs ; the first made ^ of the total number, the next three each ^, 
the next five each ^, and the two last 18 runs between them. The 
other side made successively J, i, ^, J, ^, t^, ^, ^, ^, :^ and ^ 
of their opponents* total Which side had won, and by how much ? 

§ 3. Multiplication by Fractions. 

£7. Us, 6d. X f. We have shewn (Part I. CL V. § 17) that in 
multiplication one of the factors must be so many times, £7. 1 3<. 6d, 
cannot mean times ; what sense, then, are we to attach to "f times" ? 
£7. 13a 6d, X 5 may be interpreted : Find the cost of 5 articles at 
£7. ISs. 6d, each ; and similarly, £7. 13s. Qd, x § would be inter- 
preted : Find the cost of f of an article at £7. 13& 6d, for one. 
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This cost will evidently be f of Sfl. 13«. M, Are we, then, to 
conclude generally that x means of% Certainly not, until we have 
tested this extension of meaning by the three principles laid down 
above (Part I. Ch. V. § 15). 

(a) It lias an intelligible meaning. 

(&) It does '* not alter the sense attached to the symbol in the 
earlier cases," for, calling £7. 13<. ^d, " a collection," multiplying 
tiiat collection by 5 means taking 5 of them. Does it '^ remain sub- 
ject to the general rules already established"! The only general 
rules hitherto established are that multiplication may be performed 
in any order ; thus 5x3 = 3x5; and that though one of the num- 
bers must mean timesy it is indifferent which does so ; thus £5x3 
= £3x5. 

We have shewn above (Part 11. CL II. § 5) that ^ of | = | of 4, 
and it follows immediately that 4^ of £| = f of £|, and we can also 
see that f of £7. 13«. 6d[. = 7 x£|+13 x|5. + 6 x ^d 

Definition of multiplication : Treat the multiplicand as a unit^ 
and take as many of that unity or such a part of that unit^ as is 
indicated hy the multiplier. 

Hence, generally : X = OF. 

N.B, BeginnerB are apt to connect the word o/with division, but division can 
only be interpreted by **o/" by altering the divisor ; thus to divide by 2, 3, &a, 
is to take i> i, &c., and not 2, 3, &c., o/the dividend. 

We now see that multiplication of fractions by fractions is equi- 
valent to simplification of complex fractions. 

§ 4. We might have anticipated this conclusion from our earlier 
notions of multiplication, viz. that half the multiplier yields half the 
product ; a third of the multiplier yields a third of the product ; 
two-thirds of the multiplier yields two-thirds of the product; and 
80 on^ Compare : 

£12x6=^>2. 

£12 X (i of 6)=i of £72=£36. 

£12 X (i of 6)=i of £72=£24. 

£12 X (f of 6)=| of £72=£48. 
p2 
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The concluaitm of § 3, however, shefws that iiuB holds true also 
ior multipliflrs below unity^ thus : 

£12x1 =£12: 

£12 X (i of 1)= J of £12=£6. 
£12 X (i of l)»>i of £12«£i. 
£l£x(f ot l)>«f of £12=t£a 

We have hitherto conneoted multipHcation with incieasey agreeing 
therein, with, ihe derivation^ of the word; but we have already 
seen that this connection fails in the case of multiplication bj 1, 
where the multiplicand remains unaltered,, and, now we see that 
when the multiplier is less than 1» the product is less, than the 
multiplicand* 

ix.lixUxdl'xf ( = |.:of V of 12.o£V ^r) 

18 8 3 3 
^xX^x^x^Xxg ^,^^ 

1 \ 11 

2 

The step in parentheses may be omitted. 

Jfxl|x|ix3J.xl0x5|xf 

11 11 

5? ^ 8 3{. !{ 
_ X»xXI|x!^XxX^x^x45xl i,, -0, 
""Wxaxl^^xJ^x Hint' T =19f 

7 1 1^ 1 \ 1 

I 



(^.4Jx6; Hx6^5 H^Sf; IWfxi^ 
(3) 7Jx||x|»x^x5; 4|x6|x5Jxl3. 

(6) 2Jx20Jx|^;.^x|ix3J;fx|x|j 4^x4^x41x41. 
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§ 5. Eboipbooals. 

^ X ^ = 1. I^ilie product of two mrmbers is nnitjjr, each is called 
the REOiFBOOAL of the other. Thus 1 is the reciprocal of 1, 3 of |> 
Jof3,f ofli,lJof|,&c. 

EZEROISB M. 

(1) Find the reciprocal of I Ans. If. 

(2) „ 21. „ |. 

(3) «> 6^. ••««••.»..„ ipjj-, 

W „ I „ 4^ 

(^) ,. 7 „ |. 

(6) „ A. „ 1^ 

(7) By what number miist ^ be multiplied to giv« for product 1 f 

(8) By what must 5 be multiplied to give for product 1 i „ |» 

(9) By what 6| be multiplied to give 1 ? » A- 

(10) Given product 1, one factor |^, find the other factor. „ If. 

(1 1) By what must tmy number be multiplied to give 1 ? 

Ans, By its reciprocal. 

(12) By what must a number be multiplied to give 2 1 

Ans, By twice its reciprocal 

(13) By what must a number be multiplied to give 11 ? 

Ans. By 1 1 times its reciprocal 

(14) By what must a number be multiplied to give | ? 

Ans. By ^ of its reciprocaL 

(15) By what must a number be multiplied to give 8|- ? 

Ana. By 8f times its reciprocaL 

(16) Write out ten pairs of reciprocals. 

§ 6. If 2 miles take 1 hour, 1 mile takes |^ of an hour. 

^* ^ n 1 w 1 n IT » 

•••* 4 „ I „ I „ Y „ 

^7 yf 1 „ 1 „ y „ 

K40 „ 1 „ 1 „ ^ „ 
audeo on. 
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Again : 



If ^ of a mile take 1 hour, 1 mile takes 2 bonis. 



K i 


n 


1 


» 


1 


99 


3 


K i 


» 


1 


» 


1 


l» 


4 


If ^ 


99 


1 


» 


1 


99 


7 


Ki?ir 


M 


1 


»» 


1 


99 


40 


and so on. 















Again: 

If f of 1 mile take 1 honr, 1 mile will take |^ of 9 hours = ^ of 
1 hour. 

If -^ of 1 mile take 1 hour, 1 mile will take J of 11 hours = y 
of 1 hour. 

If ^jf of 1 mile take I hour, 1 mile will take ^ of 10 hours = y^ 
of 1 hour, 
and BO on. 

Illustration: If AB is | of AC, then AC is | of AB. 



• • • 



EXEBOISE K 

(1) K A has ^ of B*s money, what part of A's money has B ? 

Am, 4 oi A's money. 

(2) If to every gallon of milk we add f of a gallon of water, how 
much milk must be added to a gallon of water ? 

Arts, 4^ gallons of milk. 

(3) A lb. avoirdupois is 1^^ of 1 lb. troy ; what fraction of a 
Jh avoirdupoia is 1 lb. troy ? Am. -j^ of 1 lb. av. 
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(4) A score is If dozen ; what will a dozen cost if a score costs a 
doubloon f Am. f of a doubloon. 

(5) If 1^ of an article cost a guinea, what will the whole cost t 

Ana. f of a guinea = £1, 4«> 

(6) If in working a question I obtain the result that 1 apple is 
to be given to -J^ of aboy^ to what rational answer is this equivalent ? 

Ans. 1 boy gets f of an appla 

§ 7. Division by Fractions. 

1-4- -3^. What does this mean ? In Pai-t I Ch. VIII. §§ 1 and 5, 
we have stated that the sign -r bears two interpretations, either of 
which we may adopt if intelligible. In this case, neither is intelli- 
gible ; for, 1st, ^ being larger than f cannot be contained in it ; 
and 2nd, we cannot attach any idea to a distribution of f into ^^ 
equal parts. A further extension of the meaning of the symbol -i- 
becomes necessary. 

£15-7-£3=-5 times, because 8x5=15. 
£16-T-3=£5, because 3 x 5=15. 

Thus we see that, under either interpi^etation, divisor x quotient = 
dividend. It follows that division means in each case : What must 

{tJie divisor by \ 
by the d 'visor I ^^ ^^^ ^^ dividend ? This meaning 

applies to the question proposed, which is therefore, By what number 
must ^ be multiplied to give § 1 or. What must be multiplied by 
-^ to give I? 

If we multiply it (viz. ■^) by ^ , we obtain unity ; but we wish 
to obtain, not unity, but only § of unity ; we ought therefore to have 
multipUed only by | of y. Hence, | ^ ^ = | of V = § x y . We 
thus see that to divide by ^ is equivalent to multiplying by its 
reciprocal, y. But this process of reasoning holds for any other 
fractional divisor. Hence, generally : To divide by a fraction^ mul- 
tiply by its reciprocal. The same rule evidently holds also for 
integral divisors, for to divide any number by 3 is to take J of it, 
Le. to multiply it by ^, and so on. 



40 VULGAR FRACTIONS. [CH. IIL 

Learn by heart : To divide by any number ^ mvlUply by Us reciprocal 

(a) 489-7 = |of489 = |x489 = *8*^ = 69«. 

(j^ 4^7 = |of| = 4x| = ^. <Cf. Part 11. Ch. I. p. 14.) 

(c) T^-f-T?r = ;^ X 11 = 3. (Cf. Part II. CL I. p. 16.) 

2 7 1 

(^A-^l = Jx| = U. Verificatiou:gx-| = A. 

8 8 4 

3 



/a\ 9.^ • 94 — 21 . 14_^\^ 5 
(6) ^s-^S- S - T -J ^\)^ = 



IB 



3 7 
Verification: ^ x 24 = J| x^= V = 2|. 
8 1 
We see now in its entirety that which indeed was dimly perceived 
before : (Ist) that multiplication and division are opposite operations, 
by which we mean that they neutralize each other ; (2nd) that they 
are interconvertible ; every multiplication is a division by the reci- 
procal of the multiplier, and every division is a multiplication by 
the reciprocal of the divisor. 

§ 8. We might have anticipated this conclusion from our earliiT 
notions of division, viz. that half the divisor yields twice the quotient ; 
a third of the divisor yields three times the quotient ; twice the 
divisor yields half the quotient; therefore two-thirds (f) of the 
divisor yields half of three times the quotient, Le. three halves (f) of 
the quotient 

£12-5-6= £2. 

£12-^(iof 6)=2x£2=£4. 
£12-^(io£6) = 3x£2 = £6. 
£12-r-(|of 6)=f x£2=£3. 

The conclusion of § 7, however, shews that this holds true also 

of divisors below unity, thus : 

£12-f-l=£12. 

£12.^(iof l)=2x£12=£24. 

£12~(io£l)=3x£12=£36. 

£12-5-(t of 1) =1 X £12 = £18. 

We have hitherto connected division with decrease, but we see 
fliat thk connection fails in the case of division by 1, which leavea 
the dividend unaltered, and now wo seo \IfeLoX 'wXieti ^iNx^ ^\N^awt \i 
^5«8^ than I, the quotient is more than tl[ie divi^oii^ 
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S^BBOISB XXIIL 




(1)8 + f 


(24) H * If 


(3) i + & 


(25) iJ -H 7f 


(3) 4 * f 


(26) U ^ If 


(*) 1 + f 


(27) H + 6f 


(6) U- i- 


(28) 19i i 


- If 


m H^ 5, 


(29) 6| , 


If 


(7) H^ 3. 


(30) 18f - 


- If 


(8) 1|- f 


(31) 9f - 


- ^^ 


(9) i|^H. 


(32) 100| - 


- 8f 


(10)1^ If 


(33) 23i - 


-llf 


(11) 1 -^If. 


<34) 6881 - 


-91f 


(12) 3 - If 


(35)1819^- 


r81f 


(13) 8^-4|. 


(36) 21 - 


-(^of34)t 


(14) llH-76. 


(37) 18|Uh 


.(|of33|X 


(16) 11-56. 


(38) 3i - 


-(fxlD- 


(16) 55-11. 


(39)(3Ax5tV)^1720. 


(17) If ^ f 


(40) (3^x1 of 4) + If 


(18) If^lf 


(«)(ll><^)^(*><4>«f)- 


(19) 5|h-15. 


(42) (13|x|xVV)-^(f of 144x11). 


(20) 5|^3f. 


(43) £8. 7&10d.H-lf 


(21) 10 + 21. 


(44) 13«. 8Jd,-i-4|. 


(22) 25 -3|. 


(46) 4 days, 6 hours -r If 


(23) H^7l 


(46) 3 qrs., 


5 1bs., 8oz.-6f 



in 



(47) Find the cost of 1 article if ^ cost 6s, bd, 

(48) If I earn 8«. 5d, in If days, how much is that a-day ? 

(49) If a soldier step f of a yard, how many steps will he take 



1| mUes'l 



(50) Divide (li + ^ + i^ + i) by (^-H + A-*). 

(51) Divide (4| - 2J) by (6^ - 2|). 

EXEEOIBB XXrV. 

(Miscellaneous Questions on the four Rules.) 

(1) Find the sum of 4^, 5|, 7^, and 10^. 

(2) What quantity exceeds 5f by 4^ ? 

(3) From what quantity must 6f be deducted to leave 7 of 3^t 
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(4) There are two fractional the less is lO^^) their difference is 
6^. Find the greator. 

(5) If from a certain quantity 2| be taken^ 4f^ is left. Find the 
quantity. 

(6) Of two weavers, A and B, A wove 9^ pieces more than B, 
who wove 6^ pieces. Find the total quantity woven. 

(7) 5^ exceeds a certain fraction by (4 -f- 2^). Find the fraction. 

(8) What fraction falls short of t^ by ^ ? 

(9) What fraction is that to which -^ must be added to give ^ 9 

(10) There are two fractions, the greater is 12^, and their differ- 
ence is 7^. Find the less. 

(11) What fraction increased by -j^ becomes -j^^ 1 

(12) Find a fraction which, repeated 3 times and increased by 
14^, makes 100. 

(13) Find a fraction which, repeated 3 times and diminished by 
14|, makes 100. 

(14) In a pair of scales, one contains 7^ lbs., the other contains 
11^ lbs. Find the number of lbs. which drags down the heavier 
scale. 

(15) Find the product of 4| and 3| 1 

(16) What fraction must be divided by 7^ to yield 7^ 1 

(17) From what number or fraction can 4^ be taken 9 times 
exactly ? 

(18) From what fraction can 3| be taken 2^ times, leaving 
remainder 3^ 9 

(19) Of what fraction is 10l| the 10th part? 

(20) What fraction divided by 4^ gives the quotient f 1 

(21) What is the 7th part of 1 J 1 

(22) What fraction is that of which we must take 6| to get 5^ ? 

(23) By what fraction must 10 be multiplied to give 7 1 

(24) The product of two fractions is | ; one factor is 1^. Find 
the other. 

(25) Given divisor 3^, quotient 3^. Find dividend. 

(26) Given dividend |^, quotient 6^, Find divisor. 

(27) Given dividend ^, divisor 6^, Find quotient 

(28) Given dividend li2^ quotient 3, remainder ly'^. Find divisor. 
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§ 9. Literal Summary of the Eules on Fractions. 
Let a, h^ c, d, m, &c., represent any integers whatever. 
FormvlcB, 

(CLL§3,Ch.IL§2.) 
(jl3)»Ifa< 6, -y<l. 
Ifo = b,^=l. 

t Ifa> 6,^>1. 
(Ch. I. § 4.) 
(y)o+i- = iiii£±i 

(Ch. I. § 5.) 
(J) ■|-=a^6. 

(Ch.L§6,Ch.n.§2.) 

W-J+-J+-5 J— Tff+TT + TT 19 TT 

a b _ a—b IT n_ 17 - 12 _ 5 

~d~'S-~d~ " TT 19 IT 

(Ch. I. § 7.) 







jSzomp^M 




1 


=(* 


0fl)x2 = 


= iof2 




i^-. 


4x7+6 
■ 7 ■ 


= V 




V 


=.23-r6 = 


*l 



TF^^--Tft"'-TF-^T¥> or, 



18 



7 



■^-TftXfl- I "^i 



(Cll.L§8.) 1^x^ = 18316 = 

f^\ ** . •» - a-S-w^ ,, o 12 . 4._12-=-4_ 8 . ^^-. 12 _ia 

W T""*^ 6" = 6in;r ^^^ ^l8-~Tir.or-j^3^-„ 

(Ch. L § 9.) 

^flv a __ axm __ a-^m a o — 20x3 __ e o . ^r — 20-^5 _ 4 

(Ch. IL § L) 

(Ch. IL § 5.) 

(Ch. IL § 6.) 

♦ Bead, "If a is less than ft." + Read, " If a is greater than &/• 
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(CL ni §§ 1, 2.) 
(Ch. in. § 3.) 



(CkllLf^.) 
. c _ a rf 

(Ck HL § 7.) 



(«) T-7=T^4 A-^*=A-i=-nw=» 



CHAPTER IV. 

THE UNITARY METHOD. 

§ 1. Fmd the cost of 27 articles, if 12 articles cost £4. Via. 6(l» 

StatemexLt : 12 articles cost £4. 17& M. 
Question: 27 m ^ 

where x stands for ^^ the quantity to he found." 

Mod. cp,: 12 articles cost £4. 17«. M. 

1 arti^e costs „.^ of £4. 17<. 6(2* 
27 artlfaes oost ...^ of £4. 17«. Odl 

iof £4. 17*. 6d.=^i^d^^£l0. 19t. 4W. 
4 iiM. £ia 101. 4idL 

* Read, -^ pliiB or miniis £- 
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SxBRon* XXV. (a). 

(1) Knd' the cost of 30 articles, if 18 cost £S. 7«. M. 

(2) „ 45 „ 20 „ £7. 17<. W. 

(3) „ 60 „ 25 „ £0. 17*. lOd. 

(4) „ 150 „ 210 „ £15. 15«. 

(5) „ 210 „ 150 „ £15. 158. 

(6) „ 68 „ 153 „ £37. 8s. 9d. 

(7) If it takes 7J hours to travel 150 miles, how long will it take 
to travel 220 miles) 

(8) If 1800 men require 475 cwt. of food, how much will 2250 
men require ) 

(9) n I pay £3. 158. for the loan of £100, what shall I pay for 
the loan of £385 f 

(10) What shall 1 pay for the loan of £566 at 5 per cent (i.e. at 
je5forev«ry£100')f 

(11) Find the interest on £439 at 7| per cent 

(12) Find the interest on £1050 at 7| per cent 

§ 2. How many articles can he ho«ght for £28, if 11 articles 
cost £15. SsA 

Statement : £15. 85. buy 11* articles. 
QiiestiMi: £28 ^ x' „» 

Mod. op,: £15. 8«.==808«. buy ll artiolei. 

1«. boys si^ of 11 articles. 

£28. 0«.=560«. buy {{f of 11 artioles. 



W 1 
)^QA -20. 
XX 
\\ 
1 Afu. 20 articles. 

* Alwayi place last the quantity of the samd denominatum as the answer required. 
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EXBROISB XXV. (6). 

(1) K for £17. ISs, 4:d, I can buy 60 articles, how many can I 
buy for £10. 15«.? 

(2) If 30 men earn £53. Ss. 1|(2. in a week, how many men will 
it take to earn £177. 3*. ddA 

(3) K 10 oz. of gold cost £38. 18«. 9d, how many ounces can 
be bought for £408. 16«. lO^d.l 

(4) If iron plates cost £20 per ton, what weight can I buy for 
178. Qd.'i 

(5) K £3. 15«. pays for the loan of £80, how much can I borrow 
for £5? 

(6) How much money at 5 per cent, can I borrow with £72. 15«» 
a year? 

(7) How much at £3. 15«. per cent, can I borrow with £100 ? 

(8) If an agent is paid £2. lOs, for every £100 worth of gooda 
sold, how much must he sell to earn £27. 15a? 

(9) Find the interest on £777. 15«. at 7J per cent 
(10) „ £843. 108. at 4 ,, 

8 



(11) „ £1050. at 3 

(12) „ £19. at 10 



§ 3. If 3 cwt., 3 qrs., 21 lbs. cost £3. ISs. 9d.y what will 2 tona 
17 cwt., 3 qrs., 10 lbs. cost 1 

Statement : 3 cwt, 3 qrs., 21 lbs. cost £3. 18. 9d. 
Question : 2 tons, 17 cwt, 3 qrs., 10 lbs. cost £x. 

Mod. op.: 

8 cwt., 8 qrs.; 21 lbs. » 441 lbs. cost £3. 18«. 9d. 

1 lb. costs ... T^ of £3. ISs. 9d. 
2 tons, 17 cwt., 8 qrs., 10 lbs. =6478 lbs. cost ... «^ of £3. 18s. 9d. 

V^ of £3. 18t. 9d. =£57. 16«. 9f2. 

Ans. £57. 16«. 9fi. 
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ExEROiSB XXY. (e). 

(1) If 15 tons cost £17. lO*., what will 8 tons, 15 cwt cost? 

(2) If 6 cwt, 1 qr., 15 lbs. cost £13. lis. 7idJ., what will 18 cwt.,. 
19 lbs. costi 

(3) If 5 oz., 10 dwts. of gold cost £21. Ss. 3f e^., what is the value 
of 3 oz., 5 dwts.? 

(4) If 1 lb. troy of silver is worth £3. 3«., what is the value of 
6 silver spoons each weighing 4 oz., 11 dwts.? 

(5) If on a velocipede I can travel 20J miles in 54 minutes, how 
long would it take me to travel 35 miles 1 

(6) If the sun passes over 360® of longitude in 24 hours, how 
long will it take from the meridian of London to that of "New York,, 
which are 75° apart 1 

(7) If for the loan of £325. 10* I pay £16. 5s, 6df., what should 

I pay for the loan of £59. 15«.1 

(8) If a partner holding £747. 12*. 6d, in a concern draws a 
profit of £56. Is, 6^d,y what ought a partner holding £812. 15s, to 
draw? 

(9) K for the loan of a sum of money for 7 months I pay 
£7. lis, 6d, what ought I to pay for a year? 

(10) If I pay £1. lis, lOd, commission on an amount of £75^ 
13«. id., how much is that per cent (ie. on £100) ? 

(11) K a house rated at £45 pays a tax of £3. lis. Sd., what 
must a house be rated at that pays a tax of £5. lis. Sd.l 

(12) If Government Stock costing £92. 12s. 6d. yields a profit 
of £3. 10&, what profit should I get from Stock costing £271. 14«.? 

(13) 3000 Prussian feet exceed 3000 French feet by 100 Prussian, 
feet ; how many French feet are there in 1000 Prussian feet ? 

(14) If 8 kilometres are 4 miles, 7 fur., 168 yds., how many miles 
are there in 11 kilometres, and how many kilometres are there in 

II miles? 

(15) If 7 doz. and 9 bottles of wine cost £22. Is. 9d^., how much 
wine shall I get for £11. I7s. 6d.% 
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§ 4. If f of an article cost £1, 17«. 6d,y what would 1^ article? 

<J0St1 

Statement : | articles cost £1, 17& 6d. 
Qiietetioil: l^ „ £x. 

Mod. op.: t=i4 articles cost £1, 17s. Sd. 

^ articles cost ...^oi£l. 17«. Qd, 

1^^ Jf=|f articles cost « of £1. Vs. 6d. 

or, 

t artides cost £1. 17«. 6(f. 

i' articles cost i of £1. 17t. 6d. 

1 article cost f of £1. 17«. 6d, 

t>t articles cost ^ of | of £1. 17». 6rf. 

lA-ff articled cost H <^ I of ^- 17«. tf<l' 

Which may be condensed thus (see Ch. III. § 6) : 

t articleli cost £1. 17«. dd. 

1 article cost ;....f of £1. 17«. <M. 

1^ articles cost H of f of £1. 17t. 6d 

^ X -|- X £V Xls. W. =19 X 2 X 2». 6d. =£4. 15s. 
j| ^ii?. £4. 15* 

ExBitoWB XXV. ((f). 

(1) If 4 of an article cost Ss. 9d, what would 2f articleff cost 1 

(2) If Sf guineas' gain Ae. 6i., what will bei thd profit on df 
Ijttineas 9 

(3) If on a vblocipede I tta^l ^ iMfed iA 7'|'t6ii«itesi ho# 
many miM %hftll ItmTOl' iA (H> minutes^ and how'lon|g^ shiedl I take 
to travel' 50 'ittildS'1' 

(4) If 255^ francfiT are- w^rth £1, Ifow* tri^t^ffttWii shill I' get 
for I6*.i and how much sterting moilejy fttf a'»a^leion^(20 francs)! 

(5) If a French ton is ^ of an English ton, how many Unglish 
tons,^c., air6' there in 700 Frtoch tons, and hdw'injtey Frdnchtons 
In 700 English tons? 
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(6) If a stick 7^ feet long throw a shadow of 8f feet^ how high 
will the steeple be whose shadow is 50 yds. 6 is. long i 

(7) A certain wheel makes 1760 turns in travelling a distance of 
2 mUes ; how many turns would it make in travelling 1000 yards t 

§ 5. If 17 men require 4| days to build a certain wall, how long 
will 13 men take? 

Statement : 17 men require 4|- days. 
Question: 13 n ^ 

Mod, op,: 17 men require 4f days. 

1 man requires 17 x 4f , , 

18 men require ...-fg of 17 x 4{- ,, 

Axl7x4f=V/=61f Ant. 54tdays. 



EXEROISB XXV. (s). 

(1) If from a sack of flour I can make 45 loaves weighing 3 lbs. 
each, how many 4 lb. loaves can I make from it ? 

(2) If I have enough money to buy 50 articles at 3«. 6cf. each, 
how many articles at 2$, Id, each can I buy ? 

(3) If 30 bushels keep 50 horses for a week, how many horses 
would they keep for 25 days ) 

(4) If 30 bushels keep 50 horses for a week, for how long would 
they keep 15 horses 1 

(5) If 30 bushels keep 50 horses for a week, how many bushels 
would be required to keep 69 horses for the same time ? 

(6) How many yards at 5«. 6d, each must be given for 30 yards 
at 3«. 9d, each 1 

(7) The savings of a professional man are sufficient to purchase 
an annuity of £375, paying £80 cash for every £6, IOa a year; how 
large an annuity will his money purchase if he waits till he has 
only to pay £65 cash for £6. lOs, a year) 

B 
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§ 6. If 2 tonSy 5 cwt. can be carried over 150 miles for 14«. M, 
how far should 8 tons, 16 cwt be carried for £1. is. 2dA 

Statement : 2 tons, 6 cwt. can be carried for 145. 6d. over 150 miles. 
Question : 8 tons, 16 cwi „ £l» is, 2d, „ x „ 

Mod. op.: 

2 tons, 6 cwt. • (45 cwt.) can be carried for lis. 6d. {17 id.) over 150 miles. 

1 cwt. „ „ 45x150 „ 

8 tons, 15 cwt (175 cwt.) „ „ ^ of 45 x 150 „ 

„ „ Id. rl, of xfj of 45 X 150 „ 

£1. is. 2d. (290d) iHoi^oti5x 150 „ 



1 

?a 8 



w ^g 



^xl50=*fo=64f. 



^ 7 

1 Ans. 64| miles, 

or thus : 

2 tons, 5 cwt. (45 cwt.) can be carried for 14«. 6d. (17 id.) over 150 miles. 

1 cwt. „ „ 45x150 „ 

1 cwt. „ Id. xfr of 45x150 „ 

8 tons, 16 cwt. (175 cwt.) „ „ ...yf^ of yfr of 45x 150 „ 

„ £1. 4». 2d. (290<?.) 290 XTbo^TTT of 45x150 „ 
290 X yfr X yfr X 45 X 150=64^, as before. 



Exercise XXV. (/). 

(1) K 50 yards of calico 21 inches wide cost II*. 5J<£., what 
would 87 J yards 27 inches wide cost 1 

(2) If 2 tons, 6 cwt. can be carried over 150 miles for 14«. 6d, 
wliat weight can be carried a distance of 200 miles for £1. is. 2c?.? 

(3) If 12 spoons, each weighing 14 dwts., 14 grs., are worth 
£3. 6s. 7|d, what is the value of 21 spoons each weighing 1 oz.1 

(4) If £275 gain £37. lOs. in 9 months, what should £990 gain 
in 2^ months 1 

(5) Find the interest on £460 for 2 years at 4 per cent 

[Statement : Interest on £100 for 1 year is £4.] 
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' (6) Find the interest on ^760 for IJ years at 4 J per cent. 

(7) Find the interest on £45 for 8 months at 3J per cent. 

(8) What sum of money will in 2^ years at 5 per cent yield 
£87. 105. interest? 

(9) At what rate per cent, will £75 yield £1. 15^. interest in 7 
months ? 

(10) At what rate per cent, will £120 yield £3. 12«. interest in 
146 days? 

Exercise XXV. (g). 

(1) If 760 men require 22,500 rations of food, how many rations 
will 1200 men require? 

(2) If the clothing of 750 men costs £2831. 5«., what will the 
clothing of 3500 men cost ? 

(3) If 7 cwt, 1 qr. cost £26. 10«. 4c?., what will 43 cwt., 2 qrs. 
cost? 

(4) A garrison of 536 men has provisions to last from March 1st 
to Dec. 6th ; how long will the provisions last if the garrison is 
increased hy 588 men ? 

(5) What is the cost of 172 pieces of lead, each weighing 3 cwt., 
2 qrs., 17J Ihs., at £8. 17«. 6d. for 19J cwt? 

(6) If a wheel makes 2| turns in 1 minute and 17 seconds, how 
often will it revolve in 7 hours ? 

(7) If travelling at the rate of 12 J miles an hour I require 15 J 
hours to complete the journey, in how many hours shall I complete 
it if I increase the rate of travelling by 7 J miles an hour ? 

(8) If £59. 10^. is required to buy an annuity of £8. 10«. a year, 
how much would bo required to buy an annuity of £50 ? 

(9) If with my money I can buy an annuity of £50 at the rate 
of £85 cash for every yearly £3. 10s., what annuity will my money 
purchase if I pay £75 cash for every £3. 58, a year ? 

(10) Find the interest on £548. lO*. 6d. at 4J per cent. 

(11) What sum of money will at 5 J per cent produce the same 
interest that 1000 guineas produce at 3| per cent? 

e2 
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(12) If in 1376 ounces of air there be 13| ounces of vapour, how 
much vapour would be contained in 1000 ounces of air 1 

(13) In what time will £52i at 5 per cent, yield M. Is. id. 
interest 1 

(14) If a house rated at £85 pays £i. Is. \0d. rates, what will be 
paid upon a house rated at £245 1 

(15) In "quick" marching, soldiers take 110 steps of 30 inches 
per minute ; at the " double** they take 150 steps of 36 inches per 
minute ; if 1000 soldiers marching quick in fours take \ an hour to 
pass a house, how long will 720,000 men eighteen abreast take at 
the double % 



CHAPTER V. 
VAEIOUa. 



§ 1. What fraction of 50 is 20 1 

l=-^of20; .-.20 = 1^11 of 50. Am. |of50. 

This answer means that 50 must be multiplied by f to give 20. 

Hence the above question. What fraction of 50 is 20 ? means : By 

what must 50 be multiplied to yield 20) which is the question 

asked in division. 

Hence, what fraction of 50 is 20 = 20 -?• 50, and generally. 
„ h \a a = a -7- h. 

Answer^ in every case, a-r 6, or |-. (Part II, Ch. IIL § 7.) 



What fraction of f is 1| 1 

W 3y 18 yy i 

„ £1 is Is. % 

„ £lis6c?J 

£lis3<iJ 





EXBHOISB XXVL (o), 


(1) What fraction of 8 is 3 » (8) Wlu 


(2) 


3ia 81 (9) 


(3) 


9 is 5? (10) 


(4) 


Sis 9 J (11) 


(8) 


12 is 9) (12) 


(6) 


9isl2» (13) 


(7) 


Uis |1 (U) 
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(16) What fraction of £1 is Id. ? 

(16) „ niB^dA 

(17) „ £1 is Id. f 

(18) „ £1 is 16^.1 

(19) „ £lislU1 

(20) „ £1 is 28. lOd. f 

(21) ^ £1 is 1^. 2|d 1 

(22) „ £lis 43. Uld.'i 

(23) „ £1 is 135. 4rf. ? 

(24) „ £1 is 17«. lOld. ? 

What fraction of £3. 4«. 6(^. is £2. 11«. Zd. ? 

je3«. 4«. 6d=774 pence; £2. lU 3d = 615 pence; and 615 
pence is ^ of 774 pence. ^ = |f|. Ana. |^. 

What fraction of 5 tons, 8 cwt, 21 Ihs., is 3 cwt, 17 lbs., 8 oz. ? 

5 tons, 8 cwt, 21 lbs. = 193872 oz. ; 3 cwt., 17 lbs., 8 oz. = 5656 oz. 
5656 oz.=T4t||,r of 193872 oz. ^^^541^ = t?^ = ^Wir^ 

Eednce 3 years, 73 days, to the jfraction of 1 year, 219 days. 
This means. What fraction of 1 year, 219 days, is 3 years, 73 days 1 

3 years, 73 days = 1168 days; 1 year, 219 days » 584 days. 
x^8^Yy?^2. Aru. 2. 

What fraction of £^ is £^ ? 

y-ryy-f X 35- = yy _ Jy^. ATU. ^yy. 

Reduce 4 of Is. to the fraction of 8f guineas. 

^ofU-(8|x2U) = |^Vof2U=|-«f«=|x^ = ,rKT- 

Ans. ^|y. 

Reduce 1 oz. troy to the fraction of 1 oz. av. 

1 oz. troy = 480 grs. ; 1 oz. av. = ^ of 7000 grs. = ^^^ gi-s. 

JiRO • 7 00 — AftHv 16 — 192 — 1 17 ^*2it 1JL7 

Exercise XXVL (h.) 

(1) What fraction of £58 is £29 1 

(2) „ £29 is £58? 

(3) „ £3. 17<. 4^d. is £1. lU l^d. ? 

(4) „ £1. 11«. lid. is £3. 17*. 4Jd ? • 

(5) „ £8. 10«. lOd. is 15«. Ad. f 
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(6) What fraction of 15«. id, is £S, 10«. lOd. ? 

(7) „ £3. 2s, 7ld. is £1 1 

(8) „ ^1 is £3. 28. 7ld. 1 

(9) „ 2 tons, 13 cwt., is 1 ton, 1 cwt., 1 qr. ? 

(10) „ 2 lbs., 10 oz. av., is 1 lb., 4J oz. av. ? 

(11) „ 5 lbs., 9 oz. troy, is 6 oz., 15 dwts. ? 

(12) „ 2 yrs., 73 days, is 146 days ? 

(13) „ 5 tons, 8 cwt, 21 lbs., is 3 cwt., 17 lbs., 12oz.? 

(14) Reduce £2, lO*. 6d to the fraction of £1, 10^. dd. 

(15) „ 6«. 7d. „ £8. 

(16) „ 2 lbs., 10 oz. av. „ 2 lbs., 10 oz. troy. 

(17) „ 5 minutes „ 1 day. 

(18) „ l^d, „ 1 guinea. 

(19) w H pi^ts „ 2J gallons. 

(20) „ 1 lb. av. „ 1 lb. troy. 

§ 2. Interpretation op Fractions. 

We have found that the symbol f bears the following inter- 
pretations : 

(a) A quarter of one thing taken three times. 

(/3) A quarter of three things taken once. 

(y)3^4. 

(5) The fraction that 3 is of 4. 

(c) The number by which 4 must be multiplied to give 3. 

These are but different modes of expression for the same notion, 

and any one may be selected according to convenience. If the 

numerator and denominator are both abstract integers, they are all 

immediately intelligible. 

41 
Examine the symbol -gr The interpretations (y) (3) and (c) are 

readily intelligible, but (a) and (/3) require an extension of language. 

(a) may be given in these words : " Of equal pieces such that 4 
of them make the whole, take 3." This wording applies to A 
substituting 2^ and 4^ for 4 and 3 respectively. ^* 

(fi) may be given thus : " Of equal pieces such that 4 of them 
make 3 wholes, take 1.** This wording also applies to -|i. by mak- 
ing the above substitution. 
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I 



We proceed to examine whether these five interpretations will i 
when applied to the symbol -^ yield the same result. 

(a) If 2^ pieces make a unit, each piece must be y of 1 ; for 
of ^ = J of ^ = 1. If now we take 4^ of such pieces, we obtain 

v» — 21v8 — •— 1* Ana ' 

(/3) If 2^ pieces make 4^ wholes, each piece must be 4^ times 
great as if 2^ pieces made 1 ; that is, 4 j^ x |^ = 1|^ as above. Ans. 

(y)H^2i=.4ix» = u. Am.: 

(8) What fraction of 2J is 4^? 1 is ^ of 2|, .-. 4| is (4| x 
of2i; 4ix» = l*. Ans. 

(f ) By what number must 2^ be multiplied to give 4^ 1 (( 
III. §7.) 4i^2| = l|. Am. 

We thus see that the interpretation chosen will not affect 1 
result, whether the terms of the fraction be integral or fractioi 
The interpretation (y) is of easiest application, and therefore m 
generally adopted. 

§ 3. Simplification op Fractions. 

By simplification of a fraction, is meant finding the simplest p 
sible expression whose value is equal to that of the given fracti 
Hence the answer to a simplification of fractions ought always to 
either an integer, a proper fraction at lowest terms, or a mi: 
number. 

Simplify -^. 

-j^-Oy-T-l^y- y - ^y - -^ X _ - ^ _ 4^. A71S. 

1 2 

Simplify -i±i-. 

2 1 

Simplify,^. , , , , 

^ •^ ^ ^ 

!^ T a 1 
1 1 ^ 
I 
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1 



Simplify 



« + 77 



J^- 8 . f5. 8 _8«0. _i 57 J«- g7 



18 111 

34x^x81x4 " HxXSixS^ X a<lxAx H ~ ^ ~^^^'^- '*'^' ^^"^ 
4 11 !^ 1 

80 . S 4. 1 _ 100 + 80 + 8 _138 
VS^TT^TZ Jj5 TFT' 

^ = i^l«t; i=A; ^=T^ 

« . 2 . a . 110 + 90+66 _ 26 6 
T + TT + TT ^5 TTTT- 

8 

1 siisk 

188 . 266 , mx\^^ ^ 8 .,1 . p 

1 

EXBBOIBE XXYIL 

m i (>») fit 

(4) 3- m mu 

(») t ('3) i±±±A 



/ 
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(17) 1__ (21) 1_ 

2 + 1 3 + 1 

84-i 1 + 1 

(18) 1 15 + 1 

^ iJTT 8 + l_ 

8+T 1+JL 

T 2 

(19)1 (22)3 + }^, 



m 15+1 

T 1+1 



(20) L- ""^'jT^ 

1 -1.1 ^ + '- 



1+1 

1+1 

1+1 

T+l_ 
1 



7+l_ 
4 



^ ^ i + i+ii «of 4|+.9i 



§ 4. G.C.M. AND L.C.M. OF Praotions. 

The meaning of the expressions Measure and Multiple requires 
to be rendered somewhat more precise. If of two quantities the 
first is contained in the second an integral number of times, the 
first is a measure of the second, and the second a multiple of the first. 

Examine f-|. |^|=|xf. 
4 8 

-ix|-=12. 
} I 

This quotient is integral only because the 2 is a measure of the 8 
and the 3 of the 9, as otherwise the denominators would not dis- 
appear. Generally : If -^ and ~ are two fractions at their lowest 
terms, ~ ^ A is integral only if c is a measure of a, and d a mul- 
tiple of 5. 

In order, therefore, that one quantity should measure a series of 
quantities (of course at their lowest terms), its numerator must be a 
measure of each numerator, and its denominator a multiple of each 
denominator of the series. Hence o. o. m. of a series of fractions = 
G.o. M. of numerators -^ l. o. m. of denominators ; and conversely, L.aM. 
of a series «■ L. o. m. of numerators -r G. o. m. of denominators . We may 
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also remark that the resulting o. o. m. or l. o. m. will be at its lowest 
terms; for if the g.o.m. of the numerators, say, have any factor, 
and that factor is contained in any one of the original denominators, 
one at least of the given fractions would not be at lowest terms. 

Find G.O.M. and L.aM. of ^, ^, |^. 

G.O.M. of 9, 12, 27, is 3. g.o.m. of 3o, 25, 50, is 5. 

L.O.M. of „ is 108. L.O.M. of „ is 360. 

.*. G.O.M. required is ^f^, and l.o.m. required is *J^ =21f. 

Exercise XXVIIL 
(1) Find g.cm. and l. cm. of 5|, 7 J, 8^, 4|, 9 J, 6^^. 



(2) 


» 


99 


33f and 50|. 


(3) 


» 


99 


ir» "3r> T» T9 T9 T0"» TJ' 


(4) 


99 


99 


50|, 67^, 44f, 84i, 707. 


(5) 


99 


99 


2258 and 181f 


(6) 


99 


99 


4 S 6 7 8 
Ti F9 T> 7> V> TT5"* 


(7) 


9) 


99 


11 1 10 4.2 26 
^T¥> ^^TTJ *T9 XT' 



§ 5. SuRFAOE Measure. 

The extent of a surface expressed numerically is called its area, 

A square surfiEtce which measures an inch each way is called a 
square inch, 

A square surface which measures a foot each way is called a 
gqiuire foot. Similarly we have square yards, square miles, &c. 

The area of a surface is expressed by the number of such square 
units that it contains,* or that would be required to cover it 

Find the area of a table 7 feet long and 4 feet broad. 

i — B 



D — - 

* It will be seen that we only deal here with rectangular plane Borfaces. 
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Let the line AB represent the length, which contains 7 linear feet, 
and AD the breadth, containing 4 linear feet. If lines be drawn as 
in the figure, the space ABCD will be divided into square feet, and 
there will be 4 rows of 7 square feet each, or 7 columns of 4 square 
feet each, i e. 7 x 4 = 28 square foet. 

Similar reasoning will in every case shew that the number of 
units in one side multiplied by the number of units in the other, 
will give the number of square units in the area. 

Let I = the number of units in the length. 
„ 6 = „ „ breadth. 

,, a = „ square units „ area. 
Then lxb = a. 



find area : 





Exercise XXIX, 


From length, 


breadth. 


(1) 15 linear feet, 


7 linear feet. 


(2) 10 „ yds., 


3 „ yds. 


(3) 5 „ in., 


2 „ in. 


(4) 1 „ foot, 


1 „ in. 


(5) 2 „ yds.. 


4 „ feet 


(6) 12 „ in.. 


12 „ in. 


(7) 3 „ feet. 


3 „ feet. 



(8) 1760 „ yds., 1760 „ yds. 

The following table will now be evident : 

144 square inches =1 square foot. 
9 square feet = 1 square yard. 
Since a = Z x &, if a and I are known, b can be found ; for the 
question is. By what number must I be multiplied to give a 1 Ans. 

a -r- Z, or y . Hence, -j = 6 ; similarly, -?- = Z. 

Exercise XXX. 
rom (^or; I ^^^^ ^j^^ ^ng gj^j^^ £n^i (,ther side : 

(1) 36 square yds., 9 linear yds. 

(2) 28 „ in., 7 „ in. 

(3) 100 „ feet, 6 „ feet. 

(4) 100 „ miles, 10 „ miles. 
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Find the area if the length is ^ ft. and the breadth | ft. 
A 5 B 



I^t AB = 1 foot, AE = J ft., AD = 1 foot, AF = J ft., then 
ABCD is 1 square foot, and AEGF is J of 1 square foot, i.e. 
J X J square ft. Similar reasoning will shew in every case that if 
the length is -^ and breadth -y, the area is ~- x -g-. 

Next suppose length | ft., breadth | ft 



Examination of the diagram shews that, as before, length ^ ft, 
breadth ^ ft, gives ^ sq. ft. ; but length ^, breadth |^, gives 4x2 
X ^ = ^, ie. 4 X f. Hence in every case, whether the given dimen- 
sions be fractional or integral, Z x & = a, and consequently -?- = Z? and 

Find the area if the length is 5 ft., 4 in., and breadth 2 ft, 9 in. 

6 ft, 4 in. =5J ft. ; 2 ft., 9 in. =2f ft. 
4, 
bl X 2f = -^ X il= V = 1^ sq. ft = 14 sq. ft., 96 sq. in. 



OH. tJ] tarious. 61 

Or, 5 ft., 4 in. = 64 in. ; 2 ft., 9 in. = 33 in. 
64 X 33 = 2112 sq. in. 
12 )2112 
12)176 

14 sq. ft. and 8 x 12 sq. in. Ana. 14 sq. ft., 96 sq. in. 
Eequired the length of carpet f yd. wide, to cover a room 20 ft., 
10 in. long, 15 ft., 10^ in. broad. 

The area of the floor ia ?-5 x -|i sq. yds. The area of the carpet 

is the same; and as its width is known, the length is found bj 
dividing the area by the width, f yd. 

1 
20t 15J 4t _125 127 ^ ^ _15875_40828 ^da. 



EXEBOISB XXXI. 

(1) Find the area, given : 

a. Length, 1 yd., 2 ft, 9 in. breadth, 2 ft., 8 in. 



b. 


n 


2 yds., 1 ft., ' 


7^ in. 


99 


10^ in. 


e. 


79 


17 yds., 2 ft, 


, 3 in. 


99 


1 yd., 1 ft, 10 in. 


d. 


n 


10 yds., 2 ft, 


,11 in. 


99 


1yd. 


e. 


» 


1 ft., 1^ in. 




99 


1ft. 


/• 


99 


36 yds. 




99 


4 yds., 1 ft., 6 in . 


9- 


99 


i^yd. 




w 


fyi 


h. 


99 


i^yd. 




99 


fft. 


k. 


99 


2|ft 




99 


Sfin. 


I. 


99 


Jin. 




9> 


I^in. 



(2) A room is 20 ft long, 14 ft, 6 in. broad, and 11 ft, 9 in. high. 
How many square feet of carpet will be required, and how many of 
paper? 

(3) What length of carpet, 2 ft, 3 in. wide, and of paper, 1 ft., 
9 in. wide, will be required 1 

(4) How many acres in a square furlong ? 

(5) A rod or pole is 6J yds. How many square yards in a square 
rod? 

(6) Express in acres the difference between half a square mile axui 
half a mile square. 
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(7) Find the difference between 2 square furlongs and 2 furlongs 
square. 

(8) The difference between 3J square yards and 3J yards square. 

(9) Find the one side, given : 

a. Area, 50 square ft. the other side, 3J yds. 

h. „ 185| square ft. „ 4 yds., 2 ft, 7\ in. 

c. „ 6 J square ft „ lOf ft 

(10) How many pieces of paper, 12 yds. long and 21 in. wide, 
will paper a room 5\ yds. wide, 7|- yds. long, 8| ft. high, and what 
will be the cost at 2«. 10^. per piece 1 

(11) Find the difference in expense between carpeting a room 
18 ft. long, 13 ft, 8 in. wide, with Brussels, 27 in. wide, at 5«. Qd, 
a yard, and with Kidderminster a yard wide at 3«. M, a yard. 

(12) Find the cost of 9 Venetian blinds, 7 ft, 10 in. long, and 4 ft 
7 J in. wide, at 8Jrf. per square foot 



§ 6. Solid Measure. 

The space filled by a body, expressed numerically, is called its 
volume^ or cubic content 

A cube which measures an inch each way is called a cubic inch. 

A cube which measures a foot each way is called a cvhicfoot 

Similarly we have cubic yards, &c. 

The volume of a body is expressed by the number of such cubic 
units that it contains, or that would fill the same amount of space. 

Find the volume of a block of marble, 5 ft. long, 4 ft. broad, and 
3 ft thick. 




tJH. T.] VARIOUS. 63 

Let AB be the lengtli, 5 feet ; AD the thickness, 3 feet ; AG the 
breadth, 4 feet. 

The area of the face, ABCD = 6 x 3 = 15 square feet. If the 
breadth were 1 foot, as AK, the block would yield 15 cubic feet ; 
but being 4 feet broad, the block yields 4 x 15 - 60 cubic feet. 

Similar reasoning will in every case shew that the number of 
square units in one face must be multiplied by the number of linear 
units in the side independent of that face. Let Z, &, ^, be the num- 
ber of units in the length, breadth and thickness respectively ; Z x 6, 
& X f , ^ X Z, are the areas of the several faces ; and Ixbxt^v^v being 
the volume. 

The following table will now be evident : 

1728 cubic inches =1 cubic foot. 
27 cubic feet = 1 cubic yard. 

Exercise XXXIL 
From length, breadth, thickness, find volume : 

(1) 8 ft 6 ft. 3 ft. 

(2) 10 in. 10 in. 10 in. 

(3) 1 yd. 1 ft 1 in. 

(4) 2J yds. If yds. f yds. 

(5) 10 yds., 1 ft. 2 ft, 8 in. 1 ft, lOJ in. 

(6) 1 mile 15 yds. lOJ ft 

Sincei;=Zx6x^, -iL = «;_L_ = 6;^ = ;;^ = jx<; •=*xZ; 
Ixh ' Ixt ' txb 'I ' b 

-^ = lxh. 
* Exercise XXXIIL 

(1) Given volume, length, and breadth, find thickness : 

a. 120 cub. ft 8 ft. 5 ft 

b. 5760 cub. in. 1 yd. 1 ft, 8 in. 

c. 9 cub. yds., 7 ft, 1612 in. 6 yds., 7 in. 2 ft, 3 in. 

d. 1 cub. yd. 4 yds. 2 yds., 1 ft 

e. 4^ cub. ft 3Jyds. 2^ in. ' 

(2) Given volume, area of one face, find the third side : 

a. 60 cub. ft. 12 sq. ft 

b. 5 cub. yds., 25 ft 17 sq. yds., 7 ft 

c. 8^ cub. yds. If sq. ft. 

d. 2 J cub. in. 150 sq. yds. 
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(3) Given volume and one side, find area of one face : 

a. 343 cub. yds, 7 yds. 

6. 1 cub. yd« \\ in. 

e. 3| cub. in. y^ in. 

d. If cub. ft. 1 yd. 

(4) How many bricks are there in a wall, 7 yds., 2 ft, 4 in. long, 
2 yds., 2 ft, 3 in. high, 1 ft, 1^ in. thick ? A brick is 9 in. long, 
4|^ in. broad, 3 in. thick. 

(5) A pile of stones is 12 yds. long, i\ yds. broad, 5 ft. high. 
How many stones are there, each being 1 foot long, 4|^ in. broad, 
5 in. thick f 

(6) How many cubic feet of wood are there in a block of timber, 
15 ft, 10^ in. long, 2 ft, 1\ in. broad, and 1 ft., 2 in. thick ? 

(7) Gold can be beaten out to the thickness of ^^^^^^^f^ of an inch. 
How much surface can a cubic inch of gold be made to cover 9 

(8) If I of a cubic foot of gold is beaten out to cover 1 acre, find 
its thickness. 

(9) Find the value of a mass of timber, 6 yds., 2 ft, 4 in. long, 
1 ft., 9 in. broad, 10 in. thick, at l\d, per cubic foot 

(10) Find the area of the reservoir that would contain the 
daily water supply of London, 83361824 gallons, if each gallon has 
277^ cubic inches, supposing it to be 6 feet deep ? 

(11) Find the cost of lining with tin a cubical box, one edge of 
which is 4 ft, 6 in., at 1«. M, per square yard. 

Exercise XXXIV. 
Miscellaneous Examples on Vulgar Fractiam, 

(1) Find the value of: 

a. ^ofX2. 13*. lid. 

b. H of 7 cwt, 3 qrs., 9 lbs. 

c. ^oi2 years, 73 days. 

(2) Find the value of 4| guineas + 3 J of 2<. 6cf. + £^ - 1 of 1«. 

(3) Simplify(7A+6f) + (7^-6|) + (7Aof6f)-(7TVx6|)^ 
.r7A^6|)x(6|^7A)} 
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(4) Interpret the symbol X, and apply it, where possible, to the 
following : 

a. X7 X 3. c. £1 X 0. e. X^ x 4. ^. » x £|. 

6. £1 X 1. d, £f X 1. / X« X 8. A. £^ X £ «. 

(6) What fractions of £1 are Us, 8d, lis, lOJd, 2«. Z\d^ 
<6) Divide 6|- of 2«. 6d by ^ of 1«. 

(7) A can do a piece of work in 4 days, and B in 5 days. In 
vhat time wiU they do it together 1 

[A in 1 day does J of the work ; 
B „ -J- of the work ; 

.•. A and B together „ do J + |^ = ^ of the work; as many 
times, then, as -^ of the work is contained in the whole work, so 
many days will A and B together require. 1 -j. ^ = 2^ = 2|.] 

(8) A can do a piece of work in 12 days, which B can do in 10 
and C in 16 days. In what time will all thi'ee together do it ? 

(9) A can do a piece of work in 14 days ; B works twice as fast as 
A, and C can do it in 10 days. In what time can all three together 
doiti 

(10) A can mow 2 acres in 7 days, B can mow 3 acres in 10 days. 
In what time will the two together mow 1 acre 1 

(11) A and B together can do a piece of work in 8 days, A alone 
can do it in 12 days. In what time could B alone do it \ 

?i 4.124.^ 

(12) Simplify ^^*. 

(13) Express ^ of 1 lb. troy + ^ of 1 lb. av. both as troy and 
as ay. weights. 

(14) Multiply 49^ by 60^, and add ^^ to the result. 

(15) Reduce il%i to lowest terms. 

(16) Arrange in descending order of magnitude, ^, |^|, |^. 

(17) If the step of a man be 2 J feet, and that of a horse 2f feet, 
how many horse-paces are equal to 50 man-paces 1 

(18) Find the smallest exact number of feet which is an exact 
number of horse-paces and of man-paces. 

F 
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(19) Find the largest quantity which is contained a whole number 
of times in each of the following : 2|., 6-^. 11^, 19 J. 

(20) Find the value of ^&xTnnr + ih^- 

(21) Tlio area of a certain room is 265|- square feet ; its length 
is 17| feet. Find its breadth. 

(22) The volume of a log of wood is 115 cubic feet; its breadth 
is 3f feet ; its thickness, 11^ inches. Find the length. 

(23) What fraction of 12«. 6d. must be added to | of 1 guinea to 
Tnake £1 ? 

(24) Multiply the sum of | of ^100, and ^ of X6. 6«. Sd., by | of 
Ltl. ^ 

(25) Find L.aM. of t?^, l^V, If, 3|J. 

(26) On Monday I spent f of my money, on Tuesday ^ of the 
original sum, and had then XI 1. 12«. 6d. left. How much had I 
at first? 

(27) If on Tuesday I had spent f of what was left me from 
Monday, and had then had £11. 12«. 6dl left, what would my 
original sum have been ? 

(28)SimpKfy||±a^|. 

(29) A person bequeathed i*^ of his property to A, |^ of it to B; 
J to C, and | to D. The remainder, £550, to charities. What was 
the value of the whole property ? 

(30) If 1 bushel last 3|^ days, how many days will i^J bushels 
lastl 

(31) Divide the sum of 8^ and 4^ by 
; a. the sum \ 

b. the difference > of their reciprocals. 
e, the product / 

(32) Machine A can pump 3 gallons in 5 minutes, machine B 
works half as fast again as A, and C at half B*s speed. In what 
time would A alone pump 1 gallon ? 

B „ 4 gallons? 

C „ 1| gallons 1 

JL9 B and C together 2f gallons ? 
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(33) Divide the sum of | of 3^, It of 17, and f of 5f of ^ by 1 0. 

(34) Simplify i^ of ^ of (2J^3|). 

(35) Express ^ of 13«. 4d. as a fraction of £5. 

(36) If ^ of an estate be worth £450, what is the worth of JJ of it l 

[^ is worth £450 ; 
1 „ I of £450; 
^ „ i}xjx£460.] 

(37) A can do a piece of work in 10 days, B can do it in 12 days, 
and C in 9 daya In what time will all three do 2 J such pieces of 
work ? What share of all the work is done by A, B and C respec- 
tively ? If £1. 10«. lie?, is paid per piece of work, how much should 
each receive for the 2| pieces f 

(38) A man can do a piece of work in 5 days, which a woman 
would take 8 and a boy 12 days to finish ; the man worked IJ days 
and was joined by the woman ; both together then worked for 1 J 
days, leaving the remainder to be finished by the boy. How long 
will he take to complete his task, and which of the three will have 
done the largest and which the smallest share of the work ? 

(39) Give three different interpretations to the symbol f^ and 
apply each to -||.. 

(40) I had I of a ship and sold | of this share for £1200. What 
IB the value of the whole ship ? 

(41) If 220 gals, of creosote, at Id. per gaL, give as much heat as 
2^ tons of coal, what will be the cost of the quantity of creosote 
that has the heating power of 1 ton of coal 1 

(42) The value of an oz. of standard gold is £3. 17*. lOJrf. What 
fraction of £1000 are 626 oz. of gold 1 

(43) Find the value of f of | of ^ of 7 articles, if | of If x 2J 
articles cost £15. 7«. Sd. ? 

(44) A cistern of 960 gallons is emptied by two pipes, A and B, 
in 5 and 7 minutes respectively. How much water will pass through 
each pipe if both are opened together 1 

(45) A and B together can do a piece of work in 6 dajs^ A «dl^ 

f2 
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C in 8 days, B and C in 9 days. In what time could all tliree 
together doit 1 

(46) A brick is 9 in. long, 4J in. wide, and 3 in. thick. How 
many bricks are wanted to build a wall 520 yds., 9 in. long, 15 ft 
high and 1^ ft. thick ? 

(47) What will be the cost of painting the four walls of a room 
which is 24 ft., 3 in. long, 11 ft., 9 in. broad, and 11 ft., 6 in. high, < 
at Is. 6d, per sq. ft % 

(48) Find the average of 21|, 73J, 0, 3^, 82, 17^ 5J, 9,^. 

(49) If I spend on the first day ^ of my money, next day f of 
what is lef t^ and so on for 4 days, what fraction of the original sum 
wiUbeleftI 

(50) By what must the difference between f| and ^ be 

a. increased, \ 

b. multiplied, I to give 12 1 

c. divided, j 

(51) Divide 15s, 9d. by 2f. 

(52) Divide 15«. 9d. by 2s. 7^ 

(53) Divide 15«. 9d. by £2|. 

(54) A cistern can be filled by pipes A and B in 5 and 6 minutes 
respectively, and emptied by C in 4 minutes. In what time will 
the cistern be filled if all three are opened ? 

(55) From 1 lb. troy are coined 46|^ sov& Express the weight 
of 1 80V., both by troy and av. weight 

^''^ '"''''' (Hx6|)!(lHxl|) -TfO^ if 
llix6| 

(67) SimpHfy 1.+I of If + (lf+li) + ^. 

(58) The area of a certain floor is 145^ sq. ft. ; its length is 15 
ft., 4J in. Find the width. 

(69) A court-yard is to be paved with tiles lOJ in. square. How 
many tiles will be wanted if the court is 7 yds., 2 ft, 4 in. long, and 
4 yds., 2 feet wide i 



o. 


mxa 
6x111 






A 


a 
bxe 


exa bxa 


y- 


T^ 


e 




i. 


T- 


e 
T 




e. 


T- 


^ X 

"5" 


&X(f. 


(63) Simplify 


27 
ITS- 


i + i 
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(60) How many tiles would have been wanted if each had an area 
of lOJ sq. in. 1 

(61) State and prove the rules for the multiplication and division 
of one vulgar fraction by ariother. Shew that the multiplication of 
two proper fractions will give a product less than either of them. 

(62) Simplify 

y mxa + mxb 
* m 

1 

(64) Divide 1 lb. troy and also 1 lb. avoirdupois by 17 lb. 10 oz., 
6 dwts., 15 grs. troy. 

(65) A room is 8 yds., 2 ft., 3 in. long, and 5 yds., 9 in. broad. 
Find the cost of covering it with carpet f yd. wide, at 4«. 6d, a yd. 

(66) K the value of one rupee is Iff* how many rupees can be 
bought for £7^1 

(67) If 56 cubic feet^ 1044 cubic inches, of timber are required to 
floor a room 29^ feet long, and 25^ feet wide, what is the thickness 
of the boards ? 

(68) Find the fraction of £1 which is equivalent to the excess of 
§ of a guinea above the sum of f of Is, and ^ of 7& 6d. 

(69) The cargo of a ship worth £45000 belongs to three partners ; 
A owns ^ of f of it ; B*s share is equal to 3^ times |^ of A's share, 
and C owns the remainder. What part of the cargo is owned by 
each partner, and what ought each to receive from the sale ? 

(70) If the circumference of a wheel is S^ times its diameter, 
how many times will a wheel 1 yd., 1 J ft. in diameter, revolve in 
travelling 3f miles 1 
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CHAPTER VI. 
PRACTlcaffi. 

§ 1. Practice is another mode of performing multiplication. 

Casb I. Find the cost of 428 articles at 28, each. 

2*. = ^ of jei, .-. 428 X 28. = £*^« = £42^^ = £i2. 8 florins = £i2. 
168. Similarly 3259 x 2& =£325. 9 florins =£325. 18«., and any 
number of times 2s. may be obtained by doubling the last figure for 
the shillings, and calling the rest pounds. 

Exercise XXXV. 

(1) 871 x2«. (6) 4572 x2f. 

(2) 8643 x2f. (7) 9724 x2#. 

(3) 616 x2«. (8) 1376 x2«. 

(4) 8497 x2». (9) 7948 x2«. 

(5) 1729 x2». (10) 820 x2«. 

Case H Find the cost of 367 articles at 12& each. 
12«. = 6florins, 367 x 12«. = (367 x 1 fl.) x 6 = (£36. 7fl.)x6« 
£216. 42 fl. = £220. 2 fl. = £220. is. 

Wording: 86.7 x 6=42 (florins) 4', cany 4 ; 86, 40^, cany 4 ; 18, 22^. 

5493 X 14«. 549,3 x 7 = £3845. 2$. 

Wording: 21, 2', carry 2 ; 63, 65', carry 6 ; 28, 84', carry 8; 85, 3&. 

EZEROISB XXXVL 

(1) 4378 xl2«. (6) 7841 x4«. 

(2) 987x14*, (7) 8267 x6». 
(8) 6716 xl6«. (8) 9752 x8#. 
(4) 8545 xl8t. (9) 728xl2«. 
(6) 8714x8*. (10) 8769x10*. 

Case IIL Find the cost of 1389 articles at U. each. 
1389 X 1«. = J of 1389 x 2& = J of £138. 9 fl. = £69. 9a 
Wording: 2 in 13, 6', cany 1 ; in 18, 9'; in 9 fl., ©'«. 

7356 X 1a = J of £735. 6 fl. = £367. 16& 

Wording: 2 in 7, 3', cany 1 ; in 18, 6', carry 1 ; in 15, T, carry 1 ; in 16 fL* 

ja'A 
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ExBBOiSB XXXVn. 

(1) 9802 xU (6) 1280 X Is. 

(2)8491xU (7)1579xU 

(8) 4624 xU (8) 658 xU 

(4)8765xU (9) nSxU. 

(5) 537 xU (10) 5046 xU 

Case IV. Find the cost of 4769 articles at 17«. each. 
4769 xl6«. =£8815 4 
„ X l8.= 238 9 

„ X 17*. =£4058 18 

EXBROISB XXXVIII 

(1) 4258 X St. (6) 8048x19*. 

(2) 8674 x7«. (7) 956 xlU 

(3) 2587 x9«. (8) 5010 xl7«. 

(4) 483x13*. (9) 3466x19*. 

(5) 5724x17*. (10) 8888x3*. 

Case V. Aliquot Parts. An aliquot part of any quantity is 
« measure of that quantity. Thus 68, Sd., being } of £1, is an 
aliquot part of £1. Similarly l^d. (J of 6d,) is an aliquot part of 
^d. 21 lbs. (yv ^^ ^ cwts.) is an aliquot part of 3 cwts. The useful 
aliquot parts of £1 are 10*., 6*. Sd, 68., 4*., 3*. id., 2*. 6d., 28., 
Is. Sd., la. 

Find the cost of 419 articles at 3*. id. each (3*. 4d = J of £1.) 
419 X 3*. 4dL =£*J« =£69. 16«. 8d. 

ExEBOiSE XXXDL 

(1) 846 X 10*. (14) 1452 x 2*. 6d 

<2) 789x4*. (15) 17x10*. 

<3) 8736 X 2*. 6d (1 6) 2831 x 5*. 

<4) 1234 X 1*. Sd. (17) 43 x 6*. Sd. 

<5) 477 X 3*. 4(i (18) 787 xZs. id. 

(6) 8124x5*. (19) 29x5*. 

(7) 885 X 6*. Sd. (20) 76047 x 3*. id. 

(8) 4457 X 2*. ed. (21) 451 x 2*. 6d. 

(9) 1494 X 3*. id. (22) 4284 x 6*. 8d. 
<10) 779x6*. Sd. (23) 2318x5*. 
(11) 387x10*. (24) 51x4*. 

<12) 7773 X 2*. 6d (25) 1717 x 5*. 

<13) 765 X 1*. 8d. (26) 11 x 8*. 4(2. 
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(27) 1837 X U (82) 688 x 1*. Sd. 

(28) 2655 X 3#. id. (33) 848 x 3«. 4<;. 

(29) 2470 X 28. 6d. (34) 8786 x 28. 6d. 

(30) 4776 X 1*. Sd. (35) 667 x 2#. 6cl. 

(31) 38 X 28. 6d. (86) 11111 x 1*. Sd. 

Case VI. The useful aliquot parts of 2s. are 1«., 8c?., 6c?., 4c?., 3c?.> 
2i. j those of Is. are 6c?., 4c?., 3c?., 2c?., l^c?. and Ic?. ; of 6c?. are 3c?.> 
2c?., l^c?., Ic?., |c?., Id. 

Find the cost of 477 articles at 8c?. each. 

477 X 8c?. = J of ^47. 7 fl. - £15. ISs. 

Wording: 8 in 4, 1', carry 1 ; in 17, 6', carry 2 ; in 27 &, 9 fl. ^l&s. 

Find the cost of 643 articles at 8c?. each. 
64,3 X 8c?. = £21. 8a 8c?. 

Wording: 3 in 6, 2'; in 4, 1', carry 1 ; (18 fl. =26#.) ; in 26, 8', carry 2#. ; in 
24, 8'. 

Find the cost of 5261 articles at 8c?. each. 
526.1x8c?. = £175. 7«. 4c?. 

N.B. Compare tbe wording of the first with that of the two following exaropleft 
here given. In the first the number of florins is diyisible by 3. 

EXEBOISB XL. 

(1) 6430 x8(?. (19) 6658x8(1. 

(2) 6124 x2c?. (20) 4507 x4<?. 

(3) 1624 x6(?. (21) 8155 x3e?. 

(4) 1740 x6d. (22) 7346 x6(?. 
(6)8432x4c?. (23)3761x2(1. 

(6) 41296 x3(i. (24) 4414 x4(?. 

(7) 3466 x8d. (25) 9256 x3(?. 

(8) 26413 x2(?. (26) 7646 x8(?. 

(9) 6899 x6rf. (27) 5273 x2(?. 

(10) 4106 X Sd. (28) 2851 x Sd. 

(11) 2746 X id. (29) 7108 x Sd. 

(12) 12113 X Sd. (30) 6498 x 2d. 

(13) 6468 X 2d. (81) 2537 x id. 

(14) 6794 X Sd. (32) 9059 x 6(?. 
(16) 8142x6(i. (33)1439x2^. 

(16) 8182 x2(?. (34) 3413 x6d. 

(17) 4533 x6(i. (86) 17222x3(1. 

(18) 2330 X id. (36) 21829 x 3i?. 
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Case VII. Find the cost of 1749 articles at ^63. 7«. 9|d each. 



1749 X £8.= £5247 

„ X 68, = 524 14 

„ xl#. = 87 9 

„ X 6d. = 43 14 6 

„ X Zd. = 21 17 8 

„ xjd = 6 9 8} 



£5930 
D is obtained by halving C, 

E 9, ,9 D, 



4 0} 



F „ finding the qnarter of R 

Find the cost of 2359 articles at £1. Us. 7|i. each. 



2359 x£l. = £2359 
„ X 14*. = 1651 6 
„ x6d = 58 19 6 
„ xlj<?. = 14 14 104 
„ xjd = 2 9 1} 



£4086 9 6} 
C is found as in Case VI. 
D „ by dividing C by 4, 
E „ „ Dby6. 

Find the cost of 947 articles at 16«. ll|i. each. 



947x16*. = £757 12 

„ xSd. = 81 11 4 

„ xZd. = 11 16 9 

„ x}rf. = 2 19 2J 



£803 19 Zi 
B and C are obtained as in Case VL 
D is one-fourth of C. 



Exercise XLL 



£. *. d. 
(1) 7000 @ 5 10 



(2) 394 

(3) 1776 

(4) 3458 

(5) 43728 

(6) 4639 



1 18 
4 17 6 

2 13 4 
8 18 6 
1 17 3 



£. i. d. 

(7) 529 @ 4 8 74 

(8) 7641 8 7 11} 



(9) 82465 

(10) 8762 

(11) 885 

(12) 1044 



13 9i 

10 1 1} 

5 7 6} 

8 19 104 
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£. «. cL 




£. f. 


d. 


(18) 157 @ 


6 18 91 


(20) 854 @ 


5 


3 


(14) 7235 


10 16 7i 


(21) 720 


11 10 


7i 


(15) 586 


4 4 44 


(22) 87 


10 6 


8i 


(16) 725 


12 Ui 


(23) 256 


20 11 


4} 


(17) 678 


9 2i 


(24) 749 


40 14 


6 


(18) 965 


8 2 5i 


(25) 865 


15 


H 


(19) 182 


7 8 8} 


(26) 1870 


8 14 


H 



(27) Taking a year to be 365 days, find the wages for a year, if 
the daily wages be 1&, 4«. 6d, 7«. id, £1. 28. 6d, £3. 4«. lOdf. 

Case VIII. Find the cost of 2037^ articles at £4. U^. 7(L each. 



2087 X £4. = 


£8148 





„ xlO*. = 


1018 10 





„ xl*. = 


101 17 





„ x6d. = 


50 18 


6 


„ xld = 


8 9 





of £4. 11*. 7d = 


2 5 


H 



£9380 1 Oi 



26754 articles at £1. ISs. 3|d 



2675 x£l. 
„ x 18«. 
,f xSd. 

„ x4d. 
i of £1. IBs. Zid. 
t 



= £2676 

= 2407 10 

83 8 

6 11 

4 

12 






9 

H 



18 



£5122 7 2i| 



Similarly, if the fraction of the article were ^j to *^^> '''^^ ^^J 
'^rst find the cost of -^, -j^, &c., and then by multiplication the cost 
of the remaining -|, i^, &c. 



EXEBOISB XLII 



<1) 426ix£8. 4«. 8id 
(2) 712ix£5. 7«. 4d. 
iZ) 28Hx£20. 4«. 4(2. 



(4) 537^x£83. 4«. 9(2. 

(5) 821fx£7. 10». 8|(2. 

(6) 246^x£14. 4«. 4^(2. 
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Casb IX.* Find the cost of 9 cwt, 3 qrs., 18 lbs. at £7. 10*. 8c/. 
per cwt. 

A 9 cwt at £7. 10s. 8d. = £67 16 
B 2 qrs. „ = 8 15 4 

C 1 qr. „ = 1 17 8 

D 14 lbs. „ =0 18 10 

E 41b8. y, ss 5 4f 



B. 2 qrs. = ^ of 1 cwt. 

C. 1 qr. = I of 2 qrs. 

D. 14 lbs. = i of 1 qr. 
£. 4 lb& » I of 1 qr. 



£74 13 2t 
Find i of £7. lOs. Sd. 



|ofB. 
^ofC. 



Find the value of 7 oz., 14 dwts., 1 1 grs. of gold, at £3. 17*. lO^cL 



per oz. 



820 



7 oz. at £8. 17«. 10^ =£27 5 !( 
lOdwtB. „ = 1 18 nj 

4 „ „ = 16 6A 

8gr8. „ = 1 8tt 

= 8iH 

= 00 im 



lOdwte. 


»> 


* » 


»» 


8gn. 


f» 


2 „ 


»f 


Igr. 


t» 



.. 


160 


— 


80 


82 


288 


8 


184 


2 


286 


— 


808 



£30 1 6Wtr WV=«fc. 

Exercise XT.TTT. 

(1) 7 tons, 6 cwt, 1 qr., 21 lbs. at £10. is, per ton. 
<2) 11 cwt., 3 qrs., U lbs. at £8. 10a per ton. 

(3) 4 cwt, 1 qr., 17 lbs. at £3. Zs. per cwt 

(4) 4 oz., 11 dwt, 17 grs. at £5. 10^ per oz. 

(5) 14 miles, 2 fur., 143 yds. at £42 per mile. 

(6) 3 qrs., 19 lbs. at £7. Ss. 4d per cwt. 

(7) 4 hours, 17 min., 17 sec. at 45 miles per hour. 

(8) 11 tons, 11 cwt., 23 lbs. at £3. 19«. per toa 

(9) 4 oz., 7 dwts., 11 grs. at £3. 17«. 10|^. per oz. 
(10) 23 lbs., 14 oz. av. at £18. 10«. per cwt 

* Stadentfl who intend to punae the study of Arithmetic into Part III. are 
advised not to waste mach time oyer this harbarons role, which we giTe reluctantly 
in deference to use and wont. 
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[oh. 



▼T. 



Case X. Find the cost of 149 tons, 13 cwt., 3 qrs., 10 lbs., at 
X43. Si. id. per ton. 

U9x£43 =£6407 

„ x8#. = 59 12 

,, xid. = 2 9 8 

10 cwt. at £43. Ss. id. per ton 21 14 2 

i >> >» 

2 qrs. „ 

1 qr. ,» 

7 lbs. 

1 lb. „ 

2 lbs. 



4 6 10 






2 3 5 


112 


1 1 8i 


— 


56 


10 lOi 


— 


28 


2 8A 


7 


63 


4AV 


— 


73 


9U 


2 


34 


£6499 2 en 




«♦= 



Find the dividend on £537. 8«. lOd, at 9«. 7|i. in the £. 

Diyidend of 20». in the £= £537 
5«. 
4s. 

ed, 

IJrf. 
id. 



= £537 8 10 


480 


= 134 7 2^ 




240 


= 107 9 H 


— 


96 


= 13 8 8^ 


24 


312 


3 7 2i^ 


6 


78 


= Oil 2HI 


— 


173 


£259 4 OHI 




m 



Exercise XLIV. 

(1) 421 tons, 11 cwt. at £5. 128, 6d. per ton. 
(2J 75 tons, 9 cwt., 1 qr. at £12. 10& Qd. per ton. 

(3) 137 oz., 12 dwi at £3. ITs. lO^d. per oz. 

(4) 511 miles, 5 for., 77 yds. at £417. ISs. 9d. per mile. 

(5) 4s. 10^. in the £ on £5811. 17a 6d. 

(6) 71 days (of 12 hrs.), 9J hrs. at £7. 7s. a day. 

(7) 111 yds., 1 ft., 1 in. at 58. 6^. per yd. 

(8) 5s. 4fi. in the £ on £826. 14a lOd. 

(9) 37 cwt., 3 qrs., 24 lbs. at £10 12a Sd. per cwt. 

(10) 76 gals., 3 qts., 1 pt. at 14a 9d. per gal. 

(11) 23 years, 17 weeks, at £10. 10a a year. 

(12) Find the price of 14 ingots of gold, each weighing 3 lbs., 
7 oz., 14 dwts., 21 grs. at £3. 17a lOJi. per oz. 
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(13) 3 cwt, 2 qrs., 16 lbs., at £3, Ts, 8d. per cwt. 

(14) 3 acres, 1 rood, 14 poles, at £126 per acre. 

(16) 15 silver plates, eacli weighing 7 oz., 11 dwts., 6 grs. at 
€^f. Sd, per oz. 



CHAPTER VIL 

PEOPOBTION. 



§ 1. Find a number that shall be the same fraction of 12 that 6 
is of 8. 6 is I or f of 8, .-. we have to find | of 12. Am. 9. 

EXEROISE XLY. 

What quantity is the same fraction 

<1) of 20 that 4 is of 6 1 

(2) „ 35 „ 6 „ 15? 

<3) „ 35 „15 „ 61 

<4) >, 2J „ 1^ „ 1»? 

<5) „ 10^ „ li „ 2? 

<6) „ 10| „10| „11? 

<7) „ £2.l08.Sd. „ 3 „ 4? 

(8) „ £10. 10a. • „ 1 cwt, 3 qrs. „ 2 cwt., 2 qrs.! 

<9) „ £8. 7«. 6d. „ 2 yrs., 73 d. „ 3^ yrs.1 

<10) „ 1 oz. troy „ U „ £1 ? 

(11) „ loz.troy „ Id „ £1? 

(12) „ 1 lb. troy „ U. „ £1 1 

<13) „ £1 „ 1 oz. „ lib. troy? 

(14) „ £1 „ 1 dwt. „ lib. troy? 

(15) „ £1 „ Iqr. 1 ton? 
<16) „ £1 „ Ifur. „ Imile? 
(17) „ 28. 6d. „ 1 pole „ 1 furlong? 
<18) „ £1. U „ 6|yds. „ 3| furlongs? 

09) „-^ „ 3xlf „ 6xl|? 

(20) „ The reciprocal of 10 „11 „ its reciprocal? 

(21) „ 1000 sheep „ 3 men „ 5 men? 
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§ 2. The fraction that one number is of another is called the 
RATIO of the first number to the second. In every ratio, therefore,, 
there must be two quantities (or "terms") of which the first i& 
called the Antecedent and the second is called the Consequent 

Of the ratio f , the numerator 3 is the antecedent^ 4 the conse- 
quent. The ratio f is commonly written 3 : 4, and is read 3 to 4. 
We see that 3 : 4 is one more interpretation of f , and we have the 
following sets of interchangeable terms. (Cf. p. 21.) 

Numerator, Denominator, Fraction, 
Dividend, Divisor, Quotient, 

Antecedent, Consequent, Ratio. 

[Note, however, that every ratio must be an abstract number (or 
fraction), and hence that the Antecedent and Consequent must be 
quantities of the same kind. Eatio, in fact, is Eelative Magnitude^ 
which can of course only subsist between quantities whose magni- 
tudes can be compared.] 

§ 3. Since antecedent, consequent and ratio are only different 
names for numerator, denominator and fraction, whatever holds true^ 
of fractions must also hold true of ratios. Thus, for example, 

By multiplying or dividing both terms of a fraction by the same^ 
number the value of the fraction is unaltered (Ch. II. § 1). Simi* 
larly. 

By multiplying or dividing both terms of a ratio by the sam^ 
number the ratio is unaltered. 

E.g.: since 4 = ^, 4:5 = 8: 10. 
Again : as f > f , so 3 : 4 > 2 : 3. 

EZEROISB P. 

Which is the greater of each of the following ratios : 



(1) 


5: 


8 or 6: 9. 


(2) 


7: 


10 or 6: 9. 


(3) 


10: 


7 or 9: 6. 


(4) 


8: 


9 or 10 : 12. 


(5) 


4: 


8 or 8:U. 



(6) 


i : 


8 or 


6: 


12. 


(7) 


7|: 


10 or 


3: 


4. 


(8) 


i- 


^or 


|: 


5 


(9) 


a . 


^or 


8 . 


f 


(10) 


26 : 


30 or 


15: 


18. 
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§ 4. When two ratios are equal, the four terms are said to h^ 
in PROPORTION ; thus the four numbers, 25, 30, 15, 18, are in pro- 
portion ; since 25 : 30 = 15 : 18. (Read : 25 is to 30 as 15 w to 18.). 

In every proportion there must therefore be four terms, viz. two- 
antecedents (25 and 15), and two consequents (30 and 18). The 
first and fourth, or outer terms, are called the Extremes ; the second, 
and third, or inner terms, are called the Means. It is also convenient, 
to call the two extremes or the two means similar terms, and one. 
extreme and one mean dissimilar terms. Thus in the above pro- 
portion 25 and 18 are similar, and so are 30 and 15; but 25 and. 
30, 25 and 15, 30 and 18, 15 and 18, are dissimilar. 

Notice that since by a proportion we mean the equality of two 
ratios, a proportion is true only if the two ratios or fractions reduced. 
to lowest terms prove to be identical ; thus f^ = J, and |4 = 1^-* 

§ 5. There is another mode of testing proportionality. To com- 
pare two fractions we reduce them to some common denominator,, 
for which we may choose the product of the two denominators. 

E.g. to compare §^ with ^, we may reduce them to the common^ 
denominator 18 x 30, and they become g^ ^-^^ and jglTaO' *^^ 
generally the numerators will be respectively the first numerator x 
the second denominator, and the second numerator x the first deno> 
minator. If these products are equal, the fractions are equal, and \f 
not, not. 

Translating this conclusion into the language of ratiofi : Two ratios- 
are equal if the first antecedent x second consequent == second ante- 

* Two fractions at lowest terms cannot "h^ equal nnless tbey are identical. To^ 
compare, for example, -fi with ^ we multiply each numerator by the number of ^ 
times the other denominator contains the o.o.h. of the denominators, and these 
two multipliers are therefore prime to each other. In this case they are 8 and 2. 
The new numerator of the first fraction will then contain 8 ; but the new numerator- 
of the second fraction cannot contain 8, for the old numerator did not contain 3, 
the fraction being at lowest terms, and the multiplier now introduced cannot» 
contain 8, being prime to it. Hence to suppose the two fractions equal, involres^ 
the possibility of an integer divisible by 8 being equal to an integer prime to 8^ 
which is absurd. 
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-cedent x first consequent. In other words : Four quantities are in 
proportion if the product of the extremes is equal to the product of 
the means, and if not, not. 

If any number be broken up into two pairs of factors (as 36 = 4 
X 9 = 3 X 12), these two pairs are the similar terms of a proportion 
{4 : 3 = 12 : 9)j the product of the extremes being equal to the 
product of the means. 

§ 6. The four numbers, 4, 3, 12, 9, can be arranged in eight dif- 
ferent ways, in each of which the tests for proportionality will hold. 

4: 3 = 12: 9. 12: 9= 4:3. 

4: 12= 3:9. 12: 4= 9:3. 

3: 4= 9:12. 9: 12= 3:4. 

3: 9= 4:12. 9: 3 = 12:4. 

There are sixteen other ways of arranging these four figures, but 
In no one of them does either test hold. 



Exercise XLVL 

(1) Break up 60 into two pairs of factors, and write down the 
resulting eight proportional arrangements. 

(2) Do the same with 16, 21, 25, 100, 2|. 

§ 7. The question of most frequent occurrence in Proportion is 
the following : Given any three terms to find the fourth. Putting 
the letter x for the missing term, the following four ca^es arise : 

L a;: 12 = 10: 15. 

ii. 8 : a; = 10 : 15. 

iil 8 : 12 = a; : 15. 

iv. 8: 12 = 10: a; 

(i.) translated means : A certain number is the same fraction of 12 
that 10 is of 15. Find the number. 

10 is ^ of 15. 10x12 

.-.ar is If of 12, '*'^'- 16 -^- 
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(ii) means : 8 is the same fraction of a certain number that 10 is 
of 15. Find the number. 

10 is ^ of 15. 
.•. 8is^ofaj. 15x8 

or a; is If of 8. (Ch.in.§6.) ^^- 10 ==^^- 

(iiL) means : 8 is the same fraction of 12 that a certain number 
is of 15. Find the number. 

8 is A of 12. 1^-10 

.•.a;isAofl5. '^'^' 12 " ^"• 

(iv.) means : 8 is the same fraction of 12 that 10 is of a certain 
number. Find the number. 

8 is A of 12. 
.*. 10 is 3% of ic . 12x10 ,^ 

. la riA -ATW. 5 — = 15. 

or a; IS y of 10. 8 

The same result might have been obtained more readily from the 
test given in § 5. 

If the missing term be an extreme, the question is, What number 
multiplied by the other extreme gives the product of the means ] 
Ana. The product of the means divided by the other extreme. 

If the missing term be a mean, the question is. What number 
multiplied by the other mean gives the product of the extremes ] 
Ana. The product of the extremes divided by the other mean. Or, 
in other words. The product of any two similar terms divided by 
one dissimilar term gives the other dissimilar term. 

. bxe - axd axd bxe 

Thus if a: o = e : a, a = -^; 6=-^; cs-j-; a = -^. 



Since "the product of any two similar terms divided by one 
dissimilar term gives the other dissimilar term," the two similar 
t^rms to be multiplied will give the numerator of a fraction, and the 
given dissimilar term the denominator. Hence the dissimilar term 

a 
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may be cancelled against either of the two similar terms, or if con- 
venient the dissimilar term and either of the similar tenns may be 
multiplied by the same number. 

Thus if 8 : 10 = 6 : a;, then 4 :5 = 6 : as, and 2 :5 = 3 :«; 

also 3 x8 : 3x10 = 6 :jB,and5x8 : 10 = 5x6 :a^ 

and 3x5x8 : 3 x 10 = 5 x 6 : ar, &c. 
(xenerally : If a : 6 = c : cf, m x a : m x 6 = c : <£, and my^aih^ 
m^c : d, &c., where m represents any multiplier, integral or frac- 
tional. In other words, " Any two dissimilar terms may be multi- 
plied or divided by the same number without disturbing the propor- 
tion," 

Exercise XLVIL 

L State the following proportion in the eight different ways and 
find the value of x from each way. x : 10=12 : 15. 

IL Find the value of x from the following : 

(2)2:a! = 3:4. ^ ' 2+J^ ^ 

(3) 2J:3J=a':4i- "* 

(4)5i:l=3:*. (&) ^ ., ^ ^ _L^ .. ^l^ 

^ , , , 6+1 5+1 

in. Place X in the first, second^ third and fburth terms succes- 
sively, and find its value in each case^ the othsr three terms being : 

(1) 12, 15, 20. (3) 31 3f, 2f 

(2)1,2,3. W(i-i).(i + i),(J-i). 

§ 8. Find x from 2| : 7J = 8| : «; 



x5 
x2 
x4 
•1-7 



14 .16 — 85 

T ' S - T • — 

U :5xV = V :« 
2xl4:5xl5=V '» 
4x2x14 : 5x15=35 :• 
4k2x2:5x15=5:« 

4x2x2 -W— ^^xT- 
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This example sliews tliat any denominator maj be transiSBcred a? 
a faeior to a dissimilar term. ShorUy, thus : 

2 15 6 

2 2x4x2 " 

Examine the proportion £6 : ^£8 = ^67 : x. Here we can attach 
n) sense to the product of the meansi (Part L Ch. V. § 17.) 
The question is : Of what sum of money is £7 the same 'u'action that 
£5 is of £8 9 The concrete quantity £5 is the same fraction of the 
concrete £S that the abstract number 5 is of 8, therefore substi- 
tuting abstract for concrete numbers, the rules previously given 
become intelligible. 

Find X from £1. Os. 7Jef. : £1. 13«. =£1. S8.icL:x 
£^it : £1H == £1* 89. id. : x 

6 8 x=i of £1. 8t. U=£2. U id. 

or, 

!;1SI|«. : H^ « £l. 8«. 4d : « 
X8§ 8 

X^ < 

5 tf 3:| d£l. 9$. id. as before. 

^Sll^ halfpence : ^[Sl!^ halfpence «£!. 8a. id. : x 

6 S «=f of £1. 8a. 4(2. as before. 

We see that the choice of the unit is immatcrtial Ai is best to 
choose the largest which is readily obvioua 

§ 9. Find the cost of 35 articles at £1. IQs. lOJd for 21 articles. 

The beginner will find rt <MmvMiittit fitst to arrange the problem 
thuB: 

Statement : 21 articles cost £1. 18«. 10|dL 
Question r 35 ^ £x. 

02 
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It is clear that the ratio of the two numbers of articles must equal 
that of the two prices, or that 21 : 35 = £1. 18^. lO^d. : x. Hence 

3 : 5, &c.; .-. a? = ^-iii^i^^^lM = £3. is. 9Ji. 

If 14 articles cost £3. 17s. 7d.f how many articles can be bought 

for £1. 10«. bid. ? 

Art. £. 8. d 
U cost 3 17 7 
« ,, 1 10 5} 
14 : « = £3 17 7 : £1 10 6}. 

It is, however, usual to make x the fourth term ; thus : 

£8. 17*. 7d. : £1. 10*. Sfrf. =^ M : x 
"^XSlii farthings X^^H)^ farthings !{ 
1^)^!^ 209 1 

m 209x1^ 

Ana. 54 articles. 

If the profits on £125. 14«. 9Ji. be £6. 15«., what capital must 
I invest to get a profit of £168. 15^. 1 

Capital. Profit. 

£125 14 91 brings £6 15 



£6. 15*. Od. : £168. 15*. = £125. 14*. 9id. : « 
XSi^ shillings ^l^^l^ shillings 

%x m 

1 25 

£125. 14*. 9}(2. x25=£3143. 9*. 8}(2. Am. 

If 11^ articles cost £2. 6s. lOd, what will 19^ articles cost ? 

Art. £. «. d. 

m cost 2 5 10 

19H n « 
\M ' \^H = £2. 5*. lOd. : m 
W \ 

4 ^\ £2.5*.10J.x7^^^^^^^^^ 

81 7 4 
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Find the cost of 1 ton, 15 cwt., 3 qrs., 5 lbs., if 13 cwt., qrs., 
21 lbs. cost £i. Us. ^d. ? 

Tods. cwt. qrs. lbs. £. «. d, 

18 21 cost 4 16 6i 

1 15 8 5 „ X 

Cwt. qrs. lbs. Tons. owt. qrs. lbs. £, i, d, 
18 21 : 1 15 8 5 = 4 16 6i : » 
1477 lbs. : 4009 lbs. 

£4. 16». 64d X 4009 ^-^ o m^ j 
j^j =£18. 28, Oid, Am, 

How much spirits of wine can I get for is. S^d. at 23s. per galloni 

Gallon. £. 8. d. 
1 18 

» 4 8} 

£1. Z8, : 4«. SJd =1 :» 

1 $ a 

2 8 l=li pu^tB. Ans, 

Here £1. 3«. is expressed as 23 x 12 x 4 farthings without multi- 
plying out ; U, 3|c?. are 207 farthings, and 1 gallon is 4 x 2 pints. 
It is best, where possible, merely to indicate operations, without 
performing them, as this facilitates cancelling. Thus here the one 
gallon of the third term is expressed as 4 x 2 pints, because the 
factors thus introduced cancel against factors of the £urst term. 

EXBROISB XLVIII. 

(1) Find the cost of 72 articles, if 40 cost £3. 12«. S^d. 

(2) If 15 sacks of potatoes cost £4. 4s., what shall we pay for 50 
sacks 1 

(3) What is the cost of 104 yards at £1. 11«. 6d. for 91 yards 1 

(4) What will be the weekly keep of 195 horses, if 117 horses 
can be kept for £46. 16«. 9d f 

(5) What will be the carriage for 161 miles at IBs. 6d. for 276 
miles) 
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(6) How many articles can be bought for 116 if 10 cost £25 f 

(7) If 15 sacks of potatoes cost £4. 4«., how many can be bought 
for £2. 12«. 6rf. 1 

(8) How many yards can be bought for £33. 6«. Sd. at £100 for 
300 yards? 

(9) If 45 yards of trench are dug by 15 men, how many men 
would be required to dig in the same time 63 yards 1 

(10) If a railway ticket for 125 miles cost 7«. 9|c?., how far ought 
I to be able to travel for £3. 28. 6d. ? 

(11) Find the cost of 4 tons, 17 cwt, 3 qrs., if 11 cwt., 2 qrs. 
cost 198. lO^d. ? 

(12) Gold costs £3. 17s. 10^. per oz. troy. Find the value of 
1 lb. av. ? 

(13) How many oz. troy of gold shall I get for £103. I6«. Sd. 1 

(14) Find the wages for 2 years, 8 months, at £10. 15& per 
annum. 

(15) A and B divide between them a hogshead of claret (23 
dozen), costing £34. 10ft A takes 150 bottles. How much has B 
to pay f 

(16) If 3 qrs., 5 lbs. cost 38. 8^., what will 2^ cwt cost ? 

(17) How loeg will £368. 19«. Id. keep ae, if £93. Os. Id. sof- 
fices fcom March 17 to June 20 1 

(18) How much old brandy can I get for £1. 17^. M. at £3 per 
gallon ? 

(19) Taking the diameter of the earth at 7917 miles, and the 
highest mountain at 29,000 feet, by what fraction of an inch ought 
this mountain to be represented on a globe 1 yard in diameter ? 

(20) If 6 cwi, 1 qr., 21 lbs., coat £5. %8. 5\d., what weight can 
be bought for £17. I7«. % 

(21) il articles cost 9«. lOei Find the cost of 10| articles. 

(22) How many articles can be bought lor 17^. 4^., if 8| articles 
are bought for 2«. 2\d, ? 
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(23) A owns -j^ of a ship, B owns ^ of it. If A's share is 
worth £2950, what is B's worth? 

(24) If for £1700 I buy ^ of a shi^, what fraction of it can I 
buy for 1270 guineas ? 

(25) Find the fourth proportional to 4|, 5|, 7^ [i.e. place x in 
the fourth term]. 

(26) The value of a fraction is ^, tiie numerator is 33|. What 
must the denominator be ? 

§ 10. Compare the following questions : 

(1) If 8 articles cost £30, what will 12 cost ? 

(2) If 8 men do a piece of work in 30 days, how long will 12 
men requii^e ? 

In (1) moi;e articles cost more money ; in (2) more men require 
less time. Articles and their prices, horses and their provender, 
men and the work they can do, &c., are said to be in direct propor- 
tion, which means that twice as many articles cost twice aa much 
money, three times as many articles cost three times as much, and 
so on, or twice as many horses require twice as much provender, &c. 
But men and the time required are in a different relation to each 
other ; for twice as many men require half the time, three times the 
number of men require one-third of the time, and so on. Quantities 
thus related to each other are said to be in inverse proportion. 

Direct. Inverse. 

(1) ^If 8 men earn £30, m (2) | If 8 men require 30 days, ^ 
^ 12 men will earn £x. ^ m ^^ 99 ^ ^^J^- \ 

In (1) the number 30 is to be altered in the ratio of 8 : 12. 
In (2) „ „ 12: 8. 

Hence the resulting proportions are : 

(1) 8 : 12 = 30 :x. Ana. £45, (2) 12 : 8=^30 ;«. Am. 20 days. 

Before " stating" a proportion, we must always determine whether 
the problem is one of direct or of inverse proportion. The beginner 
will find it convenient to indicate his conclusion by arrows as above. 
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ExBBOiSB XTiTX. 

(1) If 8 men can mow a field in 5 days, how many men will mow 
it iu 2 days 1 

(2) If 8 men can mow a field in 5 days, how many days will 10 
men require ? 

(3) If we require 75f yds. of carpet f yds. wide, to cover a 
room, how many yards of carpet 1 J yds. wide, will be required ? 

(4) If £483 gain £27. 15«. interest in 1 year, how much capital 
will make the same profit in 7^ months 1 

(5) If with a given sum of money I can huy 112 dozen at 7«. 4^, 
per dozen, how many articles can I buy at lOs, 6d. per dozen! 

(6) If the wages of an Austrian workman be la, Sd. a day, and 
of a Lancashire workman 4«., how many of the former can be hired 
for the wages of 375 of the latter ? 

(7) What sum of money will at 3^ per cent, yield the same 
interest that 400 guineas yield at 5 per cent, f 

(8) The capital of a company is raised by the issue of 1750 shares 
at £45 each. What would be the value of each share, if 3000 shares 
had been issued to raise the same amount ? 

(9) If 6352 stones, 3 ft. long, are required for a certain wall, how 
many stones, 2 ft. long, will be wanted ? 

(10) What length of land must be cut off from a piece 13^ poles 
wide, to contain an area equal to a field 88 yds. long and 55 yds. 
broad ? 

(11) If 6§ bushels last If days, how many days will 14f busheU 
last) 

(12) If the daily allowance is 6§ bushels, the store will last 1 J 
days. How long will the store last with a daily allowance of 14^ 
bushels f 
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§ 11. Chain RuLa 

All questions of proportion can be stated in the shape of a frac- 
tion. It is convenient to draw the line perpendicularly. Find the 
cost of 45 articles if 20 cost £6. 6^. This question stated thus : 
£x I 45 art. 
20 art. I £6. 6^. 
is read : " How many pounds for 45 articles if 20 articles cost 
£6. 65.?" 45 X £6. 6«. is the numerator and 20 the denominator of 
the fraction sought. Cancelling, we obtain, 9 x £1. 11«. 6d =£14. 
38. 6d. Ana. £14. 3& 6d, 

^ ^ ^ 

1 1 11 6 

The "chain" is correct for direct proportion (1) if each line begins 
with the denomination with which the previous line ended, (2) if the 
chain finishes with the same denomination with which it began, and 
(3) if the original sense of the question is preserved when read ofi 
as above. 

This rule is applicable with advantage to such questions as the 
following : How many pounds of tea must be given for 28 lbs. of 
rice, if 4 lbs. of sugar are worth 1 lb. of coffee, 15 lbs. of sugar are 
worth 14 lbs. of rice, and 30 lbs. of coffee are worth 7 lbs. of tea ? 
Denominator. Numerator, 
tea X 28 rice 
rice 14 15 sugar 
sagar 4 1 coffee 
coffee 30 7 tea 
This chain is stated correctly ; for the second and third terms, the 
fourth and fifth terms, the sixth and seventh terras are respectively 
of like denomination, and so also are the first and last. Moreover, 
when read off, the statement preserves the original sense. The 
problem might bo broken up into a number of separate questions of 
direct proportion. Thus : 

How much sugar for 28 rice if 14 rice = 15 sugar ? Aria, ?^ 
sugar. 

How much coffee tot ^^^^ sugar if 4 sugar = 1 coffee! Ans. 
?8iiHiiJ coflfee. 

14x4 
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Ans. 



How much tea for 28 x 15x1 ^^^^ ^ ^q ^^^^^ = 7 tea 1 

lis 1 7 14x4 

tea, which is the fraction obtained above in one state- 



14x4x30 
ment 



X 

4 



1 

7 

!$ i=ll Ana, IfllMLtea. 

Questions of this kind occur very rarely, but problems of " arbi- 
tration of exchange" are of daily occurrence, and are solved most 
readily by Chain Rule. 

How many pounds sterling must be paid for 32830 francs, if 35 
francs are worth 36 roubles; 4^ Austrian florins = 2^ Prussian 
thalers, 12 roubles = 5 Austrian florins, and £1 = 6^ thdeiSi 



£ 
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^!?Wfr. 




£r. 


^^ 


<$r. 




r. 


\^ 


5fl. 




fl. 


\\ 


Wrth. 




tlu 
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1£ 
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\ 
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27 
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\^ 
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\ 
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\^m 








w 


5x27x10=1850. 






10 


An$. £1350. 



EXEBOISB L. 

(1) Find the cost of 72 yds. at the rate of £5. 12*. 6ef. for 10 yds. 

(2) If 7 J cwt cost £26. 10«. 4d, what will 43J cwt. cost? 

(3) If 3 paces are equal to 2 yds^ how many paces will there be 
in 106f yds. I 

(4) If 5 balls of lead weigh as much as 9 of iron, and 7 of marble 
as much as 3 of iron, how many balls of marble will equal in weight 
35 balls of lead? 

(5) If 1 dollar is worth 4«. 1^. and also 5 fr., 17 centimes, find 
the value of a franc in sterling money (1 fr. = 100 centimes). 
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(6) How many francs are worth £1, if 49|<f. buy one dollar, and 
100 doUars fetch 517 fr. ? 

(7) Find the value of the wool from 14,000,000 sheep, at £8, 16«. 
per cwt., if 11 sheep yield 25 lbs. of wool 

(8) How many franca for £1, if 35 Flemish shillings = £1, 480 
rees are worth 3 francs and 400 rees are worth 3^ Flemish shillings ) 

(9) If the rent of land in France be 140 francs per hectare, cal- 
culate the rate per acre in English money, ^5 francs being equal to 
£1 and 100 hectares to 247 acres. 

(10) If 1 metre = 39^^ in. and £1 = 25| fr., what is the cost in 
English money of 1 yd. at 1^ fr. per metre ? 

(11) K 11^ Dutch florins are given for 24^ francs, 386 florins 
for 442 marks Hambro' and 68J marks for 32 Eussian roubles, how 
much English money should be given for 2010 roubles at 25^ fr. 
per £1 ] 

(12) If 3 lbs. of tea are worth 4 lbs. of coffee, and 6 lbs. of coffee 
are worth 20 lbs. of sugar, how many lbs. of sugar can be had for 
9 lbs. of tea? 

(13) The day's journey in Turkey being 10 hours of 4^ English 
miles each, and 11 English miles being equal to 12 Eoman miles, 
how many Roman miles are there in 13 days' journey in Turkey ? 

(14) K£3 = 20 thalers, 25 gulden = 62 francs, 25 thalers = 93 
francs ; find how many gulden are equal to £1 sterling. 

(15) If £1 = 25^ francs, 9^ florins = 20 francs, how many florins 
for £1 ? 

(16) How much capillaire must be added to 580 gallons of dry 
gin, if to 100 gals, of gin is put 45 lbs. of sugar, and 1 gallon of 
capillaire has the sweetening power of 13 lbs. of sugar ? 

(17) Find the cost of 30 pieces of lead, each weighing 1 cwt., 12 
lbs., at 16& id. per cwt. 

EzERorsB LI. 

(1) A person takes 2 paces to walk 3 yds. How many yds. will 
he get over in 250 paces % 

(2) How many paces will he take in a mile ) 
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(3) The clothing of a regiment of 750 soldiers amounts to £2831. 
58, What will the clothing of 3500 men cost t 

(4) A bankrupt owes £1954, his assets are £840. 12<.6|<;. What 
will a creditor for £153 recover ? 

(5) The circumference of the earth at the equator is 24,900 miles. 
At what rate per hour is a person there carried round, one whole 
rotation being made in 23 h., 56 min. t 

(6) If the Qd, loaf weighs 4 lbs. when flour costs £3. 6s. a sack, 
what ought it to weigh if flour cost £2. Ida, a sack ? 

(7) K the 4 lb. loaf cost 6d, when flour is £3. Ss, a sack, what 
ought it to cost when flour is £2. 15«. a sack ? 

(8) If the Gd, loaf weighs 4 lbs., what ought the 8^. loaf to 
weigh 1 

(9) If in a picture a tree 33 feet high is represented by a drawing 
l^ inches high, what should represent the height of a house 45 feet 
high? 

(10) How high must a shrub be which is represented in the pic- 
ture by ^ inch 1 

(11) If a country 630 miles long is represented in a raised map 
by a length of 5^ feet, how high ought a mountain of 15,750 feet to 
be represented on the map 1 

(12) If 1|- inches represent the distance of the moon from the 
earth, how far off should the sun be placed, the actual distances 
being taken as 238,793 and 95,517,200 miles respectively? 

(13) If 1^ inches represent the distance of the sun from the 
earth, how far off should the nearest flxed star be placed, its distance 
being taken as 20,185,649,876,000 miles? 

(14) If light takes 8 min., 13 sees, to travel from the sun to the 
earth, how long will it take from the moon to the earth, and how 
long from the star ? 

(15) The area of a certain garden is 1^ acres, the width being 
425 ft. What will its area be if the width be made 510 ft. ? 

(16) A certain garden is 440 feet long and 100 ft. broad. What 
would be the breadth of a garden of the same size whose length was 
363 ft. ? 
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(17) Find the cost of 7 tons, 12 cwt., 3 qrs., at £1. lOs. lOd. for 
3 cwt, 1 qr. 

(18) Find the cost of a tankard, weighing 1 lb., 7 oz., 14 dwts., 
at £1. Us, lOd, for 5^ oz. 

(19) If the carriage of 15 tons, 15 cwt., cost £1. 12«. 6d,, what 
will be the charge for carrying 3 tons, 17 cwt. ] 

(20) If 15«. 9d. pays the "carriage on 2 tons, 17 cwt, what weight 
can be carried for a guinea ? 

(21) If goods are carried 45 miles for 7«. 6d.y how fer ought they 
to be carried for lOs, 6d. ? 

(22) If for a certain payment 15 tons, 10 cwt are carried over 
100 miles, how far ought 4 tons, 13 cwt to be carried ? 

(23) If for a certain payment 10 tons, 9 cwt are carried 150 
miles, what weight ought to be carried over 200 miles ? 

(24) If from every £92. 10«. of capital I obtain £3 income, how 
much shall I obtain from £740 ? 

(25) A bankrupt pays 9«. 4^. in the £. What will be lost on a 
debt of £324. Us, id.'i 

(26) My gross income is £730. 15«. What will be left me after 
paying 5d, in the £ income-tax ? 

(27) Find a fourth proportional to : 

a. 6,9,10. d. ^ofi,lofi,|ofi. 

*. 7,8,9. «. (l + i),(|-i),|of|. 

c. 2i, 3i, 1|. /. ^, A., ^. 

(28) Find the cost of 2 tons, 7 cwt, 3 qrs., at £5. 18«. for 15 
cwt, 1 qr. 

(29) Find the cost of 73 yds., 1 qr., 3 nls., at £39. lU Sd. for 
1000 yds. 

(30) If 1| articles cost £5^^, how much will 2^ articles cost ? 

(31) If £| buy 4 of 1 article, what wiU £2| buy ? 

(32) A train goes from Ix)ndoii to Bristol in 3^ hours, travelling 
at the rate of 3 miles in 5 minutes. (1) How far is it to Bristol? 
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{2) How long would it take to Exeter (194 miles) at the same rate ? 
(3) How long will it take to Bristol and to Exeter if the rate be 
increased to 40 milee an hour ? 

(33) If 770 gallons of creosote have the heating power of Bf tonft 
of coal, how many gallons a day would be required for a steaner 
which consumes 50 tons of coal daily 1 

(34) Find the cost of 1 lb. avoirdupois of gold, at X3. 17^. 10|(i 
per oz. troy. 

(35) find the weight of 4361 sovereigns in av. weight at the same 
rate. 

(36) 10 cubic inches of gold weigh as much as 193 cubic inches 
of water. What is the size of a nugget weighing as much as a 
cubic foot of water ? 

(37) If 4J tons of coal fill a cellar 9 ft. long, 5 ft. broad, 5 ft high, 
what space will be required for the coal of a steamer carrying 3 
weeks' consumption, at 20 tons per day ? 

(38) The space between the freezing and the bofltng polirts of 
water is divided into 180, 80, 100 degrees respectively on Fahren- 
heit's, E^umur*s and the Centigrade theimometers. How many 
degrees of the second and third are equivalent to 18, 27, 45 and 63 
degrees on the first ? 

(39) In Fahrenheit's thermometer freezing point is marked 32^ ; 
on the others, zero ; so that 3^ F = 0^ C = 0* R. Translate the fol- 
lowing readings into readings of the other two : 4P F ; 8® R; 40^ C ; 
40« R; 900 C; 86« F; 0« C; 100^ C; 100« F; 50^ C; 50« F; 
50«R. 

(40) 90 degrees are 100 grades. How many grades are equal to 
65f degrees, and how many degrees are equal to 65| grades t 

(41) If 600 men can dig a cutting 750 yards long in 23 days, how 
long would 460 men takel 

(42) How long would the 600 men take if the cuttii\g were 800 
yards long 1 

(43) What part of the 800 yards would | of the numbtt: df Men 
do? 

(44) How long would | df the men take to do ttio 800 yatdrt 
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(45) How many men would it take to do the 750 yards in ^ of 
the time i 

(46) If 24 men dig a ditch in 3 days, how long would they take 
•to dig a ditch half as long again, half as deep again, and half as 

broad again ? 

(47) How many men would it take to dig the second ditch in 
the same time ? 

(48) What will be my new expenditure, supposing it to have 
been originally 300 guineas, if I alter it in the ratio of 7 to 12 ? 

(49) If brickwork, 84 ft. high, 73^ ft. long, cost X700, how must 
I reduce the thickness so that it may cost only £600 1 What re- 
duction of height would have given me the same result ? What 
would be the cost if both height and length were thus reduced ? 

(50) If 3 cwt., 2 qrs., 12 lbs. cost £9, what is the price of 6 lbs. 1 

(51) A bankrupt's debts amount to £4586. 8«., and his effects to 
3822 guineas. How much will a creditor receive on a debt of £700 ? 

(52) A railway train travels J of a mile in 18 seconds. How 
many miles an hour does it travel at this rate ? 

(53) If 35^ lbs. of sugar cost £1. 2«. 2^^, how much will 2 cwt., 
Iqr. 23 lbs. costi 

(54) If £100 put out to interest for 9 months becomes £103, 
what sum would amount to £193. 28. 6d, in the same time ? 

(55) If tJ^ of 3| of ^ of 5| of 22 lbs. of sugar cost S^cL, how 
much will 1 ton, 11 cwt., 3 qrs. cost ? 

(56) If ^ of A of 3^ of a ship cost £3710, what part of the 
ship can be bought for £100 ? 

(57) If a garrison of 1500 men have provisions for 13 months, 
how long will their provisions last if it be increased by 700 men 1 

(58) If a man's step be 2 ft., 4 in., aaid a horse's 2 ft, 9 in., how 
many steps of the horse are equal to 108 steps of the man 1 

(59) If 432 and 750 be two among several factors of a number, 
what must I substitute for the latter if the former be altered to 540, 
in order that the final product may remain the same 1 
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(60) A coat requiring 2| yards of cloth, 1 J yds. wide, is lined 
with silk 39 in. wide. How many yards of silk will be required ! 

(61) If the quotient be altered from 730 to 219, what must the 
dividend be, which was before 1,000,000, so that the divisor may be 
unaltered? 

§ 12. Compound Proportion. 

If 20 men earn £15 in 4 days, how many men will earn £24 
in 6 days ) 

Here the result is affected not only by the alteration of the amount 
earned, but also by that of the number of days. The problem may 
be resolved into two separate proportions thus : 

(1) If ^ 20 men earn £15 ip in 4 days, 

I' ^ 99 £24 ^ in the same time. 

16 : 24 = 20 : x. Am. ?2^ men. 

15 

(2) n W ??ii?l men earn £24 in | 4 days. 

To;,, the same in ^ 6 days. 
6:4=-^ :x. 
4 4 

8 1 

The same resulting fraction, ^^^^^^ ^ 9 will evidently be obtained 



by the following method. 


Statement : 


Men. 
(^ 20 


£. Days. 
W 15 1 4 
1 24 ^6 


15 
6 


;\n=20:. 



* Tbe interpretation that must be given to snch an answer as this is, that £24 
will pay for 6 days the wages of 21 men, with enough to spare to pay the third 
part of the wages of another man. 



CH. TU.] PBOPOBTIOW. 97 

Hence each pair of numbers of like denomination must be sepa- 
rately considered with reference to that pair in which the x ocouis, 
marking each direct proportion by a downward, and each inverse 
proportion by an upward arrow. 

If 9 men can in 10 days, of 12 hours each, dig a trench 46 y»rds 
long, 1 J ft wide, and 1| ft. deep, how many hours a day must 8 
men work to dig a trench 4J yds. long, 2^ ft. wide, and 5 ft deep, 
in 13 days? 



9 
8 




Hours. 
12 



Yds. long. 



Ix I 45 I 2^ I 



Ft wide. Ft deep. 
2i 1 6 



place 



1st Put a downward arrow to the pair containing a?. 

2nd. Consider the men : more men, less houra. Inverse, 
to the men an upward arrow. 

3rd. Consider the days : more days, less hours. Inverse. Arsow 
upwards. 

4th. More length, more hours. Direct. Arrow downwards. 

5th. More width, more hours. Direct. Arrow downwards. 

6th. More depth, more hours. Direct. Arrow downwarda 

Now " compound" the several proportion sums as follows : 



6 



l.!* 


Vi 


M 


^ 


\k 


■■ %i 


\l 


■■ 5 


H 


xa 


5? 


\ 


fi 


% 


U 


H 


5 


1< 


? 


\ 


« 





Ant. 6 hontfL 

The jnstification of this method of compounding will perhaps be 
rendered more evident to beginners by the use of the language of 
Fractions. 

9 men reqt^re 12 hours, .*. 8 men require | of 12 hours. 

Again, for 13 instead of 10 days, they require 44 of f of 12 hoaf«. 

H 
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* For 4| yd& instead of 45 yds. length, they require -^ of ^ of \ 
of IS hours. ^ .- 

For 2| ft iMtead of \\ ft. width, they require ^ of ^ of |§. 
of J of 12 hours. * :. 

And lastly, for 5 ft. instead of \^ ft. depth, they require -^ of. 
H-of ^ of ^ of I- of 12 hours. 

The only difference between this result and that previously ob- 
tained is, that the numerators here were in that case means, and the 
denominators extremes. Every pair may thus be looked upon as 
a fraction, and in each case we have to determine which is tiie 
numerator. 

Any £Ekctor common to both members of the pair may be struck 
out before commencing operations. 

K I travel 300 miles in 6 days of 8 hours each, in how mianj 

days of 10 hours shall I travel 450 miles, travelling lialf as fast 

againt 

Miles. Days, Hours. Speed. 



IW 2 f e f a 4 



1 

14 



5 : 4 

)^ \ 0x4 



5 : 41 



Exercise UL 






(1) If £240 be the wages of 6 men for 21 weeks, what will 28 
men earn in 23 weeks ) 

(2) How many men can I employ for 7 months for £453. 12«., if 
the wag^s of 50 men for 12 months is £1080? 

I (3) If I pay £lf to 13 men for 3| days, what will be the wages 
of 30 men for 10| days? 

(4) K 36 persons consume 240 pecks of corn in 30 days/ how 
lp^g will 100 pecks last 90 persons ? 
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(5) If 15|)umps, working 8 hours a day, can raise 1260 tons of 
water in 7 days, how many pumps, working 12 hours a day, will be 
recjuiied to raise 7^60 tons of water in 14 days ? ^ 

(6) if 24,000 yds. of cotton cloth. If yds. wide, be worth £400 
when raw cotton is at 4^6?. per lb., what is the value of 12,600 yds. 
of cotton cloth, 1 J yds. wide, when raw cotton is at d^d, per lb., 
sappo^ng the cost of manufacture to have risen in equal proportion ) 

(7) If the com of 13 horse's for 63 days cost £17. 6s. Sd. when 
corn is 4«. per bushel, how many horses will in o6 days consume 
corn to the value of £10. 13«. M, when corn is 4& 6d, per bushel? 

(8) If 48 pioneers in 5 days, of 12^ hours each, can dig a trench 
139 J yds. long, 4|- yds. wide and 2^ yds. deep, how many houre per 
day must 360 pioneers work during 42 days to dig a trench 4910^^ 
yds. long, 4^ yds. wide and 3^ yds. deep ? 

(9) If 6 men can perform a piece of work in 12 days of 10 
hours each, how many men will perform a piece of work four times 
as large in a fifth of the time, if they work the same number of 
hours a day, supposing that 2 of the second set can do as much 
work in an hour as 3 of the first set 1 

(10) What is the interest on £100 for 1 year, if the interest on 
£1303. 6«. 8^. for 10 years is £488. 155. 1 

(H) If a block of marble be worth £50, what will be the value 
of a block twice as long, 3 times as broad, and J of the thickness ? 

(12) If a cubic block cost £50, what would be the price of a 
cubic block 3 times as long ? 

(13) If a block of marble weigh 50 cwt., what is the weight of a 
block of iron, the dimensions of which are to those of the former in 
the proportion of 2 : 3, 3 : 4, and 4:5 respectively, weights of 
equal blocks of iron and marble being in the proportion of 77 : 27# 

§ 13. Proportional Parts. 

Break up a given quantity into two parts whose ratio shall be 
that of the numbers 2 and 3. The two parts are f and f of the 
given quantity, for these added together give the whole quantitY^ 

h2 
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and they are in the reqaired ratio. Similarly, to break np a quantity 
into three parts whose ratios to one another are those of the nnmben 
4, 5, 6 (which is expressed by 4 : 5 : 6), break up the whole into 
4 + 5 + 6 = 15 parts, and take 4, 5 and 6 such parts severally. Am 
^ ^ and rr> or ^, J and f of the given quantity. 

Generally : Divide the given quantity by the sum of the given 
numbers, and multiply the quotient by each number separately. 

The ratios of two or more numbers are not altered if they are all 
multiplied or divided by the same number (C£ § 6); thus 2:3:4 
=> 20 : 30 : 40, and ^, i, ^= 15 : 10 : 6 (each term being multiplied 
by 30). The general rule for simplifying ratios is to divide the 
given numbers by their a. o. h. if they are integers, or to multiply 
them all by the l. c. m. of their denominators if they are firactiona 
This will evidently reduce them to the simplest integral form. 

Divide £10. 10«. into 4 parts, having the ratios 4 : 7 : 8 : 9« 

4 + 7 + 8 + 9 = 28. The fractions are ^, ^, ^, ^ of £10. 10a 

A of £10. 10«. = 7 6 



A 


9» 


= 


1 10 





A 


» 


= 


2 12 


6 


A 


»f 


a 


8 





A 


ff 


= 


8 7 


6 



£10 10 
Ans. £1. 10*.; £2. 12». 6rf.; £8; £8. 7t. U. 

N.B. It is well always to verify the separate resaltt by addition. Thej should 
of eonrse give the original nnmber to be divided. 

If three persons invest £200, £350 and £750 respectively in the 
purchase of a property which yields an income of £109. 4«.y how 
should this be divided among them 1 

200 : 350 : 750 = 4 : 7 : 15. The diares should be ^, ^ and 

if of £109. 4^. 

iV of £109. U, = £4 4 

A „ = 16 16 

A •• = 29 8 

« „ « 63 

£109 4 
Am, £16. 16«.; £29. 8«.; £6tL 
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If A invest £300 for 4 months, B £160 tot 7 months, and 
,^200 for 9 months, how should the profit be divided 1 

If we take as a unit the investment of £1 for 1 month, A has 
invested 300 x i such units, B 150 x 7 units, and C 200 x 9 units. 

^(iHx4 :X^^x7 i^S/mx^ 
^ ^ xi : ]lix7: 4xSt 
= 8 : 7 ; 12, 

' and the shares are ^, -^ and ^ of the profit 

The sum of £15 was to be divided among the three head boys of 
a class in proportion to their marks. They obtained respectively 
|, § and ^ of the total number. What should each get ? 

f : f : ^ = 9 i 8 : 6, .'. A, ^ and ^ of £16 are the respective 
shares. Am. £5. 17& 4f|c?.; £5. 4«. 4^.; £3. 18*. 3^ 

LXERCISB LIIL 

(1) Divide £3. 10«. into two parts which shall have the ratio of 
5 :7. 

(2) Divide a guinea into three parts in the ratio of 2 : 3 : 4. 

(3) Divide a guinea into 6 parts which shall have the ratios of 
the first 6 natural numbers. 

(4) Two partners engage in business with capitals of £7000 and 
£9000 respectively, the profits amounting to £2400 a year. What 
should each receive ? 

(5) What is the value of the gold in a chain weighing 3 oz., 
4 dwt. troy, supposing it to be 18 carats fine (i.e. 18 parts pure gold 
out of 24) at £3. 17<. 10^. per oz. 

(6) If two partners engage in business, investing respectively 
£482. U Sd, and £630. 8«. id,, what should each have of a profit 
of £51. 17«. 6d1 

(7) Four persons. A, B, C, D, rent a pasture for £57 ; A put in 
8 cattle, B 9, G 10, and D 11. How much should each pay for his 
share) 

(8) A tax of £489. 17<. is to be raised from 3 towns, the popula- 
tions of which are respectively 2500, 3000 and 4200. How much 
should each town pay ? 
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(9) lO gallons of alcohol are mixed with 14 gallons of water, 
What weight of alcohol is there in every lb. weight of the mixture^ 
the weights of equal measures of alcohol and water being in the 
ratio 4 : 5, 

(10) Copper is S^^ tin 7y'^ times as heavy as water. If 20 cubic 
inches of tin be mixed with 30 inches of copper, how many times 
as much as its own bulk of water will the mixture weigh f 

(1 1) Four merchants, A, B, C, D, trade together. A's capital of 
£800 was in trade 8 months; B's of £700, 12 months; C's of 
£400, 6 mouths ; andD's of £135, 4 months. What share of the 
profit should each receive ? 

(12) If 200 oz. of gold, 18 carats fine, are mixed with 128 02., Id 
carats fine, what is the weight of gold in the mixture ? 

(13) What is the fineness ? 

(14) Gunpowder contains f of its weight of saltpetre ; saltpetre 
is composed of 39 parts by weight of potassium, 14 of nitrogen and 
48 of oxygen. How many lbs. of potassium are there in 909 lbs. 
of gunpowder 1 

(15) Divide £250 among A, £, C and D, so that A's share shall 
be to B's as 4 to 5, B's to C's as 5 to 6, C's to D's as 6 to 7. 

(16) Divide £1000 among A, B, C and D, so that A's share shall 
be to B's as ^ to J, B's to C's as J to J, C's to D's as | to ^. 

(17) Divide £31. 12«. 6d among A, B, C and D, so that A's share 
shall be to B's as 2 to 3, B's to C's as 5 to 6, C's to D's as 8 to 9. 

(18) Divide £6045 among A, B, C and D, so that A's share shall 
be to B 8 as ^ to |, B's to C's as | to ^, and C's to D*s as -^ to |^. 



PART III. 

APPROXIMATE CALCULATIONS. 



ARITHMETIC. 



Part HI APPROXIMATE CALCULATIONa 



CHAPTER L- 
CONYERGING FRACTIONS. 

§ 1. Inspecting the answers to the nugority of questions in Prac- 
tice, Proportion, &c., where the data are not " cooked" but taken at 
random as they occur in the affairs of life, we find Fractions obtained 
with considerable labour, which are needlessly accurate. For ex- 
ample, on p. 65, the price of a certain quantity of goods is found to 
be £30. la, 5-^^=^. The most laborious part of the process con- 
sisted in finding the fraction -^^ of a penny, which, after all, cannot 
be paid, and is consequently disregarded. In the previous problem 
the result was £74. 13«. ^jd, | of a penny is more than ^d, and 
less than f d ; it lies between these two values, but nearer to the 
lower; £74. 13«. 2^d, is thus the nearest payable sum. 

We may, however, easily imagine cases where the fraction could 
not be totally rejected, but where, nevertheless, another simpler 
fraction tolerably near the truth would sufficiently answer our pur- 
pose. The process by which we find simple expressions whose 
values are nearly equal to that of a tnoie complicated one is called 
** Approximation." 

§ 2. Examine the fraction ■^, 

It is less than ^, for ^ = ^% 

w TTi^oriT-320' 

but it is greatersthan ^, for ^ - ^^. 
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TherefoTe the fraction, which we will call "The Truth,'* lies 
between -^ and ^. 

These two fractions only differ from one another by yitf I there- 
fore neither of them differs from the trath which lies between 
them by so much as YTVf ^^^ ^^^ ^^ them conveys an easier notion 
of the value of the fraction than does the original form. For many 
purposes either answer is a sufficiently close approximation ; bat the 
question may be such that -^^ is too large an error. 

Assume two lines, A and B, being respectively 21 and 320 
iBoha hmg. What ^oBtixm of B is Al jLju, ^^ which is at 
lowest terms, Le. in the simplest form which is mlMdUihij i aBOMMte. 
Dividing, nevertheless, both terms by 21, we obtain -i^. Bejecting, 

for the sake of clearness, the ^ in the denominator, we obtain •^. 
This fraction must be an over-estimat«, the denominator being too 
small. To approximate more closely to the truth, we may treat ^^ 

in a similar manner by dividing both terms by 5 ; ^ = JL, and we 

now obtain -— -r 

16 + 1 

Again rejecting the ^ of the second denominator, we obtain j- — ^ 

s^. This must be an under-estimate, the second denominator 
being too small ; and therefore, the fraction J being too large, 15J is 
too great a denominator of the whole fraction, ie. the whole fraction 

/^ is too small The truth then lies between -^ and ^, and 

10 + ^ - 

therefore does not differ from either by so much && ^ - ^ or 



The numerator of the fraction now rejected being 1, the process 
does not admit of a repetition ; and if this fraction be taken into 
account, the fraction will yield ^y^, the original quantity. 

*+* . ' 

We have thus obtained the following approximations : 
First value -^ an over-estimate, ) Limit of error. 
Second „ ^ an under-estimate, / tt "" A ~ ttt- 
Third „ ,«^ the truth. 
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• Tfttft •• •• _ 994-99 _ 1 

First approximation, J an over-estimate. 
81 _ 81-7-81 _ 1 
■"^ 99^31 3+A* 

iSecond approximation, 5—1 = f *^ under-estimate, 
z+f 

Limit of eraoi^ ^ - f = ^. 

^T 81^6 6+V 

Third approximation, ~±- = ^ an over-estimate. 
^ + 1 

8 + 1^ 

5 

Limit of error, ^ - ^ = ^. 

Fourth approximation, -i-. = .^ the truth. 

8+1 
6 + l_ 
6 

Examination of the several steps will shew that the successive 
alternate divisions are in fact nothing but the several steps of the 
process for finding a cm. by the third method^ Part L p. 140, the 
quotients being taken as the successive denominators. 



Mod. op.: 


2.3, 


6. 6 




99 99 
229 6 


229 
81 


1 
2 + 1 




1 


8 + 1 
6 + 1 
6 


'ind a series of approximations or convergents to the fraction ffrl. 


2, 1, 1. 1, 1. 2, 2, 4 






2877 


7618 


1 


1118 


1764 




2+1 


462 


661 




l + l 


84 


189 




1 + 1 




21 




1+1 
1 + 1 
2 + 1 
2 + 1 
4 
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First approximation, ^ over-estimate ) i 

Seoond „ ^ under „ ^ * ^ 



Difference betireen two me* 
cessire estimates ; beno9 
limits of ( 






Third „ f over * ^ "" 

Fonrth „ f under 



Fifth „ ^ over „ } \ ^ 

TIT 

Seventh „ |^ over ^ *'" 



Sixth „ ^1 under „ ) J *V 



" } 

lidst yf ,^^7 ^^^ truth 

It will be observed that this last estimate does not bring back the 
form of the original fi-action, because it was not at lowest terms. 
Dividing both terms of |4tI' ^7 21, their o.o.m., the fraction ^|^ 
will be obtained. 

The alternation of values follows from the following considerations : 

1. An increase of .the numerator increases the value of the fraction. 

2. An increase of the denominator decreases its value. 

3. A denominator of a denominator is a numerator ; but 

4. The denominator of that is a denominator again ; and so on. 

Exercise I. 
Find convergents and limits of error to the values of the follow- 
ing fractions : 

(4) Eeduce the fraction that 1 kilometre (39,370 inches) is of an 
English mile to a continued fraction, and find 6 convergents. 

(5) Find 4 convergents to the ratio of the diameter of a circle to 
its circumference 100000 : 314159. 

(6) Find 5 convergents to the ratio of a lb. troy to a lb. av. 

(7) Find 3 convergents to the ratio of a yard to a metre 360000 : 
393708. 

(8) Find 2 convergents to the ratio of a hectare (11960| square 
yds.) to a square mile. 

(9) VLont Blanc is 15,784 ft. high, and the diameter of the earth 
Is 7912| milea By what aliquot fraction of an inch would its 
height be nearly represented on a globe 18 inches in diameter t *. 
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CHAPTER IL 

DECIMALS. 

§ 1. We liave found tliat the chief difficulty in fractional calcu- 
lations is due to our having to manipulate fractions with different 
denominators. Fractions with denominators either the same or 
easily interconvertible present much less difficulty. The denomina- 
tors 10, 100, 1000, &c., are easiest of conversion. Thus y(t-t^- 

100 A.,* . 27 _ 270 ^ 2700 A.« 
1000> ^^' > TXFV ■" 1000 "" 10000' ^^* 

Learn by heart : A fraction whose denominator is a power of 10 w 
ediled a Decimal Fraction; others are called Vulgar Fractions, 

§ 2. Decimalization of Vulgab Fractions. 

Verification. 

I_lrtfl0_5 611 

1_1 nf 10— 2 an(\ 2 AVAr* » — 20 1 ^f 
T~T ^^ TTF-TTT *"^ 117 ©VCr, TV TJHff ¥ ^* 
20 _ 5 . 1 _ 2 . 5 _ 2 + 6 _ 25 25 | $ ll 

TBir ""nnr> • • i"~ Tcr ^ Toir ^ — Too" ~^^^ iooi&oi7 

« — Inffl — lftf80_ 7 ««^ 3 nymv « — 20 

y-^oio-Y"^nr-TTr *"^ hf over, ^u "^ Tinr» 

1 nf 20 __8_ . 8_ 7 _l 8 — ,75 T5|l«l» 

T "* Tinr — iinr> • • T ~ TIT ■*" Tuxr ~ Tmr looisolr 

« — Inffi— lnf»0— « ftnri 2 ftVAr* 2 _ 20 

¥0^innr = T^andT4^ over; ^ = .3^, | of 
1000 "- iooo>* 'V^nF^nnr^ looor — ^^^q ' ■ 

— g2S «25 il25ltfJ8 

■" 1000 100012 OOii'OlF 

. 1 of 8460 -_ e nT>.l 388 nvAT • 888 _ 8880 A.|» 

Afo(2. op.: 

612)1870 (yu + TTO + nnnr + loooo + 100000 + l oooooo 

^^^ •*• 10000000 "^ loooooggd ^ ioooo^oooo 

saso 

2960 
4000 
4160 
640 
1S80 
2560 



► 
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ii««. T^ + yS^ + XT^ + xij^Tnr + TTnnnny'*" loooooo "*"ioooooo<r'*' 

lOOOOOOOO "^ 1000000000 

_ 200000000 + 60000000 + 7000000 + 500000 + 70000 + 8000 + 100 + 20 + 5 
1000000000 

_ 267878126 
-1000000000' 

V eimcacion . i00 0000O00i70O000000U00000O0l8OOOOOO>X400OOO 

85625 1 1 7126 1 3425 I 68» 1 187 
820000>V4 000ll2 8 00lflSe0lTXT* 

EXERCISB II. 

Eeduce to decimal fractions and verify the results : 



: (l)i- (4)t. (7)|. (10)15. (13) if 

(2)|. (5)i. (8)1. (11) A- (14)ill- 

80 



I (3)f. (6)|. (9),!^. (12) J^. (15),,^. 

t § 3. In reducing ^r? *^ * decimal fraction, the denominator of 

I any figure of the result may be known at once by knowing the i>lace 

I of that figure ; thus the first figure has for denominator, 1 followed 

by one nought; the second, 1 followed by two noughts ; the seventh, 
1 followed by seven noughts, &c. ; hence if the quotient be written 
267578125, and if we know that the 2 is 2 tenths, the denominators 
of all the other figures will be known and may be omitted. To 
distinguish decimals from integers, a point is placed after the units' 
figure; thus 4*7 means 4 wholes and tu'^^tu'} sin^ilarly 123*456 
• means 123 units + ^ + tJit + TrAnr = 123,*««, = ^f^«. The ab- 

sence of a numerator to any denominator must be indicated by a 
cipher ; thus : 

\ n '4.9 — * 4. 3 _ 4 2 

\ /• •049— 0,4, 2 — 42 

r ^* ^*-' - TIT + Tinr + tdttfit - looo* 

/7 •4.90— * -J- 2 _L _ 4 20 _ 42 

§ 4. line a is of the same value as line d ; line c is one-tenth of 
'* line a; from which it appears that a added to either end of a 

decimal fraction produces an effect very different from that which it 
produces on integers. 

Integers. Decimals. 

0743= 743 '7430 = -743 

7430 = 10 X 743 -0743 = A^ of -743 
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In words : In integers, a on the left is of no effect ; in deci- 
mals, a on the right is of no effect. In integers, a on the right 
mtUtiplies by 10 ; in decimals, a on the left divides by 10. 

Read off: -007. A?i8. y^. 

•04.051 4 j_ 5 _L 1 -, iOBl 

„ 16-25, „ 16whole8 + ^ + ^ = 16^=VW\ 

Exercise IIL 

I. Give the different readings of: 

(1) -1. (6) 101. (11) 3-15. 

(2) -01. (7) -11. (12) 31-5. 

(3) -001. (8) -31. (13) 128-053. 

(4) -000001. (9) -315. (U) 12-8053. 

(5) 1-1. (10) -0315. (15) 1280-63. 

II. Eeduce to vulgar fractions at lowest terms : 

(1) -785. (6) 6-03125. (11) -00055. 

(2) -1875. (7) 603125. (12) -505. 

(3) -73125. (8) *55. (13) 505. 

(4) -603125. (9) -371. (14) 8-888. 

(5) -128. (10) '00016. (16) -728. 

§ 5. Addition. 

Simplify -68 + 43159 + -07 + 9-00124 + 45369 + 8-9871 -f 412. 
Mod, op.; *68 

43*159 
•07 
9-00124 
453-69 

8 -9871 
412 



927-58734 

Arrange the addenda in column, placing units under units, tenths 
under tenths, &c. As the decimal point marks the units' place, the 
figures will fall into their proper places if the decimal points are 
under one another. Since the figures are arranged in tlie decimal 
scale, the same rules for carrying hold as in integers. 



112 



ikPPBOXlMATB CALCULATIONS. 



[oh. IL 



Add by vulgar fractions and by decimals, 2f , 4|, 7^ ^^77^ 



By ynlgar fractions : 

L.O.M. 200 

2 
i 

7 
49 



62 



Ans. 64^. 



40 


120 


26 


125 


10 


110 


8 


104 


200 ) 459(2 




59 



By decimals : 

2t = 2-6 
4f = 4-625 
7U= 7-55 
49^ x: 49-52 



Am, 64-295 
1 vl Att* 

-4rw. By either method, 64^^ 



EzEBasE IV. 

Simplify by vulgar fractions and by decimals, shewing that the 
results agree : 

(1) 7| + 4| + 9|J + 11||. 

(2) 84U +19^ +417^ + 604311 + U- 

(3) 4fi+13i^+42|^ + 418^ + 2i| + l|. 

(4) 6| + 131 + 19^ + 7^+181;. 

(5) 37V^ + 94 + |of l| + ^of2f + Jof|of^ 

(6) 9il + T^+nTW+.3|ofH + (|-J). 

§ 6. Subtraction. 

From 17 08 take 9 643. 

Mod, op.: 17*08 

9-648 
7-487 
Subtract as in integers ; where there is no figure in the minuend 
over one in the subtrahend, place or imagine a 0. (C£ § 4.) 

EX£BCISE V. 

Simplify by vulgar fractions and by decimals : 

(1) 7f-4|. (5) 8a}-37ii. 

(2)84^-171^. (6) H-i of Iki. 

(3)100^-83^. (7)^-^ot•^ 

(4)100-17^1. ma-n- 
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§ 7. Multiplication. . 

Case I. B}'^ a power of 10. 

457-6843 x 10 - *^U^» x 10 =. **-^«^*« =* 4576^41 

Comparing the product with the multiplicand, we see that the 
figures are the same, the only difference being that the decimal point 
is one place further to the right, so that each figure is one place 
higher in the decimal scale, i e. ie ten timed as valuable. 

To multiply by 10, we have therefore only to shift the decimal 
point one place to the right; by 100, two places; by 1000, three 
places, and so on. 

Eule : To multiply a decimal by any power of 10, fthift the deci- 
mal point as many places to the right as there are ciphers in the 
multiplier, adding ciphers if tlecessar3^ Thus : 
7-63x100000-763000. 

EXBBCISE VL 

By vulgar fractions and by decimals : 
(1) 4^V ^ 10» 100, 1000, 10000. 
{^) 56|| X 10, 100, 1000, 10000. 

(3) 8^x10,100,1000. 

(4) ll X 10, 100, 1000, 10000000. 

Case IL By any integer. 

a. 457-6843 x 9 = ^f^^' x 9 = * VAVx?^ = 4119-1587. 
h. 74-9375 X 8 = V^^^» x 8 = *fj^« = 599-5000 = 599-5. 
c -00731x7000= -00731x1000x7 =7-31x7 = 51-17. 

In each case, the multiplicand being ten-thousandths, the pro- 
duct must also be ten-thousandths ; in other words, the multiplicand 
having four dedmal places, the product must have the same number 
of places. When the place of the decimal point is determined, ciphers 
to the right of the product may be rejected as sujfterfluous. 

Rule : To multiply a decimal by an integer, proceed as in common 
multiplication, and from the product mark off (counting from the 
right) as many decimal plstocs 3» thei^ €u*e ia the m^iiitiplicand. 

I 
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EXEBOBl YIL 

By vulgar fractions and by decimals : 

(1) 43|Jx7; 435f x7; |^x7; H^JxT. 

(2) 47| X 3, 7, 37, 4, 6, 8, 46, 468. 

(3) 1^x5043,64. 
By decimals only : 

(4) 9000 X 167-432, -00719, -000001. 

(5) -0678 X 512000 ; -03626 x 102400. 

Casb III. By a decimal. 

a, -43x3-784. 

•4.^ V S'TRl — ^8 V 8784 _ 43 X 3784 _ ie27i2 _ i .fio^i o 

4^x0 < o^-iinr^iinnr- 100 X 1000 " ^^Q^^^ "" ^^'^^ 

b, -03 X -0005. 

•03 X 0005 = T^ X ,„^= ^,',V,,, = »000015. 

c, 3175x25-6. 

3-175 X 25-6 = f^x2^«=g^« = VTAA^' = 81-2800 = 81 -28. 

From these three instances the following rule is obvious : 
To multiply a decimal by a decimal, proceed as in common mul- 
tiplication, and from the product mark off (counting from the right) 
as many decimal places as there are in the multiplier and multipli- 
cand together. Any ciphers on the right of the product may be 
struck out after the position of the decimal point is determined. 
This rule evidently includes those given for Cases L and IL 

Exercise VIIL 

(1) 16-42 X 4-17. 

(2) 1-642x41-7. 

(3) -1642 X 417. 

(4) 164-2 X -0417. 

(5) -3 X -4 ; 03 x -004; -03 x 1 ; 03 x -1 ; -003 x -001 ; -005 x -04 ; 
•004 X -05. 

(6) 1-1 X -Oil ; 1-01 X -0101 ; -04 x -04 x -05 ; -1 x -1 x -01 ; 
•7 X -4 X -3 X 1000. 

(7) 72169 X 3-27 ; 7-2159 x -327 ; -72159 x 0327. 

(8) 16-875 X 5-12 ; 1-6875 x 51-2 ; -16875 x -0512. 
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By vulgar fractions and by decimals : , 

(9) 4| X 1^ ; 7* X ^ ; ^ X T^. 

(1^) ^A ^ h Tnjr> h h h sr* 

(11) 4^ X 02, 03, -04, 05, -032, -302, 32, -00032. 

§ 8. Division. 

Case I. By a power of 10. 
457-68434.10. 

4 67684 8 . 1A_ 4g7684 8 — 4.'>'7fift4.<l 
10000 "^ ■■■U — loOOO TT —^^ f D040. 

Comparing the quotient with the dividend, we see that the figures 
are the same, the only difference being that the decimal point is one 
place further to the left, so that each figure is one place lower in 
the decimal scale, i e. it has one-tenth of the value. 

To divide by 10, we have therefore only to shift the point one 
place to the left; by 100, two places ; by 1000, three places, and so 
on. 

Kule : To divide a decimal by any power of 10, shift the decimal 
point as many places to the le^ as there are ciphers in the divisor, 
prefixing ciphers if necessary. Thus, 

7-63 4- 100000 = -0000763. . 

Exercise IX. 
By vulgar fi*actions and by decimals : 

(1) 32^^10, 100, 1000, 10000. 

(2) 43^-10,100,1000. 

(3) 56^4.10,100. 

Case IL By any integer. 

a. 4379-5. 

5 )4879 
876-8 
Wording: 5 in 48, 8', carry 3 ; in 87, 7', cany 2; in 2% 6', cany 4 (units) 
«40 (tenths); in 40, 8' (tenths). 

Verification: 875*8 

5 

4879-61 
I2 
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b. 3101 + 8. 

8)8101 



887-625 
Wording: 8 in 81, 3', carry 7 ; in 70, 8', arrj 6 ; k 61, Ti <aity 5 ; in 50, 
&, oftrry 2 ; in 20, S', terty I ; in 40, 6'. 

Verification: 887*625 
8 

e. 123-75 + 4. 

4 )123-75 

' 30 -6375 

Wording: 4 in 12, 3'; in 8, O', carry 3 ; in 87 (tenths), •g', cany 1 ; ia 15, 
8*, mtrj ^ ; in 30^ T, carry 2 ; in 20, 6'. 

Verification: 80 '9875 

4 

1287555" 
d. 4-19 + 800 = (4-1$ + 100) + 8 = -0419 + 8. 

8 ) '0419 
•0052375 
Wording: 8 in (tentlw), O'; ih 4» O'; in 41, 6', cari^ 1 ; M 1^, a*, onrry 3 ; 
In 80, 3', carry 6 ; in 60, 7', cany 4 ; in 40, 6'. 

Verification : '0052375 x 800=4'19W^i 



a. -0143-32. 



8 ) -01 43 



4) -0017875 



•000446875 
Verification : -000446875 x 32 = '0143. 



/. 5'643 + 76. 



76) 5-643 ('07425 
323 
190 
380 



From these six instances the following rule is obvious : To divide 
a decimal by an integer proceed as in common division, placing the 
decimal point in the quotient as soon as the figure in the first place 
of decimals is " brought down," and adding ciphers to the successive 
remainders as required. 

N.B. Tlie examples given in this section must be '' carried oat** nntil there is 
no remainder. 
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Exercise X. 
( Verify aU these hy rMdtipUcation, ) 
(!) 749-682-2,4,5,8. 

(2) 32594-73^32, 128, 25, 1024. 

(3) 358677-9-99288. 

(4) -1-64,512,50,800. 

(5) -13-52, 10400. 

(6) -5-2,4,5,8.* 

(7) -01-2,4,5,8. 

(8) -0073-16, 1600, 160000. 

By vulgar fractions and by d^oiiQals • 

(9) 28^^-2,3,4,5,8,58. 

(10) 13-80; 429-16000; 8193-163840000. 

Case III. By a decimal 

By multiplying the dividend, the quotient is multiplied, 

By multiplying the divisor, the quotient is divided. 

By multiplying both dividend and divisor by the same number, 
the quotient remains unaltered. (But the remainder, if any, is still 
multiplied, being unaffected by the multiplication of the divisor.) 

Hence to divide by a decimal, tirst of all multiply both divisor 
and dividend by such a power of 10 as will expel the decimal point 
from the divisor. This wUl reduce the problem to one under 
Case II. 

12-307722 - -294 = 12307-722 - 294. 

294)123Q7-722(41-863 
547 
2637 
1852 
882 



•005 -3-2 =-05 -32. 



8) -05 



4)-oow_ 



iii APPBOZIMATB OAUSHLATIONa [oti. It 

EZEBOISK XL 

By vulgar fractions and by decimals : 
(I) -0073 -i- A, 
(2) -iH- 1,1.1,1. 

(3) 931-5- -2, -3, -4, -5, f 

(4) 417143^ 124, -^.^f^ 

(6) 1708-4592 ^- -00024. 
(7)6^*11. 

(8) 6A-^4|. 

(9) 28iJ-i--58, -058, 4-875, -4875, 48-75. 

(10) -l^-lj -1 + 1; l-i-lj -01 + -0004; -0004-i.-01. 

§ 9. Find the value of -06875 of a cwt 
1st method. 7 

10 Ans, 7^ lbs. 

2nd method. « 

•06875 cwt. 

4_ 

'275CtlSi qn. 
4 

I'lm 

7 
7-7 Iba. -in«. 7^11*. 

Find the value of £-75003125. 

l8t method. £'76003125 = £^,^^^^^^=£i^iU^'^^^'0^^. 

2nd method. £-76008125 



15000625C( shiUings 

12 

-0075«l«l=Tn?onnr=Tf«<'. ^^ l^t. 0^}^. 

Exercise XIL 



(1) Find the value of £-721875. 

(2) „ -6 of Is. 

(3) „ -045 of 1 cwt. 
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(4) Find the value of '8 of a year. 

(5) „ -2345 of an hour. 

(6) ^ -0109375^118. 

(7) „ -06412 miles. 

§ 10. Eeduce If lbs. to the decimal of 1 cwt. 

1 

1st method. If lbs. =|- lbs. = J^no cwt = ^ cwt. 

16 
8)1- 
8)'125 



'015625 cwi. An$. •015625 cwt. 



2nd method. 




4)7 

4)l-751ba 
7) -4875 














4) -0625 qrs. 








'016625 ovt. 


Ana. -015625 cwt 






EXEROISB XIIL 




(1) Eeduce 146 


days 


to the decimal of 1 year. 


(2) „ 77 lbs. 


9» 


1 ton. 


(3) „ 4dwts., 


15 gre. „ 


1 oz. troy. 


(4) „ 7 cwt., 3 


qrs., 17i lbs. „ 


Icwt 


(5) „ 11*. 


^d. 


>» 


£1. 


(6) „ M. 


Us. 


Hd. 


£100. 



§ 11. SiMPUFIOATION OF COMPLEX DEOIHAI& 
o. ,., 4-876 41 7-876 
Simplify ^T deals'* ^0625- 

The product of the numerators will have 6 places, tliat of the 
denominators 8. If we expel all the points, treating the several 
numbers as integers, we shall have to multiply the result by 100. 
This gives : y j 

m m 
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Q- r#w il5. 4-75 4-75 x8 8S-<W 

bimpllfy 5.626- 5-625" 5*625 x 8 ~46<K»* 

A terminal 5 in a decimal will disappear by multiplication \^ 2. 
» 25 or 75 „ ^ 4. 

w 125, 375, 625 or 876 „ „ 8. 

(C£ Part L Ch. IX. § 19.) 

This, applied to the former simplification, girea : 

2 7 
4 S75x8 41x8 7875 x 8, 35 x)^Xx8x 68 ^ 85 xax lSg^x2_ pan 
4-5x8 5125x8 '0625x8 86x^Xx-5 )Wx-]^'x!{ ^^' 

Reduce to a vnlgar fraction at lowest tmns *267578125. 

267578125 x 8 , 2140625000 x 8 _ 17125 W x 8 ^ 187W /pr p..^ Tyj 
1000000000x8 8000000000x8 64000000x8 512000' V^^. "^^"^ ■'■^•'- 
Ch. II, § a.) Am. |f|. 

§ 12. G.O.M. AND L.O.M. OV DsOIMALB. 

Find G.O.M. and L.aM. of 5-625, 2-88, 3-6, 2-8125. 

Equalize the decimal places : 5-6250, 2*8800, 3 6000, 2-8125. 

Find O.O.M. and l.o.m. of these numbers, disregarding deoimal 
points, and mark off the 4 places from each result (Cf. Pavt XI, 
Ch. IV. § 4.) Am. G.O.M. -0225 ; l.o.m. 360, 



CHAPTER HL 

THE METBIO $TSTElf. 



Previous to the French Revolution of 1789, France was divided 
into provinces, many of which had their own peculiar weights, 
measures, and even coinage. The Revolution introduced (March, 
1795) a uniform systemi which was, however, adopted slowly and 
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with difficulty. It mily acquired universally legal force in 1840. 
It is now in uae in its entirety in France and Belgium, Italy and 
Germany. 

In this system, the distance from the North Toh to the Equator 
(the Quadrant) was divided into 10,000,000 equal parts, of which 
each was called a M^tfre (39*37079 inches). This length forms the 
unit of the whole system, and hence the name, " Metric System." 
Multiples and parts of this unit run decimally, ie. hy powers of 10; 
hence the system is a decimal system. These two features of the 
system, its choice of unit and its decimal character, are quite inde- 
pendent of one another, and each might exist without the other. 

The Greek prefixes, decay hectOy hilo and myriay are used to indi- 
cate decimal multiplication of the metre ; and the Latin prefixes, 
deciy centiy milli, to indicate decimal subdivisions of the metre. 

Thus : Length. 

Mymm^tw..,..., » 399707*9 

Kilometre ^ 39370*79 

Hectometre = 8937*079 

Decametre = 398*7079 

METRE = 89-87079 

Decimetre = 8*987079 

Centimetre = *3937079 

MUUmetre =*03937079 

SuRPAOB. The unit of Surface is a decametre square, and is called 
the Are ( = -02471 143 acres). 

10000 tqnare metreB= 1 hectare =2*471148 acres. 
100 ,f metres^l ARB «^ 02471148 „ 
1 „ metre s:l(!entiare^*Q002471148 „ 

SoLiDiTT. The unit of Solidity is a cubic metre, and is called a 
Stbrb ( = 35*32 cubic feet). 

Capacity. The unit of Capacity is a cubic decimetre, and is 
called a Litre ( = -22009687 imperial gallons). 



IncheB. 



Kilolitre 


_ 


220*09687 


Hectolitre 


BS 


22*009687 


Decalitre 


^ 


2-2009687 


LITRE 

DedUtre 

Centilitre 


... 9 


^2009687 

•022009687 

-0022009687 


Miimitra 




00022009687 



Gallons. 



122 APPBOXniATS CALCULATIONS. [CH. III. 

Weight. The unit of weight is a cubic centimetre of distilled 
water at its maximum density (very nearly 40® F.), and is called 
1 aaAH]iB= -00220606 lbs. ay.» 15*442 grains. 

Ton or Millier =2204-62 Ibf. ay. = '9842 tona. 

Quintal = 220*462 > 

Myiiagramme = 22*0462 Ubs. ar. 

Kilogramme = 2*20462 J 



Hectogramme =1648*28487^ 

Decagramme = 164-82349 I 

GRAMME = 15*43285 

Decigramme s 1*54828 



IgTaiML 



Centigramme == '15482 j 

Milligramme = '01548) 

Monet. 5 grammes of silver of a certain fixed fineness are coined 
into 1 Frano = 10 decimes - 100 centimes = 9 J pence* nearly. (In 
familiar language, the decime is called deux sous). 

Hence 7*485 metres = 7 metres, 4 decimetres, 8 centimetres and 
6 millimetres ; or 7 metres, 485 millimetres, &c. 

14*89 litres = 14 litres, 8 decilitres, 9 centilitres; or 14 litres, 
89 centilitres, &c., and so on. 

Find the cost of 10, 100, 1000, 10,000 metres, at is. 2*35 each. 
1 metre costs £r. 2*85 
10 „ 28-6 

100 „ 235 

1000 „ 2350 

10000 „ 28500 

Find the cost of 1 kilogramme at fr. 23*5 per quintal. 
1 quintal costs £r. 28*5 
1 kilogramme „ *285= 234 centimes. 

Find the cost of 385*75 metres at fr. 4*65 per metre. 

88575 

465 

192875 
231450 
154300 

1798*7375 Ans. fr. 1793*78. 

N.6. Fractions of a centime are disregarded. 

* jei sterling at par=fr. 25*2215. 
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Find the cost of 273-42 litres at fr. 123-5 per hectolitre. 
1 hectolitre ootts £r. 123*5, .*• 1 Utre costs £r. 1*235. 

27342 
1235 
186710 
82026 
54684 
27342 
837-67370 Ant, fr. 887-67. 

Find the cost in English money of 17 litres, if 1 hectolitre costs 
fr. 454-5, and ^l=fr. 25-25. 



£x 
litres 100 
fr. 25-25 



17 litres. 
454-5 fr. 
£1. 



1145x17 



•06 

^ 2525)7726-5(3 06 

1-2 16150 
12 

2A=* Am, £306 = £3. 1$, 2|d. 

Find the cost per litre, if 468-59 litres cost & 1274. 

46859)127400(2-718 
336820 
88070 
412110 
872380 Ans, fr. 2-72 nearly. 

ExEBOiSB XIV. (Miscellaneous.) 

(1) Find the sum of 4-173, -0089, -2375, -1, -01, 246. 

(2) What number exceeds -999 by -001 1 

(3) From what vulgar fraction must -625 be subtracted to leave 
•295] 

(4) By vulgar fractions and by decimals, find 4^ + -01375. 

(5) -0876 exceeds a certain quantity by -00876. Find it. 

(6) There are two numbers ; the greater is 3-142857 ; their differ- 
ence is -001267. Find the less. 

(7) If the year is reckoned at 365J days instead of 365-242264 
days, what will be the amount of error in 19 centuries) 
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(8) Express '4984 of a day in boim, loinutes and eeopacU 

(9) Whal fraction contains *125 -486 times 1 

(10) Of what nnmbor is -4 the 25th part f 

(11) How many times can 0085 be subtracted from -18, and 
what will be over ? 

(12) How many times can *029 be taken out of '3786, and what 
will be over? 

(13) How much must be subtracted from '710267875 to leave 
the largest multiple of '000000046275 it contains 1 

(14) Simplify (7-13 + 3-876) +(7'13-3'875)+ (7-13 xa'575) + 
(713 -5-3-875). 

^15) Find the reciprocal of '64. 

(16) 72-315 X 1000, -001, ^ .^ 

(17) 72-315 -1000, -001,^,.^. 

(18) Find the cost of 12*5 kilolitres at 3'75 francs per litre. 

(19) Find the cost per metre if 437'75 metres cost 1805-71876 
francs. 

(20) Find the value of £021875 + '375*. -»- 4-75^^. 

(21) Find the value of 408 + -08^. + 'Odd-, and express the result 
as a decimal of £1, 

(22) Add together £1'3625, -75 of 13& id,, and ^ of £20. 

(23) Eeduce '06 of 42 of a guinea to the decimal of £1. 

(24) Divide '010875 by -00625, and verify by vulgar fractiona 

(25) Reduce to a vulgar fraction -7 + ^ of -825 + 4-13. 

(26) SimpHfy: 
l-4x_q35 

•00014 • 
1-4+086 



a. 



-00014 
^ 1-4-035 



d. 



•00014 
-1 X -01 X -001 X -001 

•001 X -0001 
18 X •14x -01+12 X '18x -01 - -12x *14x -0$ 
01 X -2 X -01 ' ' 



/ 1:?? + Jl of t?Z? + -0625. 
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(27) Eeduce to metres : 

1 7 '35 myriamef res, 1 7 '35 decimetres, 

17-35 kilometres, 17*35 centimetres, 

17*35 hectometres, 17*35 millimetres. 

(28) How many square decimetres in a square metre, and how 
many cubic centimetres in a cubic metro 1 

(29) Express 500 cubic metres as cubic yards, taking 1 metre = 
39*37 inches. 

(30) Find G.O.M. and L.O.M. Of 64*09 and 7*396» 

(31) A sum of money is divided among three persons ; the first 
receives *375 of the whole, the second *6, and the third £2 125. 
Find it. 

(32) A does '375 of a piece of work in 2*25 days, and B does the 
remainder of it in 3*75 days. How many such pieces of work would 
A and B together do in 12 days t 

(33) Find the value of the following : -175 ton6+ -195 cwt + 
•146 qr. + -liS lbs. + -2 oz. 

(34) If a gramme is 15*442 grains, and a metre 39*37 inches, 
how many grammes are there in 1000 grains, and how many metres 
in a mile ^ 

(36) Simplify ;002'<l-?5^ -00007 

(36) Find the sum, difference, product and quotient (the greater 
being divided by the less) of *016 and *02235. 

(37) Which is more, and by how much, ^4999 or £5 ? 

(38) Find the cost of 1 millier at fr. 1*75 per kilog. 

(39) Find the cost in English money per lb. av., if 950 grammes* 
cost it. 21*23, and fr. 1 = d^d. 

(40) Express in English units : 7^ quintals, 580 kiloms., 85*6 
ares, 1437^ francs,t 570 litres. 

(41) Beckoning £1 =fr. 25*2215, find the value in French money 
of £450. 

* 1 gramme =15' id graixui. f At 9^(2. perfr. 
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CHAPTER IV. 
BECUBRING DECDIALa 



§ I. Eeduce } to a decimaL 
8)1- 



'838, &0. 

We see that ^ cannot be accurately expressed as a decimal, and 
the question arises, Are there many such fractions ) If by trial we 
classify all the fractions from ^ to ^, we shall find that 
iy h T» h -HP tV> are reducible ; 
h h h h Tr» tV» to to to ^^ ^^^ reducible ; 
and if the trial is carried further, we shall find that the preponder* 
ance of non-reducible fractions continually increases. Either, then, 
decimal fractions are comparatively useless, being only applicable to 
a very few fractions, or methods must be found for manipulating 
non-reducible fractions. 

In the reduction of J^, we find that the quotient 3 continually 
recurs, and this is expressed thus, -3 ; similarly, '575757, &c, iP 
written '67, and '41374137, &c., is written '4l37. Sometimes only 
a part of the quotient will recur, as in '6741094109, &c., which is 
written '674 lOS, the dots being placed over the first and last figures 
of the recurring " period." Decimal fractions where all the figures 
recur are called Pure Ciroulators ; those where some of the figures 
do not recur are called Mixed Circulators. 

§ 2. In dividing 1 by 3, we obtained for quotient -^ + yStt + ioo< f 
4- ... ad infinitum, with the successive remainders, -j^, y^> hhrp 
&c., also ad infinitum. Wherever we stop, we disregard this re- 
mainder, and therefore obtain an inaccurate result. This inaccuracy, 
however, must continually diminish, as will appear from the follow- 
ing table : 

*3 is less than *33, which is less than }, 
•33 „ '333, I, J, 

'333 „ '3333, „ J, 

and so on, ad infinitum. The fractions *3, *33, *333, *3333, &c., 
continually increase, and yet fall short of J ; therefore the more 
figures we take, the nearer we approach to | ; but as there is alwayis 
a remainder, we never actually reach it. 
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Exercise XV. 

(1) Constract a similar table with ^ and with ^ 

(2) Estimate the difference between : 

o. -rr of 1 mile and *2941 of 1 mile. 
h. j4| and £-6842. 

Examining this table, we find (a) that the error eontinually dimi- 
nishes ; (6) that the larger the unit handled, the further must the 
process be carried to render the error insignificant. Thus the lb. 
column shews a microscopic error in the 4th line, whilst with the 
tons the error in this line is still appreciable. The same fact is yet 
more strikingly apparent if we compare the yard colmnn with that 
of the sun's distance. 

The continually diminishing error can be made as small as we 
please ; that is to say, it can be made less than any assigned quan- 
tity, however small. Thus, 

f > *2 and < "8 ; it lies between *2 and *3, and does not differ from either hf *1. 
f > -28 and < '29 ; „ '28 and -29, „ -01. 

f > -286 and < -286 ; „ -285 and '286, „ 'OOl. 

4 > -285714 and < -285715 ; „ -286714 and -285715, „ -000001. 

Suppose a problem is given to which the answer must not be 
wrong by so much as 2i]s(s of the unit ; ^1)^0 > -00001. If the 
answer be a decimal correct to 5 places, its error < '00001, and the 
required degree of accuracy is attained. 

The series 



TUT + "nnr + "nnnr + TTnrcrT7 + 

285714 J 2 85714 . 2 8<714 . 

1 ^ 10000000000 OO "^ 100 0000 OO 0000000 000 "^ " 



respectively approach ^ and |^, to which, by taking a sfuffi'cient num- 
ber of decimal places,^ they may be made as near as we please. ^ and 
^ are called the Limits of these series. 

" The word limit implies a fixed magnitude, to which another and 
a variable magnitude may be made as nearly equal as we please^, it 
being impossible, however, that the variable magnitude can abso- 
lutely attain or be equal to the fixed magnitude. In this strict sense 
of the word, thei-e are two conditions which must be fulfilled beforo 
A can be called the limit of P : first, P must never become equal to 
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A ; secondly, P most be capable of being made as nearly equal to A 
as we please."* 

Since this Umit can never be reached, we must stop somewhere 
near it, and we have to settle the principle on which the stoppage is 
to be regulated. If the distance between and 1 be divided decimally, 
we shall find the following stations marked out along the line : 

'1 '2 -3 i '5 -0 -7 '8 '9 1 A 

1 I I I I I I I I I • 

Again : the distance between, say '1 and *2, may be subdivided, 
which, under a glass magnifying it ten-fold, would look thus : 

• 1 -11 -12 -13 -14 -15 -16 -17 -18 '19 '2 B 

I I i i I I i i i i i 

Similarly, any one of these intervals, say 'IS and '14, might be 

further magnified ten-fold, and would look thus : 

'1 8 '181 -132 '138 '134 '135 '136 '187 -138 -139 '1 4 C 

I I I I I I I I I I I . 

Kow take I = '285714 

'1 '2 '8 '4 -5 '6 '7 -8 '9 1 ft 

■ '['I' 'l I i" -[ ' [' ' 

T -f- T T T T 

'2 '3 magnified : 

• 2 '21 . '22 -28 '24 '25 '26 '27 '28 '29 '8 fi 

1 I i i i j I I i j~i I 

•28 -29 magnified : t 

'28 '281 '282 '288 '284 '285 '286 '287 '288 '289 '2 9 F 

I I i i i III I I I I 

•285 -286 magnified : t 

'28 5 '2851 -2852 '2853 -2854 '2855 '2866 -2857 '2858 -2859 '2 86 (J 

I I II I I I i| I I I 

•2857 -2858 magnified : t ; 

-285 7 '-571 '-572 '-578 '-674 '-576 '-576 --577 '-678 '-579 '2 858 H 
< I j I I I I I I I I t 

T 

And so on. This magnifying of successively smaller intervals^ 
which we may imagine carried on ad infinitum, brings home to UB 
the idea of the infinite divisibility of a line ; for, however small the 

• Fenny Qycl., art Lnas, 

K 
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intervals are made, or, in other words, however nnraeroas the poinb 
to which names are given, there must always he hetween them ai 
infinitely larger numher of points left unnamed. Professor De Mor 
gan, in one of his lectures, has compared Arithmetic to the piam 
and Geometry to the violin : the former instrument by its stmcton 
can only give name to lengths of string at certain intervals; thi 
latter omits no point along the whole line. 



We see now that midway between and 1 lies '5 


» 


•1 -2 -Iff 


» 


•13 14 -135 


n 


•2 -3 -25 


•> 


•28 -29 -285 


n 


•285 -286 -2856 


f» 


•2857 -2858 •28575, && 



line A shews that all quantities below '5 are nearer to than i 
1 ; '5 is midway, and those above '5 are nearer to 1. ^ia nearer in 
*3 than to *2, being above '25 ; f is nearer to '29 than to *28, beinj 
above '285 ; ^ is nearer to '286 than to '285, being above '2855 
^ is nearer to '2857 than to '2858, being below '28575, and so on 
If we wish to express |- as a decimal to 

one place, we shall be nearest t] 

two places, „ 

three „ 

four „ 

five „ 

six „ 

seven » ^ 

Rule : In curtailing a decimal^ if the first fi^re rejected he lea 
than 5, make no change in the last figure retained; if more than 4 
increase by I the lust figure retained. 

If the first fi^'ure rejected be 5, it is immaterial whether we adop 
the higher or the lower value if the fraction terminates at the 5 
but as there generally are more figures after the 5, the higher valu< 
is somewhat more correct . 



nth by 


calling it '3 


99 


•29 


99 


•286 


99 


•2857 


>9 


•28571 


91 


•2857U 


99 


•2857143, &c 
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Exercise XVL 
(1) Curtail to 5 places -430718, -OIOSOS, -430198. 
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(2) „ to 4 places -6, -4, -27, -27, 4-0&, 4-0&. 

(3) „ to 7 places •&, -Od, -OOOd, -37S, •42&, -35ft. 

(4) „ 999'd to nearest integer. 

(5) Eeduce ^ to a decimal to 1, 2, 3 16 places. 



§ 3. Addition and Subtraction. 

Work the following by vulgar fractions and by decimals, correct 
to 4 places : 

7§+13f + 5T5r + 43^ + i| + 6| + 10^ + 100A + 3A+l*|. 

8190 



7 




2730 


5460 






13 




1170 


3510 




5 




6S5 


2925 




48 




546 
455 


3822 
5005 




6 




910 


3640 


4095)184-00(-04498 


10 




234 


1404 


20200 


100 




630 


5040 


88200 


8 




90 


810 


18450 


1 




126 


1512 


[4 


&Q. 


192 


8190) 33128 








368 184 








8190 "4095 






7* 


= 7-66667 


^ 






IZ^ 


= 13-42857 


1. 






5A 


= 5-35714 


^ 






43A 


= 43-46667 


Q 






« 


= -61111 


\ 






6^ 


= 6-44444 


^ 






lOA 


= 10-17143 


H 






lOOA 


=100-61538 


^ 






3,V 


= 3 09890 


\ 






m 


= 118462 


^ 






192- 


04493 




Ans, 192-0449. 



H".B. To insure the correctness of the last place required (here the 
fourth), it is well to carry on the fractions to one place more than 
is specified. 

k2 
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EZXBOIBI XYII 

' Simplify the following by vulgar firactions and 1^ dedma 

\"'. (l)4| + 6A + 9Ji+100i^to6placee. 

V (2)10T«t + 9A + 6| + 8iU + 34to5placeB. 

;. ; (3) 8|+9| + 3H + 6n + *l + 10il + 2;to5placM. 

'.>• (4)8J + 4 + il + 7A + 14|^ + H + Uto6pl«««' 

'|l (5) 8| + 7J + 2| + 9J4 + ll^ + 10if + l2|f tofiplaoM. 

;,' (6) I of 18 + f of 1^ to 4 places. 

m (7) if -A to 6 places. 

(8) 13^-3^ to 5 places. 

i] (9) 8^ -7ii to 6 places. 

y ' (10) 7|-| of 8^ to 5 places. 



» 



•/ 



f (11) f of 6|-f of 4 to 5 places. 

\h[ (12) 0i of 4| - 31 of 3| to 5 places. 

^* (13) J + | + i + A + ^ + ^to6placeft 



r! 

I. 



By decimals only : 
(U) TV+rr+Tir + Hto7places. 
(15) 1*-^ to 7 places. 



i] (16) (n + if ) - (fi - 14) to 7 places. 



.f (17) i + i + i + i + i + l + i + i + ^ + A + Ato4place8. 

; i I (18) (U + i4) + (U-i^) to * places. 

r t ; (19) -417 + 4-3162 + 71-63 + 4-3487 to 3 places. 

r * ' (20) -82461 + 43-7862 - 17-1764 to 6 places. 

• i 

i (21) i + -2- + — -L-x + s—s-^-s—i + to 5 places. 

'i . \ / V 8x» 8x8x8 8x8x8x8 ^ 

!; ; (22) l + i+J + | + ^ + ^+ toGplaces. 

' ! (23) l + l+i+ -l- + -4--T + 5--o^-2— T + to9 places. 

:* ^ ' '2x82x8x42x8x4x5 *^ 

:^* (24) 16x(|- 1 +.J .-^+-i---i_ + &a)- 

^ \ ' ^* 8jt5' 5x6* 7x6^ 9x6* 11x6" ' *•■ 

■; - n places. 
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§ 4. Mui/nPLIOATION. 

Case I. By a power of 10. 

By vulgar fractions and by decimals, correct to 6 places, multiply 
44 by 10, 100 and 10000, 

4fxl0=47f 41=4-714285714 

= 47-142857 4fx 10=47-142857 

4fx 100=4711 41=4-714285714 

= 471-428571 4|x 100=471-428571 

4fx 10000=471421 4^4*71428571428 

= 47142-867145 4fx 10000=47142-867143 

EXEROISB XVIIL 

(1) -S X 10, 1000, 100000, to 3 places. 

(2) i-n X 10, 100, 1000000, to 4 places. 

By vulgar fractions and by decimals to 6 places : 

(3) 5f xlO, 100,1000a 

(4) ^ X 10, 100, 10000. 

(5) ^ X 10000. 

(6) tV^I^O- 

(7) TTinr^ 1000000, 

Cabb IL By any integer. 

By vulgar fractions and by decimals, correct to 4 places, find 



IQ^i^xT. 






By vulgar fractions : 




19A X 7 = 136 A= 136-1818. 




By decimals : 




19^x7=19-44x7=19-4545 






19-4545 






19-4545 






19-4545 






19-4545 






19-4545 






19-4545 






136-181X 


H 




8 




ln8. 136-1818. 



If we had not multiplied the 4's to the right of the vertical line, 
our fourth place would have been greatly inaccurate, as we should 
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have lost the carriage. Eyen with this multiplication, the fomth 
place is inaccurate, unless we allow for the rejection of the high 
Hgure in the fifth place. We therefore proceed as follows : 

19*45454 

7_ 

136-1818 
Wording: 28, carry three; 35, 88* cany 8, &0. 
It is most important to remember that when we multiply the first 
figure rejected, we carry the '* nearest ten." Thus to 21, 22, 23 and 
24, 20 is the nearest ten ; to 26, 27, 28 and 29, 30 is the nearest 
ten ; for 25, it is better to carry 3 than 2, as figures following the first 
rejected might increase, but could not decrease, the 25. In other 
words, if the units* figure be above 4, carry the higher ten ; if below 
5, the lower. 

Multiply 1^ by 600 to 5 places. 
By vulgar fractions : 

H X 600« •«• =347^=847 •86842V 
By decimals : 

H X 600= -5789473684 x 600=57*89473684 x 6. 
57-89473684 

6_ 

347-36842 
Hence, to multiply by any multiple of a power of 10, first multiply 
by the power of 10 by shifting the point. It will be observed that, 
in preparing the multiplicand, we must carry out the original deci- 
mal one figure more for every cipher. In the simplest form the 
sum would stand thus : 

Hx 600 =-57894737x600. 
57-894737 
6 







347-36842 






Exercise XIX. 


By vulgar fractions and by decimals : 


(1) 


i\^ 


K 7000 to 4 places. 


(2) 


^' 


< 300 „ 


(3) 


7 , 

XT' 


K 80000 „ 


W 


^ 


K 19000 n 
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(5) T^ X 90000 to 4 places. 

(6)53t^x50 

(7)1^x2000 

(8) ^ X 90000 „ 

(9) 3^ X 6000000 „ 

By decimals only : 

(10) 3-431 X 500 to 4 places. 

(11) 416-71x4000 „ 

(12) -784 X 30000 „ 

Multiply 44 by 427 to 6 places. 
By vulgar fractions : 

Hx 427=* W»=263 -21917811 
By decimals : 

Hx ^27= -616438356164 x427. 

( -616438856X1613^ 

For 400^ 4_^ 

( 246-575342 



'I- 

{ 12-; 

( -6164383 

^\ L 

( 4-315068 



-616438356 246-575^42 

For 20 { 2 12 -328767 

328767 4-815068 

-616438356 263*219177 
For 7^ 7 



This process may be contracted thus : 

•616438356 

724 

246-675342 

12-328767 
4-315068 



268-219177 

Notice tbat the figures of the multiplier are reversed, each figure 
of the multiplier being written beneath that decimal place of the 
multiplicand which will give the last decimal place required. It 
will also be seen that the last figure was not accurate, being 7 instead 
of 8. Had the question been worked to seven places, the sixth 
vrould have been accurate. 
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Exercise XX. 
By vulgar fractions and by decimals : 



[CH. IT. 



(1) 43|^ X 259 to 4 places. 

(2)^1x1043 

(3) lyV X 3020 „ 



(4) lix 3015 to 4 places. 

(5) 10^x9500 „ 



Case III. By a fraction. 
Multiply -57 by I to 4 places. 
By vulgar fractions : 

6 

By decimals : 



Axf=-I78918 x-4= 

•01789 

4_ 

•0696 

Multiply 14 ^y TTT ^ ^ places. 

By vulgar fractions 



-0178918x4. 



By decimals : 



«xdhr=i»T= -00744. 



JfxyiT=*9Sx-008= 
•0009333 
8 



x8. 



An$. D696. 



Ant. -0696. 



Ans. -007467. 



Ant. -007466. 



•007466 

Multiply 542|| by 314^ to 4 places. 
By vulgar fractions : 
542Hx3U«=*W»x»H* = "*¥Atf"-=t70742JVA=170742-649a^. 



By decimals ; 



For 814 



Ant. 170742-6499. 



542ii X 814^=542-147?^ x 814 9376. 

642-1477272 
413 

162644-3182 

6421-4773 

2168-5909 

L 170234-3864 



•I 



542-1477272 

9 

487-9329 
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For -03 



I- 
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For -007 -< 



For -0005 -i 



16-2644 

642-1477272 
7 



3-7950 

542-1477272 
5 



•2711 



Sam of tbf pTodneta. 

170234-3864 

487-9329 

16-2644 

3-7950 

-2711 

170742-6498 



This process may be contracted thus : 

642-1477272 

6739413 

1626443182 

64214773 

21685909 

4879329 

162644 

87960 

2711 



170742-6498 



Notice that the fractional part of the multiplier is reversed as well 
as the integral, which we might have anticipated. This method of 
multiplication is useful even with non-recurring decimals. 

Multiply 43-784211>5 by 2-102736 to 4 places. 

43-78422 
6372012 

875684 

43784 

876 

306 

IS 

2 



92-0665 



It now only remains to shew how to arrange the terms of the 
multiplication. 

Eule L In contracted Multiplication of Decimals, place the 
unit of the multiplier under the last place of decimals to be retained, 
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then reverse the multiplier, and if possible* make the mnltipliOT 
overlap the moltiplicand by one figure to the left, and the multipli- 
cand overlap the multiplier by one figure to the right 

n. Multiply each figure of the multiplier by the figure next to 
the right above it ; do not write down this result^ but merely carry 
the *' nearest ten," and proceed to multiply as usuaL 

nX Write the products under one another, placing the fiist 
figures retained in a vertical line. 

IV. Add the several products, and mark of^ counting firom the 
rigbt of their sum, the number of decimal places arranged for. 

Multiply 43-7842195 by 2102736. 

487842195 
2102736 



87568 

4378 

87 

80 

1 



4890 

42195 

5684390 

64895365 

313526585 

2627053170 



92*066 6545745520 

Suppose that in this case only three decimal places were required, 
then all the work to the right of the vertical line would be wasted. 
How can this useless work be avoided ? 

Examine each separate product The 8 to the immediate left of 
the vertical in the first line is obtained by multiplying 4 in the mul- 
tiplicand by 2 in the multiplier ; write down the multiplicand, put- 
ting this 2 under the 4, thus : 

43-7842195 

2 
87-568. 

The 8 of the second line is obtained by multiplying 1 by 8. Again, 
writing the 1 under the 8, we get, 

43-7842195 

12^ 

87-568 
4-378 

* This can always be done by patting or sapposing eipben. 
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The 7 of the third line is obtained by multiplying 2 by 3, and car- 
rying 1 from the 2x7. Writing the 2 under the 7, we got| 

48-7842195 

2 012 
87-668 

4-878 
87 

The of the next line is obtained by multiplying 7 by 4, and car- 
rying 2 from 7x3. Similarly, the I in the next line is obtained by 
carrying from 3x4. The multiplication by 6 yielded no result 
in the first three places of decimals, and is therefore omitted. 
Arranging now the whole sum, we have, 

48-7842195 48-7842 

6872 012 4 72 012 

87568 87568 

A 4878 B 4378 

87 87 

80 80 

1 2^ 

92-064 92-065 

In sum A, the third place is very inaccurate, because we have lost 
the carriage in the addition. This is partly compensated for by 
observing the law for curtailing decimals given in § 2, as in sum B, 
and even then the result is inaccurate. If the third place be of 
importance, arrange for four places. 

5*790684 X -023056 to 5 places. 

Either, or, 

5-790684 -028056 

65 0320ti* 70975 

11581 11528 

1787 1614 

29 207 

8 1 



•1885ISI •1885iSl 

Am, -1885. 
* The l| indicates the abwnt unite' figure. 
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634'2576d X 12-06 to 7 places^ with exaOmm; we 
take 8 places. 



[ca.IT. 



■haU 



Either, 

«34 -2576976977 
7^'66 666666021 



or, 

1 2 *Vv06vOvwODT 

779 6796762436 



6:^257697698 




126851539539 


86200000000 


8805546186 




880554619 


2418S3S33 


88055462 


0OS8888S 


8805546 


8446660 


880555 


724000 


88055 


108600 


8806 


8446 


881 


724 


88 


108 


4 


8 


7653 '87621889 


1 



7653-87621885 

Am, 7653-87e2189. 

Note first the great diBcrepancy hetween the two eighth places^ 
which, however, does not affect the seventh. This discrepancy is 
due to the fact that in the left-hand sum the numher of oyer-esti- 
mates considerably exceeds that of the under-estimates, whilst in the 
right-hand sum the reverse is the case. 

Secondly, in the left-hand sum the fourth and succeeding lines 
are derived by successively curtailing the third. Care must be taken 
not to derive any of these lines from its immediate predecesoori as 
this may cause an accumulation of inaccuracy. 

A computer nhonld at all times test his resalts by some rongb estimate, and this 
is especially important in decimals, where a displacement of the point prodnoes so 
▼ital a difference. The most fertile source of error in contracted muHlplicfttion Is 
an erroneous arrangement of the factors, but such an error may be eadly detected. 

In the last example of the preceding page, 5 and a fraction is to be multiplied by 
'02... ; the product must therefore be something over *1, as 5 x *02=3 *1. In the 
next example, upwards of 600 is taken more than 12 times ; therefore the product 
\ be more than 7200. 
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Exercise XXI (a). 

By vulgar fractions and by decimals, correct to 5 places, find : 

(1)321x1,1^. (4)1^Xt^ 

(2) 7| X ^. (5) 6528^^^ x 3794xk. 

By decimals only, working each question in two ways, by making 
each &ctor multiplier imd multiplicand in turn ; 

(7) -03794 X 6-0084 to 5 places. 

(8) -1116 X 43-74285S to 8 places. 

(9) -9321876 x 4-2688 to 4 places. 

(10) -38 X -04125 to 3 places. 

(11) 1-48279 x-S to 6 places. 

(12) 468-12 X 299*875 to the nearest integer. 

(13) The circumference of a circle is 3*14169265... times its dia- 
meter. Find in miles to the nearest integer the circumference of 
the earth, reckoning the equatorial diameter 7925^ miles. 

(14) Find in miles to the nearest integer the polar diameter, which 
is f^ of the equatorial diameter. 

(16) Find the diameter of the sun, which is 11206... times that 
of the earth, correct to within 100 milea 

§ 5. Number of bechxal flaoss to be retained in Fnn>iNo a 

OONTINUED FRODUOT. 

The iMtors of a continued prodact may be proper or improper 
fraotiaas, and our modus ogperandif in finding an approximate pro- 
duet with a given limit of ecror, must depend on their nature in thie 
respect 
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2ix4719nx6AxTi;,. 

By Tulgar fractions: V ^ ^V^*^ ^ if MTa =":ftia?W"- 



70799 1584'^ 1139863-9 (719-6U 

161 3106 

16223 
9679 
1750 
1660 
11398689 76 

Ant. 719^^, or to three plaoea 719*611. 



70799 
424794 
70799 



By decimals to three places : 2-875 x 4719-93 x 6 -56 x -0085. 
It would seem that the fieuitors might be taken in any order ; let 
OS take them from right to left 



6-4 


4719-9333 
3 50 


51 
2 

'068 fiirt product 


286997 
14160 

250-167 aeeond product 

6782 

500314 

200126 

17611 

1261 





719-202 third prodact 

This result is greatly inaccurate even in the first place of decimals. 
The first product -063 is accurate to the third place, but is neverthe- 
less inaccurate for want of the succeeding places. Now this inaccu- 
racy is multiplied by nearly 4720 in fincHng the second product, and 
this again is nearly trebled in finding the last product These accu- 
mulated inaccuracies, only slightly compensated for by occasional 
over-estimates, have given as final rosult the very appreciable error 
of -409. 

These errors can be avoided thus : Arrange the factors in descend- 
ing order, and move the several points so as to make each factor but 
the first a proper fraction. We may then, to ensure accuracy, keep 
one more than the assigned number of places, all through, and each 
sive multiplication by a proper fraction will reduce the error. • 
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Thus the problem 4719-94 x 6-36 x 2875 x -0083, 
becomes 47199-S x -63 x 2-875 x -0083 
= 471993-3 X -63 x -2875 x -0083, 
or better stiU, 4719*93 x -83 x -63 x -2876. 

4719 -QSSS 
83333 888 



87759466 

1415980 

141598 

14160 

1416 

142 

14 

1^ 

8933-2777 
86863 686 

23599666 

1179983 

285997 

11800 

2860 

118 

24 

1 

2502-9949 

5 782 

5005990 

2002395 

175209 

12515 

719-61Cia 

1 



Am. 719-611, 



EZEBOISB XXI. (&). 

Find continued product of : 

(1) 49-583 X 11-4302 X -01 to 4 places. 

(2) ^ X .0107 X Jf X -04 to 6 place& 

(3) 2857-64 x 7|f x 12^^ x ^^^ to 3 placea 

(4) 17-812 X 500014 ^ TT >< '001 to 4 places. 

(5) -0693 X -0693 X -0693 to 8 places. 

(6) -OSOfi X -0d06 X -OSOS X .Od06 X -Od06 X -0806 to 9 places. 



144 APPBOXUfAXI OALODLAXIOn. [OB. IT. 

§ 6. DlYISIOV. 

Casb L By a power of 10. Shift the decimal point aa many 
places to the left as there are ciphers in the diyisor, prefixing caphers 
if necessary, and curtail the decimal thus obtained. 

^-i- 100 to 5 places. 

A'M00='88461...-3-100:= -0088^1. Ant. -00385. 



Case IL By a divisor with few significant figures. 



40-128634-70000 to 5 places. 

40*12d6i^70000= •004012&6S-r-7. 
3 
7 )00401! ^a 

•000578 

Am. -OOOdr. 

6-1-51700 to 7 places. 



39540-^56000 to 6 places. 
895-4d-r-56000» •89540•^56. 
8)895404 
7 )049426 
•007061 

An9. -007061. 



6-^-51700= •064-517. 
517)-0600(-0001160li 
830 1 

8180 
2800 

•6-i-8213000 to 12 places. 

•64-8213000 =t -OOOi-i- 8218. 
8213)*00066666( -0000000811721, 
9626 
14186 
59236 
17456 
10806 



Ant. •0001161. 



Am. -000000081172. 



5142857 4- ^613 to 8 places. 



5-l4285?4- •613=5142-^714i4-6ia 
613)5142-&57142(8'88965276X 
2888 
5495 
5917 
4001 
8284 
1692 
4668 
8775 
97 



Am. 8-96965676. 
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Exercise XXII. 

(1) 743-557 -f. 10, 1000, 1000000, to 8 places. 

(2) 8-37^40 to 5 places. 

(3) 74-35000 to 6 places. 

(4) -634.30 to 8 places. 

(5) -726 ~ 4-31 to 6 places. 

(6) -IS 4- -0007 to 4 places. 

(7) 47-346- -01, -001, -00001, to 5 places. 

(8) -05-630 to 10 places. 

(9) -28473- -00761 to 4 places. 

(10) -681 --0009 to 6 places. 

(11) -S76--028to6place8. 

(12) 2-6-4-2-5 to 5 places. 

(13) -001 4- 44 to 6 places. 

(14) 6-587-4-19, 1900, to 7 places. 

(15) 6-687- -19, 1-9, 19, to 7 places. 

(16) 6-587-4-35, 8100, to 9 places. 

(17) 6-587 H- 4-35, 8100, 4350, -81, to 10 places. 

(18) -638461 -r- 1-86 to 3 places. 

(19) -638461-36, 360, -0036, to 6 places. 

(20) -638461-45, 4-5, -45, 45000, to 8 places. 

(21) -67-48007-8 to 5 places. 

Case III. By a divisor with many significant figures. 

Lemma* 1. By adding a figure to the right of any series of digits, 
two operations are performed ; the series is multiplied by 10, and 
is increased by the number of units expressed by that figure ; e.g. 
48579 = (4857 x 10) -i- 9. Conversely, by cutting off a figure from 
the right of any series of digits, two operations are performed; 
the series is diminished by the number of units expressed by that 
figure, and is divided by 10 ; e.g. 4857 = (48579 - 9) -r 10. 

* A Lemma is a proposition which is only used as subservient to the proof of 
another proposition. — De Morgan's Algebra. 

L 
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Lemma 2. In a long series of digits, it matters comparatively litUe 
what the particular figure added or cut off happens to be, since the 
multiplication and division by 10 are respectively of much more 
moment than the addition or subtraction of a quantity less than 10 ; 
e.g. calling 480936 480930, is a much less error, as compared with 
the quantities under consideration, than calling 48 40 wonld he. 
48 exceeds 40 by \ of 40 ; but 480936 exceeds 480930 by ^^ 
of 480930. If from a series of digits we successively strike off the 
right-hand figures, the importance of the subtraction continually 
increases. 

It follows directly from what was said in page 117, that the 
same effect is produced on the quotient by dividing the divisor as 
by multiplying the dividend. I^ then, instead of successively 
" bringing down," i.e. adding figures to the right of the dividend, 
we cut off figures from the right of the divisor, the quotient will 
remain the same so long as the divisor has a large number of 
figures. On this truth, in fiict, depends the method of guessing the 
figures of the quotient in integral division. 

11-4286 -3-1415927. 



Full form. 


Contracted form. 


81415927)1142852851 (3-637818§lS 
' 200375042 6 


8W15SlW)n4285285(3-6378186 
20037504 


1187948108 


1187948 


245470 275 


245470 


A 25558 7862 


B 25559 


426 04468 


427 


111'885415 


113 


17;6376342 


19 


ll92967078, &0. 





The quotient in A is obtained by bringing down or adding figures 
to the successive remainders ; that in B by cutting off figures from 
the divisor, multiplying, however, each time the figure just cut off 
by the new figure of the quotient to ascertain the carriage, which is 
always to be the nearest ten. 

In form B, though the quotient remains accurate till the sixth 
place, the remainders (which are the preparation for future figures 
in the quotient) shew inaccuracies much earlier. 

The last figure of the quotient in the case here given is unusually 
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accurate. It is advisablo not to begin to cat off till the digits in the 
divisor are two more than the number of figures of the quotient still 
required. 

Example : •00423S -t- -3278 to 7 places. 

82XS042 '39 (-0129324 
9 612 
8 0568 
C 10619 

785 
129 
— A\u. -0129824. 

•00423S 4- 327S to 7 places. 

82W^m^239239 (*0129811 

960911 

805246 

D 10197 

862 

84 

1 Ant. -0129811. 

In C, only two figures could be spared from the divisor; we 
therefore had to obtain all but the last two figures of the quotient 
in the usual manner. In D, the divisor was made to consist of nine 
figures, to enable us to cut off at once. In fact, we had one figure 
(3) more than we actually used. 

Compare the following : 46 ^ *00761 to 3 places. Hie number 
of figures to be retained in the divisor depends not on the number 
of decimal places, but on the number of significant figures required 
in the quotient. It is therefore necessary to ascertain the poHtion 
of the first of these significant figures. Place the decimal point in 
the divisor after its first significant figure, and shift it in the divi- 
dend the same number of places in the same direction, thus multi- 
plying or dividing both by the same number. Thus we obtain, 
46000-^ 7-61. Beginning to divide, We find the first figure to be 
6 thousands. Thus we shall requires in the Quotient four integral 
figures and the threci decimal places ; in till, six more figures. We 
further require the two initial figures of the divisor, which must 
consequently consist of4 + 3 + 2 = 9 figures ; but then we begin to 
cut off at once. 

l2 
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7-W\W\) 46000 0000(6120 -96 W 
909 0909 8 

167 6757 
7 2727 
6091 
682 
66 Ant. 6120-968. 

Wording: for first remainder— 6, cany 1 ; 80, 81 and O' is 40, &e.; seoond 
remaindeiv-6, carry 1 ; 2 and 7' is 9, &o. ; third remainder— 2 ; 10 and 7', &e.; 
and 80 on« 

•11 + 1937-437 to 8 places. First place the point in the divisor 
after the 9, and move it two places to the left in the dividend also : 
•0011^19-3743?.* 

Wording : for first figure of quotienV-19 in 0, -(y; in 0, C; in 1, (f; in 11, 0'; 
in 110, 6'; 

.*. the quotient begins -00005, and we therefore require four figures 
after the ciphers, and must retain 6 figures in the divisor. 

19'^TO -00110000 (-0000567% 
18128 8 

1504 
148 
13 Ant. -00006678. 

Eulo : In contracted division of decimals : 

First, shift the decimal point in both divisor and dividend the 
same number of places and in the same direction, so as to bring it 
in the divisor into the most convenient place for ascertaining the 
denomination of the first significant figure of the quotient ; we are 
then able to determine the number of significant figures required in 
the quotient. 

Secondly, retain in the divisor, if long enough, two more places 
than this required number of significant figures. If not long enough, 
obtain the earlier figures of the quotient by " bringing down,*' and 
begin to " cut off" when the figures of the divisor are two more 
than those of the quotient yet to be found. If long enough, begin 
to "cut off" at once. 

* Where the first significant figure of the divisor is 1, followed by a lai*ge di^t^ 
as here, it is better to take the first two figures as a trial divisor. 
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Thirdly, multiply each figure as it is "cut off" by the new figure 
of the quotient to carry the nearest ten* 

•ExEROiSB XXin. (a). 

(1) 862^ 41-8174 to 4 places. 

(2) 4374.215-253 to 3 places. 

(3) 6-- -1573 to 3 places. 

(4) •72e--6473to4placea 

(5) -00416 ^ -085 to 5 places. 

(6) 1 -r- -1234 to 5 places. 

(7) 54 -r -000371 to the nearest unit. 

(8) -7283 4. 4-562 to 5 places. 

(9) -461538 4- -638461 to 6 places. 

(10) -00534-72654 to 8 places. 

(11) -34. -14285? to 6 places. 

By vulgar fractions and by decimals, correct to 5 places, find: 

(12) J4.A; 44-^; 44-1; 74-1; ^ + i; ^4-1; |4-|; 14-7 

(13) If the length of the year be reckoned at 365J days, instead 
of its true length, 365-242264 days, in "what time will the error 
amount to 11 days, also to 2-3 days ) 

Case IV. Division of a continued product. 

Simplify to four places jt-t . 

If we were to simplify the numerator to four places only, we 
should find our number of places insufficient, because some will 
disappear in shifting the decimal point to the right in both divisor 
and dividend ; in other words, division by a proper fraction, which 
is equivalent to a multiplication l)y its reciprocal, an improper frac- 
ion, multiplies the error. Hence : 

Eule : Choose any factor of the numerator as first multiplicand, 
then in it and in the divisor shift the decimal point so as to bring 
it in the divisor into the most convenient place for ascertaining the 



150 AFPBOXIICATE OALOULA.TION& [CH. IT. 

denomination of the first significant figure of the qnotieot. This 
place is generally after the first or second significant figoie of tho 
divisor; thus: 

•61* 

18-61* 

28*teSx'gSx*l66 

18 -61$ 

28-6837 
61 061 

28 684 
14 210 

24 

14 



8-7932 

08 886 

18 966 

8 084 

808 

80 

8 



18-018)2-2386C1716 
9323 
214 
84 
6 An$, -171& 



EuBOiSB XXIIL (6). 
Simplify: 

,^. -8174 X 10-125 X -1784^ . - 
(1) :SS5 to 4 places. 

(2) :???«ii:^^ 

74Sx6-f08x60:i66x-01 
W 10670670-476 ^ ^ 

... 486-6876 X 8-876 xHI , . , _ 
W 100 ^ to 4 places. 

,^. 9828-7126 X 3 -48* xH , , , 
(^) 100 ^ to 4 places. 
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CHAPTER V; 
PBOGBESSIONS. 

§ 1. Arithmetical. It is required to add the following series : 
2, 5, 8, 11, U, 17, 20, 23. Ans. 100. 

A series such as this, where each succeeding " term" is formed 
from the preceding one by adding or subtracting the same quantity, 
is called an Arithmetical Progression, and the quantity invariably 
added or subtracted is called the Common Difference of the terms. 

If no longer or more complicated series were ever proposed than 
that given above, there would be no need to generalize oil the sub- 
ject ; but let it be proposed to add, 1, 3f , 6 J, 8|^, &c, to 1000 terms. 
It would be laborious to write out the whole series in order to per- 
form the addition. Examine the first series given ; under it, write the 
$ame series in reverse order, and add the terms two and two ; thus, 
2, 5, 8, 1.1, U, 17, 20, 23 
23, 20, 17, 14, 11, 8, 5, 2 
25, 25, 25, 25, 25, 25, 25, 25 = 8x25 = 200. 

Hence the sum of the two series is 200 ; that of the one series is 
100. The number 25 is obtained by adding the first and the last 
terms, or the second and the last but one, and so on; this 25 is 
multiplied by the number of terms, 8 ; and the product is divided 
by 2. The question now arises : Will this method hold for all 
arithmetical progressions ? 

The nature of an a. p. is such that the second term ^ceeds the 
first by the common difference, and the last but one falls short of 
the last by the same quantity ; hence the sum of the first and last 
must be equal to that of the second and last but one, which again 
equals the sum of the third and last but two, since the third exceeds 
the second by as much as the last but two falls short of the last 
but one, and so on. Hence the sum of the double series is the sum 
of the first and last terms multiplied by the number of terms. The 
sum of the single series, then, wiU be found by multiplying the sum 
of the first and last terms by half the number of terms. 
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This conclusion is pictured by the following " formula :7 

where 8 stands for the sum of the series, 
a „ first temiy 

I „ last term, 

n M number of terms. 

By this formula we can sum a series where Z, the last term, is 
known. But in the series, 1, 3f, 6^, &c., given above, I has yet 
to be found. 

Let d represent the common difference ; the first term is a ; the 
second, a + d-y the third, a + 2 x (2, &c. In other words, the series 
might be written thus : 

lit term, 2nd term, Srd term, 4th term, 5th term, &0. 
o, a-\-dy a-^-^y^dy a + Zxd^ a + 4xe?, &c., 

where the number of ef s added to a in each term is one less than 
the number of the term ; thus the 20th term will be a + 19 x c?, and 
the 1000th term of the above series is 1 + 999 x 2| = 2623|. The 
sum of the series is then, 

(1+26231) X 1^00 = 26241 x 500 = 1312187^. 
The formula for the last, or nth term is, 2 = a + (n - 1} x c2. 

Exercise XXIV. 

(1) Find the sum of 1, 2, 3, &c., to 1000 terms. 

(2) Find the seventieth odd number. 

(3) Find the sum of 100 terms of 1. 3, 6, &c 

(4) „ 60 ^ 3J, 4|,6,&c. 

(5) „ 75 „ -16, -18, -2, &c 

(6) Find the eightieth term of 2-5, 2*75, 3, &c. 

(7) If I invest in a Building Society 10s. a month for the 1st 
year, £\ a month for the 2nd year, £,\, 10«. a month for the 3rd 
year, and so on, what will be my payment in the 1 0th year, and 
how much shall I have invested altogether at the end of the 10th 
year) 
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(8) If a stone fall through 16*1 ft. in the Ist second of time, 
48*3 ft. in the 2nd second, 80*5 ft. in the 3rd second, and so on, 
how deep will be the shaft of a mine where a stone takes 7 seconds 
to reach the bottom ] 

9) Prove that in a descending series Z = a - (n - 1) x cf, and, as 
before, 8 = (a + l)x ^, 

§ 2. Gbombtrioal Series ascending. A series where each new 
term is formed from the preceding term by multiplication instead of 
addition is called a Geometrical Progression, and the number by 
which we multiply each time is called the " common ratio." Thus 
5, 50, 500, &c., is a geometrical progression whose common ratio is 10. 

The multiples of a number are in arithmetical, the powers in 
geometrical progression ; e.g., 

0, 3, 6, 9, 12, 15, 18, 21, 24, 27, 30 81, &c., are in a.p. 

1, 3, 9, 27, 81, &c., are in g.p. 

It is required to sum the series, 4, 12, 36, 108, &c., to 6 terms. 
The common ratio in this series is 3 ; therefore the series may be 
written : 

Ist term, 2nd term, Srd term, 4th term, 5th term, 6ih term, 
4 4x3 4x32 4x3* 4x3* 4x3* 

whence we see that the power of the common ratio in each term 
is one less than the number of the term. Thus the 20th term 
would be 4 X 3^^ ; or if 2 be the nth term, and r the common ratio, 
Z = axr"-». 
Let 8 be the sum of the six terms, then 

» = 4 + 4x3 + 4x32 + 4x33 + 4x3* + 4x3« 
If this series is multiplied by the common ratio 3, we obtain, 
3x« = 4x3 + 4x32 + 4x3» + 4x3* + 4x3* + 4x3« 
Subtracting 8 from 3 x «, we get 2 x «, and subtracting from 
4x3 + 4x32 + 4x33 + 4x3* + 4x3« + 4x3« 
4 + 4x3-f-4x32 + 4x3g-f-4x3*+.4x3S 

we find that the intermediate terms cancel one another, and we have 
to subtract 4 from 4 x 3^ Hence, 

2x»=4x3«-4,and* = iii|!zi = 1456. An8, 1456. 
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This conclusion is pictured by the following formula : «=*^''^~* 



r-1 
where s stands for the sum of the series^ 

a 19 first term, 

r „ common ratio, 

n „ number of terma 

Exercise XXY, 
Sum the series : 

(1) 1, 3, 9, &c., to 8 terms. 

(2) -001, -01, -1, &c., to 10 terms. 

(3) 5, 5*, 5*, &c, to 5 terms. 

(4) 1, r05, r05 X r05, &c., to. 6 terms, correct to 4 places. 

§ 3. Geometrical Series descending. In a o. p. where the 
common ratio is an aliquot* fraction, say -^, each term will be less 
than the preceding term, and the o.p. may be considered as one 
formed by division by r, instead of multiplication by -j^. Consider 
the series, ^ = 9 + 3 + l+J + ^ + ^ + ^. 

Here each term is formed by dividing the preceding term by 3. If 
the series be multiplied by 3 (the common divisor), each term will 
become the one preceding it, and we obtain, calling s the sum of the 
above series, 

3x«^27 + 9 + 3 + l+i^ + ^ + ^. Subtracting, 
1x8= 9 + 3 + 1+^ + ^ + ^ + ^, we obtain, 
(3- 1) X « = 2 X » = 27 -^ = 26|^, and .-. «= 13ff. 

Exercise XXVI. 
Sum the series : 

(1) 1, J, ^, &c., to 8 terms. 

(2) 1, \, 1^9, &c., to 5 terms. 

(3) 1000, 100, 10, &c., to 10 terms^ 

(4) 3, -3, -03, &C., to 10 terms. 

* An aliquot fraction is a fraction which is a measure of unity, and its reciprocal 
is consequently an integer. 
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§ 4. Endless Geometrical Series. 
Examine the series, l+|^ + J + | + &c. 

1=1 =2-1 

l+i=H =2-J 

1+4+1=1* =2-i 

l+*+i+4=it =2-i 

i+iH+i+A=l« =2-A 

l+i+i+4+A+A=lii=2-A and soon. 
Let US apply the method of § 3 to the series, 1 + 1^ + J + &c. We 
must stop somewhere. Let us stop at ^. 

»= 1+7 + T + l + Tir + A 
2xs=2 + l+^ + J + | + T^ 



» = 2 - ^, as above. 

Each successive series, then, falls short of 2 by its last term ; but 
this last term continually diminishes, and can be made smaller than 
any assigned quantity. The series is therefore an approximation 
whose LIMIT is 2 (p. 119). 

Again, take the series. 



f= 9 + 3 + 1+^ + ^ + 3^ + ^ 
3x< = 27 + 9 + 3 + l + JVI + &C. 



+ &C 



(3-l)x» = 2x«=27-^ 

We see that 2x8 falls short of 27 by the last term, and hence, 
since again the last term may be made less than any assigned quan- 
tity, the limit of 2 x « is 27, and of « it is 13^. 

Eind the limit of 7 + If + ^^+Ac Here -7 = | or r=5. 

^x« = 35 + 7 + l|+ 

lx<= 7 + 14+ 

4 X ^ = 35 - (some quantity which may be made as 
small as we please). Hence 35 is the limit of 4 x «, and the limit 
of»=^8f. 

Exercise XXVIL 
Eind the limits of: 

(1) l+i + i, + &c. (4) 64 + 8 + 1 +&C. 

(2) 3i+i+^ + &o. (5) •5 + -25 + -125 + &C. 

(3) 12 + 3 + f + &C. (6) 20 + 6f + 2|.+,&c. 
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§ 5. Limit of Kecurrino Decimals. 

.Evei7 recurring decimal is a a. p. where r is a power of 10 ; thiu^ 

'3 = Yxj- + nnr + nnnr "*■ •••> ^ being 10; *468 = y|j^+ loooooo "*••••> 
r being 1000. 

Cask L Find the limit of -ft. 

»= -333 

10x < = 3-333 

9x« = 3 «=T = i^ Ans. J. 

Find the limit of -468. 

»= -468468468 

1000 xs = 468-468468468 

999 X « = 468 ^ = iHlAV An9. ^. 

Exercise XXVIIL 

Find the limits of the following : 

(1) -3. (7) -27. (13) -142857. (19) •dl36986S. 

(2) 1. (8) n. (14) -857142. (20) -079366. 

(3) -1. (9) -LSS. (15) -428571. (21) -0O287. 

(4) -2. (10) -234 (16) -153846. (22) •0lO98d- 

(5) -6. (11) -624. (17) -1441. (23) -04212. 

(6) -&. (12) -074. (18) -0243&. (24) •00025d. 

It will be observed that the result uniformly must be this : the 
figures of the recurring period give the numerator, and the denomi- 
nator consists of as many nines as there are recurring figures. 

Case IL Find the limit of -00027. 

«= -000272727 

100 x« = -027272727 



99x«--027 *~'W - ftflVoo l iiooo* 

Exercise XXIX. 
Find the limits of : 

(1) -OS. (3) -OOSe. (5) -001221S. (7) -OOlOS. 

(2) -072. (4) -0036. (6) -0000&. (8) -OOOOlOd. 
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It will be observed that the numerator consists of the recurring 
figures, and the denominator of as many nines as there are recurring 
figures, followed by the number of non-recurring ciphers in the 
decimal. 

Case III. Find the limits of -48324. 



8=^ -48324324324. 
1000 X 8 = 483-24324324324. 



999x5 = 482-76 

>-, 482-76 ^ 48 276 1 5364 | 44T Anjt **^ 

EXEROISB XXX. 

Find the limits of the following : 

(1) -136. (5) -0472. (9) -225&. (13) -916. 

(2) -62t. (6) -06663. (10) -583. (14) -083. 

(3) -472. (7) •226&. (11) -416. (15) -83. 

(4) -472. (8) ^m. (12) 0016. (16) -633. 

§ 6. The question we have been solving in § 5 might have been 
stated thus : What vulgar fraction would have produced the given 
recurring decimal 1 And the result might have been obtained ex- 
perimentaUy, thus : 

i =•! .-. I, f, 4, &c.= -2, •3,-i&c. 

T^ =-01 .-. ^, ^, ^, &c. = -62, -13, -76, &c 

TTriw= -60001 .-. ,^,1^, ,;y^, &c. = -60002, -07628, &c. 

In fact, in dividing 1000 by 999 we obtain quotient 1 and re- 
mainder 1, which, being again multiplied by 1000, yields the same 
quotient with the same remainder, and so on. Again, in dividing 
43000 by 999, we obtain quotient 43, and remainder 43 ; hence 
^ = -043. Similarly, ||» = -286 ; 4^ = -4723, and so on ; which 
leads to the conclusion stated at the end of Case I. 
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For Casell, since -OOTSl =« -751 + 100, md'75l =^ .-. -06751 

- TTHT - A"^ - OD0OO' 

For Case III, -84351 = 84 + OOSSl = ^ + ^fliv 

s-©©©X84, 3«1 -, 84 X 1000-84 + 861 _ 84861-84 — 84H<T 

-90 0- '^^^^^'^ oVoob 00000 TTvinr 

This leads to the following general role : For the numerator, snb- 
tract the non-recurring figures from the decimal, as given to the end 
of the first period. For the denominator, write as many nines as 
there are recurring figures, followed by as many ciphers as there are 
non-recurring figures. 



CHAPTER VL 
PEOPEBTIES OF DECIMALS. 



§ 1. We must premise that the vulgar fractions on which we shall 
reason in this Chapter are all at lowest terms, unless the contrary iB 
stated. 

§ 2. In Chaps. II. and III., all the decimal fractions were ter- 
minating ; the subsequent Chapter treated of non-terminating deci- 
mals. The question arises : Can we, by mere inspection of a given 
vulgar fraction, determine the nature of the resulting decimal I 



5 __ 0X\^ _ OXOX\^ __ O X X X \tH _ .gAg 



"ZO F> STy T> TTS' 




TS. Tenths. Hundredths. 


Thousandths. 


5 5 
5 5x\^ 6x5x\l5^ 

4 2 


5 
5x5x5x\^ 


2 2 
18 lSx\^ 13x2x\l5^_ 

^^ X^ ^ . 
6 1 


• • • • 



'52. 



^ 8 8x10 8x10x10 8x10x10x10 .aoq 
e. T = y = 7 = ij = 4JS... 



5 5 



J 10 19x115^ 19x6x115^ 19x5x6x10 ./ji»q 
14 7 
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Fractions a and h give tenninating decimals, because each suc- 
cessive ilitroduction of 10 into the numerator gets rid of one 2 or 
one 5 in the denominator. If, then, the denominator has no other 
pnihe factors than 2 or 5, the decimal will terminate. 

in fraction c, the denominator is prime to 10 ; hence no introduc- 
tion of 10 into the numerator will cancel or reduce it. 

In fraction dy the factors of the denominator are 2x2x7, of 
which the 2 x 2 are cancelled by the two successive introductions of 
10, but the 7 remains unaffected. From this we see that the solur 
tion of the question proposed depends solely upon the denominator. 

Learn by heart : I/ths denominator of a fraction contain no prime 
factors other than 2 or 6, its decimal loill terminate; and if it con- 
tain others, it mil not terminate, 

§ 3. Every introduction of 10 into the numerator will cancel 2, 
5, or 2 X 5 in the denominator, and will yield one decimal place ; 
hence there will be a decimal place for every 2x5 or in the de- 
nominator, and a decimal place for every 2 or 5 after the ciphers are 
allowed for. (N.B. After accounting for the ciphers there cannot 
be twos and fives.) 

§ 4. Notice that if the denominator, after disregarding any ciphers 
at the end, is a power of 2, the last figure of the decimal must be 
5 ; if a power of 5, it must be even. 

§ 5. We have now to consider the non-terminating fractions, and 
the question arises whether the figures will necessarily recur, or 
whether they will follow sonie other kind of arrangement, or no 
arrangement at alL 

If in division by any number, say 7, 13, &c., any remainder occur 
a second time, the figures in the quotient, L e. in the decimal, must 
thenceforward be the same as those following the previous occur- 
T^iik of that remainder. Take, for example, ^ and ^ 

7)30(-428i571, &c 41) 890 (-95121, &c 
^0 210 

60 60 

40. 90 

50 80 

10 89 &e. 

^f^ Am. -§5121. 

Ans. -428571. 
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In dividing by 7, there cannot be more than six different remain- 
ders, viz. 1, 2, 3, 4, 0, 6 ; in dividing by 41, there cannot be more 

than forty, viz. 1, 2, 3, 40. If, then, we should have performed 

respectively six or forty steps with different remainders, the next 
remainder must be one that has already occurred. Hence ^ and ^ 
must yield recurring decimals, and the recurrence must take place 
not later than after the sixth and fortieth places respectively. We 
see, however, from fy, that it may take place earlier. Thus, 

With denominator 7, recurrence will take place at latest after 6 places. 

» 41, „ „ 40 „ 

and generally, », „ „ (n^l) „ 

§ 6. If we take a number prime to 10, say 7, the l. c. m. of 10 and 
7 is 70 (Part I. Ch. XI. § 18), and aU tens below 70, viz. 10, 20, 
30, 40, 50, 60, must give different remainders when divided by 7 ; 
for if any two gave the same remainder, their difference, a number 
of tens less than 70, would be a multiple of 7 (Part I. Ch. XL 2nd 
part of § 7), which is impossible. These remainders, then, must be, 
in some order or other, the numbers 1, 2, 3, 4, 5, 6. Thus : 

10 gives remainder 3, 40 gives remainder 5, 

20 „ 6, 50 „ I, 

30 „ 2, 60 „ 4. 

This means that each multiple of ten is a number of sevens + the 
corresponding number of units placed beside it. If, now, any two 
numbers of the first column, say 10 and 20, be multiplied together, 
we have to multiply (a number of sevens + 3) by (a number of sevens 
+ 6) ; the multiplication by sevens gives sevens ; the multiplication 
by 6 gives a number of sevens + 6x3. Similarly, the product of all 
these multiples of ten will be a number of sevens + the product 
of all the units to the right, or 10 x 20 x 30 x 40 x 50 x 60 = a num- 
ber of sevens + 1x2x3x4x5x6. Hence, 10 x 20 x 30 x 40 x 50 
x60-lx2x3x4x5x6isa multiple of 7. But 10 x 20 x 30 
x40x50x60 = lx2x3x4x5x6x 1000000, and .-. 1 x 2 x 3 
X 4 X 5 X 6 X 1000000 -Ix2x3x4x5x 6,or 1x2x3x4x5x6 
X 999999, must be a multiple of 7. Seven, then, cannot be prime 
both to 1 X 2 x 3 X 4 X 5 x 6 and to 999999. (Part L p. 147, note 2.) 
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Suppose the number we have chosen, as in this case 7, be not only 
prime to 10, but a prime number, it is prime to the first of these 
i^uantities, being prime to each of its factors ; it must therefore divide 
the second, viz. 999999, which is formed by writing six nines in 
succession. Similar reasoning will shew that 13 will divide 
999999999999 (twelve nines) ; 17 will divide sixteen nines; and, 
generally, if w is prime, n will divide (n - 1) nines in succession. 
(Format's Theorem.) 

§ 7. Since 7 is a measure of 999999 (six nines), 13 of 999999999999 
{twelve nines), and ?i* of (n- 1) nines, .-. 1000000 (10*) ^ 7 leaves 
remainder 1, 10^* -5- 13 leaves remainder 1, and lO^—^-i-n* leaves 
remainder 1. 

Again, 3000000 ( = 3 x 10«)-5-7 leaves remainder 3, 

6x10^2^13 „ 5, 

taxlO»-i-r»* „ a. 

Hence, in dividing by 7, 13, n, after 6, 12, n - 1 places, we shall 
have as remainder the original dividend, and the quotient, Le. the 
decimal fraction, will recur from the beginning, and have 6, 12, » - 1 
figures in the " period.*' 

A prime number n, then (other than 2 or 5), will yield a pure 
circulator, having n-1 recurring figures. Thus ^=-857142 (6 
figures), -j^ = -384615384616 (12 figures). This last decimal, how- 
ever, can be indicated thus, -384616 (6 figures); and generally, 
though n must yield a decimal expressible with ?i - 1 recurring figures, 
it may be possible to use fewer figures in the period ; but in this 
case this smaller number must consequently be a measure oin-l; 
or, in other words, though n must measure n - 1 nines, it may mea- 
sure an aliquot fraction of that number of ninea 

§ 8. If 4^ be decimalized, we obtain -142857, a period of six 
figures ; hence all the remainders must have occurred. If, then, we 
wish to decimalize ^, ^, &c., we shall only have the same succession 
of figures with different commencements. Writing the period thus, 

we can from it read off the decimal for any number of sevenths 
*» being j>rune. f a bong len tban it. 
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Thus ^ will begin with 2, ^ with 4, ^ with 5, &c, and this first 
figure can at once be ascertained by commencing the division. This 
ring should be learnt by heart 

Now decimalize ^. ^ = 076925. 

18) 100 (-676924 
90 
120 
80 
40 
1, &o. 

This period contains six figures only, therefore only six of the 
12 possible remainders can have occurred ; and if we try another 
number of 13ths, we cannot be sure that that numerator will be one 
of these remainders. Take ^. 

18)20 (*l5384ft 
70 
50 
110 
60 
80 
2, &e. 

Here we find the other six remainders ; and now no fraction whose 
denominator is 13 can be proposed whose numerator is not in one 
of the two sets of remainders. From what was said in § 5, it follows 
that the two series can at no point coincide. For 13, we shall then 
require these two rings : 

8<^7 eU 

29« ^8^ 

As these figures are not all different, in two of the cases the first 
tuH) figures must be found by actual division. If there occur in 
any set of rings similar sequences of ttw figures each, the first three 
figures must be found by actual division, and so on. 

§ 9. 365 days = 5x73 days. Fractions with denominator 73 
occur, therefore, frequently in the calculation of interest. 73 has 
eight recurring figures, and will therefore require ^ = 9 rings to 
exhaust the 72 remainders. 



CH. ▼1.1 PB0PEST1E8 OF DECIMALS. 163 

3^1 7^6 4^2 8^5 1^8 

6A8 9B0 9O0 9D0 9B0 

dg6 8^2 7^5 436 1^8 

4^0 7^2 6^6 i ^ i 

0F9 608 5H4 8K6 

935 732 838 6 y 5 

From these rings, any fraction with denominator 73 can be read 
off as a decimal, after the first two figures have been found by actual 
division. 

§ 10. Examination of all these rings shews the peculiar property 
that the opposite numbers added together make 9. Thus the ring 
for 7 consists of the two halves 142 and 857, whose sum is 999. 
The question aiises : Is this a mere accident or a property belonging 
to other than these fractions ; and if so, to what others 1 

In Ch. v., we have found that every pure circulator can be ex- 
pressed as a vulgar fraction having for denominator as many nine» 
as there were recurring figures, and for numerator the recurring 
period. Thus ^ or -285714 = ||J^. This fraction is of coui-se 
reducible to lower terms, where the new denominator is a measure 
of 999999. Now 999999 = 999 x 1001 ; seven being prime, it mea- 
sures either 999 or 1001. We have already found that 7 gives six 
decimal places, Le. that 999999 is the least number of nines divisi- 
ble by 7 ; hence 7 does not measure 999, and must measure lOOL 

(Part I. p. U7, note 2). Since ^^U = j^i^*oi "^ '**^^*^ ^ '' 
the factor 999 must be entirely cancelled out ; hence the numerator 
must be divisible by 999. Let us, then, investigate the criterion for 
divisibility by 999. 

1000 -!- 999 leaves remainder 1 

7000-999 „ 7 

123325551 = 123000000 + 325000 + 551. 

123000000-^999 leaves remainder 123 

325000-999 „ 323 

551-999 „ 551 

Sum of the remainders, 999 
m2 
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Simikrlj 863581284267 -s- 999 gives remainder 863 + 584 + 384 
-f 267 = 1998, and as this is divisible by 999, the number is so. 

Hence a number is divisible bj 999 (three nines) if the sum of 
its digits, added in sets of three figures beginning at the units* place, 
is divisible by 999. 

Similar reasoning will shew that a number is divisible by 99, 
9999, 99999, &c, if the sum of the d^ts, added up in sets of 2, 4, 
If figures respectively, be divisible by 99, 9999, 99999, &c (Cf the 
criterion for divisibUity by 9 given in Part L p. 132.) 

Kow we have shewn that 285714 must be divisible by 999, and 
therefore its digits added up in sets of three figures must be divisible 
by 999 ; and as we have but six figures, the sum of the two sets 
cannot exceed 999, and must therefore be 999. This can only 
take place if the opposite figures, as placed in the ring, make up 
together the number 9. (We shall call two figures whose sum is 9 
complemental to 9.) 

The conditions under which this process of reasoning holds good 
are, (a) that the number of recurring figures of the period is eveuy 
because then its corresponding nines can be broken up into two 
factors of which one is half the number of nines; (b) that the 
denominator of the vulgar fraction from which the recurring decimal 
is derived is prime to that less number of nines. 

If^ then, we know of any pitime number that it will yield an 
evm number of recurring figures, the halves of the period will be 
complemental, and accordingly we shall only need to work out 
by division the first half of the period. For example, of -fj, only 
four places, viz. 2602, need be found by division, 

78) 190 (-26021789? 
440 
200 
54 

the other figures, 7397, being complemental 11 has two recurring 
figures which must therefore be complemental, and only one needs 
to be found by division. 

§ 11. The following table shews the number of recurring figures 
belonging to the first twenty-five primes, omitting 2 and 5. 
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PbIMIB AVD TRBXR DbOIMAL PLAOlft. 

8 X 19... 

7 6 28... 

11 2 29... 

13 6 81.... 

17 16 87.... 



.18 


41... 


... 5 


61... 


...60 


88... 


...41 


22 


43... 


...21 


67... 


...88 


89... 


..44 


,28 


47... 


...46 


71... 


...85 


97... 


...96 


15 


68... 


...18 


78... 


... 8 


101... 


... 4 


8 


69... 


...68 


79... 


...18 


108... 


...84 



From this table we can extend the criteria for divisibility by 
prime numbers (Part I. Ch. XI. § 8) ; e.g., a number is divisible by 
37 if the sum of its digits, added in sets of three beginning at the 
units* place, be divisible l^ 37 ; for 37 has three recurring figures, 
Le. 1000 -i- 37 gives remainder I, &o. 

§ 12. Decimalize ^fiX. 

187)680(45985401 
820 
1850 
1170 
740 
550 
200 
68 
The successive dividends are, 

68, 82, 185, 117 

74, 55, 2, 20 

187, 187, 187, 187 

Notice that the eight dividends or remainders, corresponding to 

the eight recurring complementals, added in pairs as above, make up 

the divisor 137. This depends on the following considerations : 

a. 99999999 is divisible by 137. 

b. 99999999 = 9999x10001. 

c. 137 does not measure 9999, for otherwise it would have only 4 
recurring figures in its period ; therefore, being prime, it must mea- 
sure 10001. 

d. 10001 + 137 leaves no remainder, .•. 10000+137 will leave a 
remainder 136, being short by 1 of the above multiple of 137. 

e. 63x10001 + 137 leaves no remainder, .-. 63x10000+137 
leaves remainder 137-63, being 63 short of the multiple that 
63 X 10001, or 630063, is of 137. 

This means that the remainder after four steps must fsdl short of 
137, the divisor, by 63, the first dividend. Had we begun with 82, 
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the second dividend, four steps would have led ns to the same oon- 
clusion, .'. after any four steps the dividend at the commeneement 
added to the last remainder must give the divisor. 

As this property depends on the same conditions as that investi- 
gated in § 10, it is subject to the same limitations. Jlence, wherever 
the recurring figures are complemental to 9, the corresponding 
remainders will be complemental to the divisor. 
§ 13. Beduce ^ to a decimal 

21)110(-i2380ft 
60 
80 
170 
200 
110 

Observe that this fraction, although 21 is not prime, yields a pure 
circulator. We might have judged, k prioii, tliat such would be the 
case, for 21 is prime to 10, .*. 210 is L.O.M. of 21 and 10, and no 
two multiples of 10 less than 210 can give the same remainder 
(§ 6); consequently any remainder, say 2, can only have been 
derived from the remainder 17, 17 only from 8, 8 only from 5, and 
5 only from 11 ; hence the recurrence which must take place must 
be referable to the first dividend 11. 

The statement in § 7, that a prime yields a pure circulator may 
now be extended to numbers prime to 10. 

Again, observe that the recurring figures are not complemental to 
9, nor the dividends to 21, 21 not being prime to 999. 

§ 14. If the denominator contain as factors twos or fives with 
other primes, the resulting decimal will be a mixed circulator ; for, 
dividing first by the twos or fives (§ 2), we shall obtain a terminating 
decimal ; and if this is then divided by the remaining &ctor, which 
is prime to 10, we get a pure circulator commencing at the end of 
the terminating decimal previously obtained; e.g., f^= ^^ ^ 

?^ = -71l53846. ' 

1^ 4)87 



18)9-25 



7li5884ft 
two non-recurring figures due to 4 (§ 3), followed by six recurring 
I^gares due to 13 (see table, § \\). 
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§ 15. It is now required to determine the number of recurring 
figures in the period derived from a vulgar fraction whose denomi- 
nator, though composite, is prime to 10, or, which comes to the 
same thing, the least number of nines divisible by this denomina- 
tor. 

Decimalize - — =- = Trfr- W© know that 6 and 8 nines are the 
7x73 *^^ 

least number of nines divisible by 7 and 73 respectively. Hence 
24 nines (24 being l. o. m. of 6 and 8) is the least number of nines 
divisible by 7 and 73, and . •. by 511,* or 511 will have 24 recurring 
figures. 

Generally : A denominator which is a product of different primes 
other than 2 and 5 will have in the period as many recurring figures 
as is equal to the l. o. m. of the numbers of recurring figures proper 
to each prime. These conclusions do not apply to denominators 
containing as factors powers of prime numbers, the condition in the 
foot-note not being fulfilled. 

[If ;> be a prime number with a period of h figures, then it can be 
proved that 

p^ will have a period of either Jc oi p xk figures, 

p"^ „ „ k or p xkovp^xk „ 

p^ „ „ koT pxkoT p^xkov ]p^ xk „ 

&C. &c.] 

§ 16. Addition and subtraction of recurring decimals, where the 
whole period of the result is required, need only be carried out to 
the number of places represented by the l. c. m. of the numbers of 
i-ecurring figures in each of the given quantities + the maximum num- 
ber of non-recurring decimals. An example will render this obvious. 

Add -SSS, -00413, 123466, '151. 



•5833 
•0041 
•1284 
•1571 



338338388338 
304180413041 
565656565656 
571571571571 



•8680 774691883601 

1 2 An8. •8680?7469188860i 

* If a number is divisible by two numbers prime to each other, it is diyisible 
l>y their product ; and, conyersely, if a number is divisible by a product, it must 
he divisible by each factor. (Part I. Ch. XI.) 
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The first vertical line divides the non-recurring from tho rocturing 
figures. 

Under the first recurring figure the carriage is noted dovn, to be 
added to the last figure of the period, as the next column to the 
right of the second vertical line would have given the same carriage* 

Subtract -Tft^d from 4-3721. 

4'872|lllll 
'78g|885l8 

8*6862711 

1 6 Am. 8-686i7& 

In this case the carriage is subtracted. 

§ 17. In Part L (p. 3 and Ch. X.) we have seen that we are not 
necessarily confined to any one scale of notation, but that we might 
have chosen any number whatsoever for our radix. Similarly in 
fractions we need not necessarily make the powers of 10 our univer- 
sal denominator. The powers of any other number might have been 
chosen, and the resulting fractions would have become continuations 
of the corre8ix>nding integral scales. Thus, 

Decimal fractions are a continuation of the decimal or denary scale 
Binal „ „ binary scale, 

Quinal „ „ quinary scale, 

Duodecimal „ „ duodecimal scale, &c. 

Eeduce ^ to senala 
:^ = A of 7 = tV of V = J and V over. 
AofV = Aof|? = Aand^over. 
inr of i| = A of ^ = ^ and ^ over. 
A of Tfu = TV of TllF = Timr. 

Mod, op.: 7 and 16 in the senary scale =11 and 24 respectiyely. 

6 I. J I. J hhr* 
24) 1 10 (• 2 3 4 8 
14 
2 
12 

* Read, "point'* 2848, and not « decimal** 2848. 
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Beduce 1 to binals. 

Hi 

Seven ) 10 

•0 1... An$. -601. 

§ 18. We refrain from pursuing this subject further, but the 
curious are referred to Serret's Cours d'Arithm^tique. We need 
only mention that the truths established for decimals hold, mutatis 
mutandis^ for fractions in any scale, and that the several manipula- 
tions are identical. For example : the proof of Fermat*s theorem 
given in § 6 holds for every scale of notation, substituting, however, 
for 999... repetition of the number which is 1 less than the radix. 

§ 19. Summary. 

Let ^ be a fraction at lowest terms, and let it be reduced to a 



decimal. 

(o) The character of the decimal will depend solely on h. 
(fi) If 6 = 2» or 5», or 2» x 5» -|- will terminate. 

(y) If 6 — 2* or 5», there will be n decimal places. 
(^) If 6 = 2» X 5", there will be n or m places according as n ia 
greater or less than m, 

(«) If 6 is prime to 10, ^ will give a pure circulator with a num- 
ber of figures in the period, which number is invariable and depends 
solely on h, 

{Cj If 6 is a prime, this number is a measure of 6 - 1. 

(ij) If 6 = 2» X c, 5*» X {?, or 2* X d" X (J, c being prime to 10, the 
decimal will be a mixed circulator, having in the first and second 
cases w, and in the third n orm (whichever is greatest), non-recur- 
ring figures, followed by the number of recurring figures proper to c. 

{&) If h is prime to 10, and compounded of different primes, the 
number of recuning figures in the period is the L.O.M. of the num- 
bers proper to these several primes. 

(i) If h is prime, and the number of figures in its period is even, 
the two halves of the period must be complemental to 9, and the 
corresponding remainders or dividends must be complemental to 6. 
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CHAPTER Vn. 

DECIMALIZATION OF MONET. 

§ 1. We proceed to give a method of decimalizing our English 
money at sights and to shew the numerous and great advantages 
accruing therefrom. 

§ 2. 2«. (1 flQrin)=£l 

• •. U, =£2 

6#. =£8 

IBs. ^£-9 

!«.= i of 2».=lof£-l =£-06 

.-. 8*.= 2« +l«.=£l+£06=£-15 

«».= 4«.+l«.=£2 + £05=£-26 

7«.= 6*.+U=£-3+£-05=£-85 

19«. =18«. +U =£-9 +£-06 =£-95 

6d = t of 1«. =i of £05 =£-025 

U6d= l«.+6d. =£05 + £025=£-075 
2«. 6d.= 2«. +6d. =£1 +£025=£125 
8«.6<i.= 2«.+l«.6d=£l +£-075=£175 

lS8,'ed.=18s.+6d. =£-9 +£-025=£-925 
19«. 6d=18».+l«. 6<«.=£-9 +£075=£-975 

Eule : The figure in the first decimal place will indicate the 
number of florins ; for an odd shilling, add 5 in the second place ; 
for 6d. over, 25 in the second and third places ; and for 1^. 6d. 
over, 75 in the second and third places. 

EXEROISE XXXL 
Make a table of every sixpence from 6d to 19& 6d. 

§ 3. The odd Farthinos. 
6d. being £-025, ^d. = -025 ^ 24. 

24 ) -025 
•ooiA 
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which meana: 1 farthing =£001+ J^ of £-001 
• M „ =£-001 + A of i of £-001* 
2 farthiiigs=£*002+^ of i of £'002 
8 „ =£008+Aofiof£'008 

6id.=2i „ rs£-022+Aof iof£'022 
5irf.=23 „ =£-028+ A of i of £-028 

Learn by heart : Anp number of farthings is the same number of 
thousandths of £1+^ of ^ of that number of thousandtJa. 

Hd.^ 61=:£-006+Aof tof£*006 
=£•006+^ of £-003 
«£006+£-00025 
=£•00626 

4i<i.=18 1=£018+A of \ uf £018 
=£018+ A of £-009 
=£•018 + £-00076 
=£•01876 

8id.=141=£-014+Aof iof £-0U 
=£-014+Aof£-007 
=£-014 + £^00058S 
=£•014683 

Iji. = 71 =£-007+ A of 1 of £-007 
=£•007 +A of £-0036 
= £-007+£^00029l4 
=£•0072916 

(i\d =21 1 =£021 + A of i of £-021 
=£-021 + Aof £-0106 
=£-021 + £^000876 
=£•021876 

Observe : The half of an even number of thousandths is obvious ; 
for an odd number, put on 5 in the next place to the half of the 
oven number below it The student must learn to write down the 
result at once, passing mentally through the steps indicated above. 

* This might have beea deriyed from the pound directly, thiu : 

1 farth5ng=£TH; ^JF>^h^ by £7^— ^Mnr^^Trtrnr. 
.M „ =£001 +A of £001. 

This yery useful expression for a farthing a]so supplies the yery curious one : 
lfarthing»£-001+*01<i. 
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Wining: 11<2.«6 i»£<r0'6'; iof6»8; 12 in 80, f^*, ewiy 6 ; in 60, 6*. 

An$. £-00085. 

41<2.-181=£'01'8'; iofl8»0; 12 in 90, T; in 60, 6'. iliii. £-01876. 

ZyL »14 1 =£-ar4'; 1 of U^7 ; 12 in 70, 6'; in 100, &; in 40, d*. 

uifit. £-014581 

lf<|.=7t=£<yO'T; i of 7=85; 12 in 85, 2*; in 110,©'; in 20, 1'; in 
80, ff. An9. £-0072914. 

Sid. =21 1 =£•0*2' 1'; k of 21 = 105 ; 12 in 105, 8'; in 90, T; in 60, 6'. 

An$. £-021875. 

Id=£-a0'3'; t of 8=16 ; 12 in 16, 1'; in 80, 2>; in 60, 6'. 

il4it. £-008126. 

id.=£-aa 2*; i of 2=1 ; 12 in 10, O'; in 100, 8'; in 40, ft'. 

iiM. je -00208$. 
Jrf. =£<y a 1'; 4 of 1=5 ; 12 in 5, C; in 60, 4'; in 20, 1'; in 80, QT. 

Ant. £001041$. 
4d. =16 f. = £0* r e*; i of 16, 8 ; 12 in 80, '&. Am. £01 j. 

[6if.=24 l=£-a2'4'; \ of 24, 12 ; 12 in 12, 1'. Am. £-025.1 

Exercise XXXII. 
Make a table of every farthing from ^. to 6d. 

§ 4. Decimalize Ids. S\d, 

158. 6d. =£-775 
2id.=£-009 

£-784 + ^ of i of £*009=£-784875. 

The three places '784 can be obtained at once by adding the 
9 thousandths firom tbe farthings to the 75 thousandths from the 
shillings, and we have then only to add ^ of ^. of -009. 

Wording: 15». 6d. is -r76 ; 2Jd. is 9 f., and 75, 8'4'; i of 9=46 ; 12 in 45, 
8'; in 90, T; in 60, 6'. Am. £-784876. 

Decimalize 13«. lOfcf. 

Wording: 13«. 6d. = £-6'76; 4irf. = 19t, 0*4'; 4 of 19, 96; 12 in 96, T 
in 110, O'; in 20, 1'; in 8, &. Am. £'6947914. 
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EXBROISB XXXIIL 
Decimalize : 

(1) Ss. 6d, 17«. 6i., 138. 6i., 4*. 6i., Is. 6d. 

(2) 13& 3d., lU. 3d., 19». 3d., ISs. 9d., IBs. 9d., U 9d. 

(3) Us. 5ld., lis. 10|^., ISs. 7^d., 3«. ll^d. 

(4) 8ef., lOd., Id., ^d.. Is. Id., Is. 4d. 

(5) 13s. 5d., Us. lOp., I5s. did., I3s. S^d., Is. 11^., {d., ^d.. 
Id., I7s. 0^., Us. 0^., 12s. 0]d. 

§ 5. Eeoonversion into Monet. 

1. The first decimal place gives florins. 

2. A 5 (if any) in the second place gives Is, 

3. The remaining figures in the second and third places give each 
14 of a ferthing ; count them, then, as farthings, rejecting 1 if they 
exceed 24. The remaining figures of the decimal yield less than a 
farthing and may be disregarded. 

Find the cost of 10, 100, 1000, 10000, 100000, and 1000000 
articles, at 11^. 9|tf. each. 

lU 9Jrf. =£-690625. 

10 articles cost £5-90625=£5 + 9 fl. + 6 f. =£5. 18«. Hd. 
£59.0625=£59 + l«.+12f.=£69. U Sd. 
£690 -625 = £690 + 6 fl. +24 f.=£690. 12«. 6d. 
£5906-26 = £5906 + 2 fl. +1«.=£5906. 6». 
£59062 -6 =£69062 + 5 fl.= £59062. 10s. 
£590625. 

Find the cost of 10, 100, 1000, &c., articles at 3«. 10|^. each. 
8*. 10Jrf.=£-192708§. 

10 articles cost £1 -927083 = £1 + 9 fl. + 26 f. = £1. 1 88. 6^(2. 

£19 -2708S = £19 + 2 fl. + 1«. + 20 f. = £19. 6a. 5d. 
£192-708§ =£192 + 7 fl. +8 f. =£192. Us. 2d. 
£1927 •08§ = £1927 + 1«. + 32 f . = £1927. 1«. Sd. 
£19270- 83S* =£19270 + 8 fl. + 32 f. =£19270. 16«. Sd. 
£192708 -SSS =£192708 + 3 fl.+ 321 =£192708. 6a. Sd. 
£1927083 •33S= £1927083 + 3fl. + 321 =£1927083. 6». Sd. 
and so on. 

* The student is advised always to form three places, adding ciphers where 
necessary. 



lUU 


»l 


1000 


»> 


10000 


If 


100000 


99 


1000000 


39 



100 




1000 




10000 




100000 




1000000 




[0000000 
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EXEBOISB XXXIY. 

Read off the cost of 10, 100, 1000, 10000, 100000, 1000000 
articles at : 

(1) Ss. ed. (9) 4*. Sid. 

(2) ds. 5{d. (10) 5«. lOld. 

(3) £2. 178. Ud. (11) e$. U. 

(4) £3. U Sid. (12) 1*. did. 

(5) 16«. 3J(^. (18) is, 2d. 

(6) £4. 13& 3|A (14) 6«. Irf. 

(7) 2s. 7{d. (15) 8«. Old. 

(8) 3«. 7(3?. (16) 12*. Old. 

The following values might with advantage be learned by heart : 
£•§ =iSs. Sd. £01=i of £05=J of l$.^^d. 

£d =18». 4d. £02=1 of U. ^Hd. 

£0S =8rf. £-08=7id. 

£05 =U 4(1. . £-04=9fi. 

£0l5=4rf. 

§ 6. Find the cost of 5307 ai-ticles at £2. 98. 4 Jd each. 
£2. 9«. 4H = £2-4697915. 

2*4697916 (3 places wanted.) 

7085 

12348958 

740937 

17288 



18107*183 Ans. £18107. St. Sd. 

Fina the cost of 2473^^ avticles at £6. 5s. Sd. each. 
2473^=2473-52. £6. 5«. 8rf. = £6-28S. 
2473520 or 62833838 
83333826 253742 



14841120 


1256C667 


494704 


2518883 


197882 


489883 


7421 


18850 


742 


8142 


74 


126 


7 


15541-951 


1 


Aw. £15541. 19t. OidL 



15541-951 
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Find the dividend on £537. Ss. lOd. at 9». 7ld. in the £. 
£58?*^4ld X -482291^ to 8 placet. 

537*442 
2922 84 







21 4977 








4 2995 








1075 








108 








48 
1 






259-204 


Am. £259. 4f. 






Exercise XXXV. 




1. 
(1) 3662 articles at 15«. 8ld. each. 




(2) 6019 


» 


£h 28. lOd. each. 




(3) 7038 


» 


£3. Us. 2ld. each. 




(4) 269 


M 


38. lOfd each. 




(5) 5966 


99 


£7. 168. 8d. each. 




(6) 2469 


W 


£1. 10«. lOld. each. 




(7) 9004 


» 


£2. Is. 6\d. eacli. 


» 


(8) 6040 


99 


7s. \\\d. each. 




(9) 10010 


>9 


\s. 8|d each. 




(10) 5039 


>9 


3«. 7Jc^. each. 





n. 

(1) 843| articles at £3. 16«. Sfc?. each. 

(2) 2047| „ £1. 17«. 2Jd each. 

(3) 3195^ „ £2. 28. 2Jrf. each. 

(4) 9843 doz. and 5 articles at 3«. 2\d. per dozen. 

(5) 7054 doz. and 11 „ £\. 9«. \0d. per dozen. 

(6) 2437 doz. and 7 „ £2. 13«. 9Jd per dozen. 

(7) 5 years and 7 months at £31. 11«. 6d. a year. 

(8) 10 years and 5 months at £9. 17«. M. a year. 

(9) 17 years and 11 months at £10. 10«. lOc^. a year. 

(10) £1870. 16& 8d at 78. ^d. in the £. 

(11) £497. 10«. 4d at 16«. 7^^ in the £. 
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(1) 247311 articles at X6. Ik Sd. each. 

<2) 649f „ XI. 16& 2d. each. 

<3) 4037^ „ £2. Us. S^d. each. 

<4) 953|| „ £8. 7<. lOd. each. 

(5) 2583^ „ £3. 3*. lljd. each. 

<6) 721 ItV f» ^1- 18*. 7}d each. 

<7) 2045^ „ £2. 28, 9Jd. each. 

(8) 47711 „ X4. 9«. 8d. each. 

(9) 700700-07 „ £10. 5*. 7d each. 
<10) 843594f „ ejd each. 

§ 7. Decimalization op Othsb Fractions of a Penht. 

-Case I. Decimalize 9|d. 

9|<2. x2=lt. 7id»£*080208S, £*08020SS-&-2=£ -0401041 d. 

Ant. £040104lft. 
>Ca8B n. Decimalize Z^d. 

md.xi=U. 2i<i =£061458$, £'061458S-r4=£ -01536458$. 

Ans. £-01536458$. 
•Case IIL Decimalize 2^^. 

2ifd. x8=U 4i(i. =£067708$, £-067708$^8=£-00846354ld. 

Ant. £-008463541$. 
•Case rV. Decimalize 7^yd. 

I^f^ xl0=6«. W.=£-8041$, £-3041$-=-10=£-03041$. 

Ant. £-03041$. 
<!ase V, Decimalize 5^. 

5fi. X 5=2«. 4<i =£11$, £-ll$-r-5= £-02$. Ant. £-02$. 

or, 
5{(i.=5-6d., 6-6<e.xl0=56<i. = 4». 8d.=£-2$, £-2$-M0=£02$. 

Ant. £-02$. 
<Jasb VI Decimalize *I\^. 

1\^. xl0=6«. 4j<i. =£-31875; £-31875-5-10 =£-031876. 

Ant. £-031875. 
Oasb YII Decimalize \\\d. 

llfi. x7=6«. 9d. = £-3375, iB -3375-5-7 =£-0482l4285f. 

Ant. £-0482l4285f. 
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Cases L, II. and III., are of common occurrence in commerce. 
Cases lY., V. and VI., are' easy of calculation ; for Case V. two 
methods are given, of which the second can be done mentally. 
Case VII. and the like are only to be found in examination papers^ 





Exercise XXXVL 


(1) 28493 lbs. 


of raw 


cotton at 9{id. 


(2) 97058 


» 


Is. O^d. 


(3) 247963 


» 


ll^ld 


(4) 519766 lbs. of waste cotton at l^d. 


(5) 27964 


91 


Hd. 


(6) 24672 


99 


i^d. 


(7) 24572 


99 


2%d. 


(8) 967458 


99 


4K 


(9) 1000000 


f9 


1^. 


(10) 257683 


n 


2^. 


(11) 489573 


99 


4^^. 


(12) 359087 


99 


1^. H* 



§ 8. Division op Money by Money. 

In every case that actually occurs, the recurring figure in deci- 
malized money will be 3 or 6,* which can be got rid of by multiply* 
ing by 3, for 3 x -S = •& = 1, .-. 3 x -6 = 2. 

Case L £74. 8& 4^. -r- £\ 9^. 6|(i. to 5 places. 

l-4t)SlW)74 •41876(50-84672 

•512600 

69062 

9937 

1068 

83 Am. 50-34672. 

or, stopping at the integral part of the quotient : 

Am. 50 times and £'5125=10«. Zd, over. 
• 6(i.=£025. 
Jrf. = J of 6i., terminating (Ch. VI. § 2). 
\d. = J of Jd., recurring, -.• -026 is not divisible by 3. 
4rf.=|ofid 
If, then, the number of farthings over 6i. be divisible by 3, the decimal will termi- 
nate ; if, when divided by 3, there be a remainder 1, the recurring figure is S ; if 
the remainder be 2, the recurring figure is d. 
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Case n. £58. 13«. 7d. -^ 13«. lOJd 

£68-679ld-5-£-692708S=£58-679ld x 8-5-£ -6927084 x 8 
=£1760875h-£2078125. 

2-078125) 176 0875(84 
9-7875 
8 )1-4750 

-49ld 
Am, 84 times and 9«. lOd. over. 

The remainder is divided by 3, in accordance with Ch. IIL § 8> 
Case III. ; or this may be done by contracted division at once» 
without multiplication by 3. (Ch. IV. p. 147, D.) 

If in the divisor the fractional part of the penny be other thaii 
farthings, the denominator must be reduced by multiplication as in §7. 

Exercise XXXVII. 
Work by decimals Exercise XX. in Part I. 



CHAPTER VIIL 
DECIMALIZATION OF WEIGHTS AND MEASUBES. 

§ 1. Avoirdupois Weight. 

a. Tons and cwts. at per ton. 

1 ton : 1 cwt. = £1 : 1«. Hence call the cwts. shillings, deci- 
malize and multiply. 

Find the cost of 57 tons, 13 cwt., at £1. 5«. 9d. per ton. 

57 tons, 13 cwt. (£57. 13». =£57-65)=67-66 tons. £1. 5». 9<i.=£l-2875. 

12876 or 12-875 

5765 5675 



64375 64875 



/f\ 90125 9013 

77250 772 

64375 64 



74-224375 74*224 

Ans, £74. 4f. 6dL 
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b. Tons, cwts., qrs., at per ton. 

1 ton : 1 qr. = £1 : 3d, Hence call every quarter 3d, &a 

Find the cost of 17 tons, 11 cwt., 3 qrs., at £5. 2«. 6d. per ton. 
17 tons, 11 owt., 8 qrs. (£17. 11«. 9d)=:17'5875 tons. £5. 2s. 6d. =£5*125. 

17-6875 
5 215 

87 938 

1769 

862 

88 



90 137 Am, £90. 2«. 9d. 

ft Tons, cwts., qrs., lbs., at per ton, tlie lbs. being a multiple of 
7 lbs. 

1 ton : 7 lbs. =£1 : fc?. Hence call every 7 lbs. ^. 

Find the cost of 19 tons, 5 cwt., 1 qr., 14 lbs., at 18& 10|<i. per 

ton. 

19 tons, 5 cwt., 1 qr., 14 lbs. (£19. Ss. 44d)=19'26875 tons. 
18#.104rf.=£ -94376. 

19-268T5 
573 49 

173 41 

7' 70 

68 

18 

1 



18 183 Ant. £18. Ss, StL 

Exercise XXXVIIL 
Find the cost of : 

(1) 43 tons, 17 cwt., at £5. 8$. 3d, per ton. 

(2) 457 tons, 9 cwt, at £7. lOs. lOd. per ton. 

(3) 8 tons, 1 cwt., at £1. 9«. 4^d. per ton. 

(4) 9 tons, 8 cwt., 1 qr., at 16*. S^d. per ton. 

(5) 6 tons, 13 cwt, 2 qrs., at 17& 9d. per ton. 

(6) 7 tons, 5 cwt, 3 qrs., at 12«. 5d. per ton. 

(7) 4 tons, 4 cwt, 1 qr., 7 lbs., at £43. 12«. 6i. per ton. 

n2 
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(8) 12 tons, 2 cwt., 2 qrs., U lbs., at £52. 10«. per ton. 

(9) 23 tons, 3 cwt., 3 qrs., 21 lbs., at £24. 10«. lOd. per ton. 
(10) 16 cwt., 1 qr., 14 lbs., at £18. 17«. 4d. per ton. 

d. Tons, cwts., qrs., lbs., at per ton. 

7 lbs. (|<f.) = -003125 tons. 

1 lb. = I of 7 lbs. = I of -003125 tons. 

2 lbs. =1 of 2x7 lbs. =(^ of 2 x f - 1 of l^d) = | of -00626 tons. 
5 lbs. (I of 3^.) =4- of -015625 tons. 

&C. &a 

Reduce 4 lbs. to the decimal of a ton. 

4 ibB. (f of 3d.)=f of -0125= -ofirSsrwi 

Wording: 7 in 0, O'; in 1, O'; in 12, V; in 65, 7', and 6 over ; f = •S57141 
(See ring, Ch. VI. § 8.) 

Express as tons, 13 cwt, 1 qr., 24 lbs. 

13 cwt, 1 qr., 21 lbs. (13«. S^d.) = -671876 
8 Iba. (I of 2J<i.)=f of £-009375= -001339286714 



•673214285714 

Am. -673214285? tons. 

Find the cost of 5 tons, 7 cwt., 1 qr., 13 lbs., at j£4. 7$, S^. per 
ion. 

5 tons, 7 cwt., 1 qr., 7 lbs. (£5. 7#. 3Jd)=6-365626 

6 lbs. (I of 44d.)=f of -01876 = '002678, &c 



£4. 7». 8Jrf. =4-3864685. 
5-36830^ 
56 834 



5-368303 tons. 



21473 

1610 

429 

82 

8 



23*547 Ans. £28. 10a Hid. 

It will be observed that we have carried out the decimal further 
than was necessary. With a little practice the student "will^ learn 
to avoid all such unnecessaiy labour. 
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Find the cost of 149 tons, 13 cwt, 3 qrs., 10 lbs., at £43. 8«. 4dL 
per ton. 

149 torn, 18 cwt., 8 qrs., 7 lbs. (^149. 18«. 9jd) = 149 '690626 
8 11)8. (f of 2irf.)»f of -009375 = -001339 

149'69i96rton8. 
£48. 8». 4d =£43-416. 

149-69196 
6666 1434 



598 7678 


44 9076 


5 9876 


1497 


898 


90 


9 


1 



6499 125* Ans, £6499. 2$. 6d 

Exercise XXXIX. 
Find tlie cost of : 

(1) 18 tons, 9 cwt., 1 qr., 16 lbs., at £S. lOa. id. per ton. 

(2) 23 tons, cwt., 2 qrs., 20 lbs., at £5. is. 7^. per ton. 

(3) 93 tons, 7 cwt, 3 qrs., 8 lbs., at £6. 168. Sd. per ton. 

(4) 7 tons, 5 cwi, 1 qr., 21 lbs., at £10. is. per ton. 

(5) 86 tons, 11 cwt., 2 qrs., 11 lbs., at £51. 17«. i^d. per ton. 

(6) 17 cwt, 3 qrs., 26 lbs., at £9. Us. lOd. per ton. 

(7) 3 tons, 3 cwt, 3 qrs., 3 lbs., at £3. 3s. 3d. per ton. 

(8) 2 tons, 14 cwt., 1 qr. 7 lbs., at £2. 14«. 3f{i. per ton. 

(9) 5 cwt., 9 lbs., at £16. 16^. per ton. 
(10) 4 tons, 1 qr., at £2. Ss. Sd. per ton. 

e. cwts., qrs., and lbs., at per cwt. 

1 cwt : 1 qr. =£1 : 5s., .". 1 qr. = -25 cwt 

1 cwt : 7 lbs. =£1 : Is. 3d.y .-. 7 lbs. = 0625 cwt. 

1 cwt. : 1 lb. =£1 : 1 of Is. 3d., .-. 1 lb. = -0089285714. 

* Comparison with the mode of working the same sum by Practice, Part II. p. 
76, will justify the foot-note of p. 75. The difference in the number of figures nsed 
giyes but a slight indication of the saying of ingenuity and labour, uniform simple 
multiplication being substituted for the intricate manipulation of fractions. The 
correctness of the work admits of an easy test by transposing the multiplier and 
multiplicand. ' 
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Knd the cost of 3 tons, 13 cwt, 2 qrs,, 19 lbs., at £1. 6*. &i. 
per cwt. 

78 cwt, 2 qra., 14 lbs. (£73. 12f. 64.) =78-625 cwt 

« Ibfc (f of 5 X Is. 3d. =1 of 6f. 8(i.)=f of -8125= -0446428571 



£1. 

78-6696 
833-331 

73 670 
22 101 


6s. Sd. 


at 


78-6696, && 
or£(. 

78-6696 

4 


2 210 

221 

22 

2 


8)294-678 
98-226 


98-226 


Ans. £98. 4i. 6i<2. 



Exercise XL. 
Find tlie cost of: 

(1) 4 cwt., 1 qr., 17 lbs., at £3. 3«. per cwt 

(2) 3 qrs., 19 lbs., at £7. 8«. id. per cwt 

(3) 1 ton, 7 cwt, 3 qrs., 24 lbs., at £10. 12«. Sd. per cwt 
(4)*3 cwt., 2 qrs., 16 lbs., at £3. 7a Sd. per cwt 

(6) 9 tons, 5 cwt, 16 lbs., at 12*. per cwt 

(6) 45 tons, 1 qr., 9 lbs., at £2. 7«. lOd. per cwt 

(7) 3 tons, 2 qrs., 8 lbs., at £5. 7«. id. per cwt 

(8) 3 cwt, 3 qrs., 12 lbs., at £1. 4^. lid, per cwt 

(9) 15 tons, 15 cwt, 1 qr., 20 lb., at £10. lOa. per cwt 

/. lbs. and oz. at per lb. 
1 lb. : 1 oz. = £1 : U. 3d., .-. 1 oz. = 0625 lbs. 

Ounces being binary fractions of the lb., are very easily decimal- 
ized, every two ounces being called 2«. 6d. 

♦ N.B. 161b8.=-4of Icwt. ; 2qr8., 8 lbs. =f of 1 cwt 
1 qr., 4 lbs. = ^ of 1 cwt. ; 2 qrs., 24 lbs. =f of 1 cwt 
1 qr., 20 lbs. =f of 1 cwt ; 8 qrs., 12 lbs. =f of 1 cwt 

mU ci which can be decimalized at once from the ring, p. 161. 
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Express 1 1 oz. as a decimal of 1 lb. 

11 oz. (11 X 1». 3d. = 13*. 9d.)= -6876 lbs. 

Also 12 02. 

12oz.(6x2#. 6d.)=-761b8. 

Exercise XLI. 
Find the cost of : 

(1) 3 qrs., 17 lbs., 5 oz., at 3«. Sd. per lb. 

(2) 4 lbs., U oz., at £1. 17«. 6d. per lb. 
<3) 9 oz., at £2. 15s. 4d. per lb. 

(4) 15 lbs., 15 oz., at £6. 4s. lO^d. per lb. 

(5) 1 cwt., 10 lbs., 6 oz., at 18s. 7^. per lb. 

(6) 9 lbs., 8 oz., at £2, Us. lid. per lb. 

§ 2. Troy Weight. 

€L lbs., oz., dwts. at per lb. 

1 lb. : 1 oz. =£1 : Is. 8d. 

1 lb. : 1 dwt. = £1 : Id. (Hence the name " penny weigbt.") 

Hence call each oz. Is. 8d., and each dwt. Id, 

Find the cost of 91bs., 3 oz., 14 dwt., at £10. 158. 6d. per lb. 
$ lbs., 8 oz., 14 dwt. (£9. 6«. 2d)=9-308§ lbs. £10. 15$. M. =£10775. 

9-30833 

5 7701 

9 3083 

6516 

651 

47 



100-297 Ans. £100. 5». 11^ 

As the lb. troy is hardly ever used, we proceed at once to the 
next case. 

b. oz., dwts., grs., at per oz. 

1 oz. : 1 dwt. = £l : U 

1 oz. : 1 gr. =£1 : ^d. 

Hence call each dwt. Is., and each gr. ^d. 



184 APPROXIMATE CALCULATIOHS. [cH. YUU 

Find tlie cost of a gold snuff-box weighing 7 o&» 15 dwt8.> 
15 gr&, at £4t. 5s. 6d. per oz. 

7 ofc, 16 dwts., 15 gn. (£7. 15#. 7id.)=7'7S125 (». iBi. fit. 6A «£4-276. 

7-78125 
5 724 



81 125 


1556 


545 


89 



(2) 


» 


(3) 


n 


(4) 


n 


(5) 


99 


(6) 


ft 



83 265 iliM. £88. 5f. 8i</. 

Exercise XLIL 

(1) Find the cost of 17 lbs., 9 oz., 15 dwts., at £8. 4& \ld. per lb. 
9 lbs., 6 oz., 19 dwts., at £4. 19«. 4|d per lb. 
1 lb., 7 oz., 15 dwts., 20 grs. at £3. 17*1 

10^. per oz. 
8 oz., 1 1 dwts., 17 grs., at £1. 14*. \0d, per oz. 
10 oz., 10 dwts., \0\ grs., at £7. 1 la. M, per oz. 
4 lbs., 11 oz., 11 dwts., 11| grs. at £10. 10«. 
per oz. 

§ 3. Capacity. 

a. gals., qts., pts. and gills, at per gaL 

Igal. : 1 qt. =£1 : 5«. 
1 „ : Ipt. =£1 ':2*. 6d 
1 „ :lgill = £l '.1\d. 
Hence call each quart 5s., each pint 2«. 6^, and each gill 7\d, 

Find the cost of 5 gals., 3 qts., 1 pt., 1 gill, at £1. 5«. 6(f. per gaL 

5 gals., 8 qts., 1 pt., 1 giU (£5. 18s. Ud)=5-90625 gala. £1. 5«. 61^. =£1*275. 

5*90625 
' 6 721 



5 906 

1 181 

413 

80 



7-580 An», £7. lOt. 7K. 
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o. (Quarters, bus., pecks, at per quarter. 

1 qr. : 1 bus. =£1 : 2^. Qd. 

1 qr. : 1 peck = £l il^d. 
Hence call eacli bushel 2«. 6c?., and eacli peck l\d, 

Pind the cost of 43 qrs., 5 bus., 3 pecks, at £2. 10a per qr. 

43 qrs., 5 bus., 8 pks. (£43. 14s. 4^(2.)=: 4871875 qis. 
£2. 10«. =£2-5 

4 )43-71875 

109-296, &c.=£109. 5». \\\d. 
Exercise XLIII. 

(1) Find the cost of 15 gals., 3 qts., 1 pt., 3 gills, at \0\d. per 

gal. 

(2) „ 2 qts., 1 pt., 1 gill, at Is. i\d. per gal. 

(3) „ 29 gals., 1 qt., 1 pt., 2 gills, at 2«. lOJc?. 

per gal. 

(4) „ 428 qrs., 3 bus., 2 pecks, at £2. 13«. 6c?. 

per qr. 

(5) „ 617 qrs., 1 bus., 3 pecks, at £1. 3«. 9c?. per qr.. 

§ 4. Length. 

a. Yds., ft. and in., at per yard and per foot. 

It is shortest to reduce the yards into feet and decimalize the- 
inches by dividing by 12. If the price is given per ft., the decimal 
is at once available ; if per yd., divide either the decimal or the 
price or the ultimate product by 3. 

Find the cost of 8 yds., 1 ft., 11 in., at £1. 4«. 7c?. per yd. 

8 yds., I ft, 11 in. =25-91« ft. =8-63§ yds. £1. 4#. Id. =£1-2291*' 

8-6388 
29 221 

8 639 

1727 

178 

77 

2 



10 618 Am. £10. 12«. i^i^ 
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6. Miles, fur. and yds., at per mile. 

1 m. : 1 fur. =£1 : 2s. 6d. 

Im. :llyds.=£l : IJc/. 
Hence call each furlong 2«. 6d,, each 11 yds. l^.f and each 
jd. ^ of 1^. 

Find the cost of 2 miles, 3 fur., 105 yds., at £15. 15<. per mile. 

2 m., 8 far., 99 yds. {£2. 8a. 7i<i.)=2-43125 m. 
e yda. ( A: of 6 X 14^.)=^^ of '0376= 'OOSlOSd 

2-43465d6 m. 
£15. 16*. =£16-76. 
2-434659 
6751 

2 4347 

12173 

1704 

122 



38-346 Am. £38. 6«. 11 K 

^. Gunter's chain. 
5 chains, 47^ links, at 7& 8^. per ch. 

6-475 X -386416 
3864 
6746 

1927 

164 

27 

2 

2 110 Am. £2. 2b. 2id. 

Exercise XLIV. 

(1) Find the value of 7 chains, 3| links, at Ss. lOJd per chain. 

(2) „ 49 chains, 18 J links, at 16«. 5Jd per chain. 

(3) „ 356 chains, 59J links, at £2. 14«. Sd. per chain. 

(4) „ 315 miles, 6 fur., at £768. 15«. per mile. 

(5) „ 19 yds., 2 ft., 8 in., at 7«. S^d, per yd. 

(6) „ 43 yds., 1 ft., 11 in., at 28. 5fc?. per yd. 

(7) „ 1 mile, 4 fur., 77 yds., at £100 per mile. 

(8) „ 5 miles, 5 fur., 50 yds., at £20. Sa. per mile. 
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^ 5. Surface. 

Acres, roods, poles, at per acre. 

la. :lr. =£1 :6s. 
la. :lp.-£l :ljd 

Hence call each rood 6«., and each pole 1^. 

Find the cost of 18 acres, 2 roods, 19 poles, at £46. 15*. per 
acre. 

18 acres, 2 roods, 19 poles (£18. 12«. 44d)= 18 61876 acree. 
£46. 15a. = £46-76. 
18-61876 
6764 

74 4750 

11 1712 

18038 

931 



870-426 Ans. £870. 8#. 6id 

Exercise XLV. 

(1) Find the cost of a close of 37 acres, 3 roods, 25 poles, at 

£42. lOs. per acre. 

(2) „ field of 19 acres, 1 rood, 35 poles, at £57. 

15s. per acre. 

(3) „ farm of 368 acres, 2 roods, 30 poles, at 

£41. 15^. per acre. 

(4) I bought 1572 acres, 1^ roods, at £37. 178. 6d. per acre, and 
of it sold of the best land 419 acres, 3^ roods, at £47. 5«. an acre ; 
how much an acre did the remainder stand me in ? 

§ 6. This method of translation into money would also be appli- 
cable to other weights and measures. Thus in paper measure, call- 
ing 1 ream £1, the quire is 1«., and the sheet ^. ; but we leave all 
further applications to the ingenuity of the student. 



188 APPROXniATB CALCULATIOHS. [CH. IZ» 

CHAPTER IX. 
DECIMALS APPLIED TO PBOPOETIOir. 

Find the value of 37 yards of silk, wlien 25 yards cost £L 7i, 6dL 

^^ : 87=4-376 :» 
•(x4)100 4 

4-875 

£ 

17-6^1^ 

87 

1225 
525 



6-475 Ant, £6. 9$, 6d 

If a workman earns £17. 6& in 102| days, how long will he be 
in earning 50 guineas ) 

17-8 : 62-5=102-5 : • 
102-5 
52 5 
512 5 
2050 
5125 



173)63812-5(811 
191 
182 
9-5 

"T73=TTlTrlAV il«#. Sundays. 
If the tax on £195 be £14. 8s., what wiU be the tax on £874 1 
X^^ : £874=X^-^ : » 
65 4-8 

874 

6^ 

5244 
8 



6)^) 4195*2 (64-541 
295 
852 
270 

10 Ana. £64. 10*. lOd. 

* Since }= *25 and f = *75, decimal fractions ending in 25 or 75 are often oon- 
yeniently reduced to lower terms by multiplication by 4 ; similarly, decimals ter- 
minating in 125, 375, 625 and 875, are reducible by multiplication by 8. (Of. 
Part. I. Cb. IX § 19.) 
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If I can travel 198 miles by railway for £2. 9«., how far at the 
«ame rate of charge ought I to be carried for £8. 0«. 10^1 

2-475 : 8-04375=X8lH : « 

<x8) XSl-a 8_ 

•1 64;36Wi Ant. 648-5 mileB. 

643-6 

The annual poor's-rates on a nett rental of £365. 7s, 3d. amount 
to £36. 8^. 9d. What should be the nett rental of an estate for 
which the poor's-rates amount to £24. 5«. 10c?. 1 

86-4375 : 24-2916 = 365-3625 : ff 

8 3 8 

291 -bm^ 72 -875 2922 '^m 

3 8 58 3 



874-5 583-W 8768 7 

8 



0996 146145 



1704050-7 

6996)1704050-7(243-575 
80485 
25010 
40227 
52470 
34980 



Am. £243. 11«. 6tL 



Exercise XLVL 



Work, Part n., Ex. LL, Nos. 4, 7, 17, 18, 19, 20, 21, 22, 23, 24, 
25, 26, 28, 29, 53, 54, 63. 



CHAPTER X. 
PEECENTAGES. 



§ 1. In commerce, the universal standard of comparison for estimat- 
ing Profit and Los^ Premiums, Interest, Commission, Brokerage, 
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&C., is 100, whence the term per centumy shortened into per cent^ 
for which the symbol is %. Thus : 

A profit of £5 on an otUlay of £100 is called a profit of 5 %; 
similarly, a profit of Ss, on an outlay of 100«. is a profit of 5 %. 

A premium of £2. Ss. id. to insure against the loss of £100 i& 
called a premium of £2. 3«. Ad. %, or 2J %, or 2-l6 %. 

A brokerage of | % means that the broker is to receive 2s, M. 
on every £100 transferred through him, &c 

Find the commission on £360 at 2 %. 

If on £100 m we pay £2, 



r on £100 m we pay £2, m 
on £360 I „ £a?. I 



100 : 360 = 2 : x 

3-6x2= 7-2. Ana. £7.4*. 



Find the payment on £p at r %. 

If on £100 m we pay £r, m 
on£p ^ „ £ie. ^ 

100 : p=r : x 



pxr 
x= — 
100 



or, if we call the payment £P, wo obtain the "formula,** 

100 ^^•' 

What is the sum to be paid for insuring a vessel and cargo worth 
£2225, at 3J % ? 

Herep = £2225, r= 3-25, .-. ^= £2225 x 3-25. 

22 25 or 22*26 

3-25 3i 



11125 66-76 

4450 6*6626 



6675 



72-3125 



72-3125 Ans. £72. 6». Sd^ 

* Note that P is the payrneni to be made, and p the principal. 
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What is the premium on £415 at £2. 3«. id, % t 

21667 or 415x21 

51^ 415 

A 8 667 ® __^ 

217 8-30 

108 -6916 



8-992 8-9916 

Ans. £8. 19«. lOd. 
The method A is universally applicable, but shorter methods^ 
like B, will in certain cases suggest themselves to the computer. 

What is the premium on £745 at £2. 88. 7d. %% 

2 -42915 
547 

17 004 
972 
121 



18*097 Ans. £18. U 114(2. 

Find the total gain, if goods bought for £357. 12a 6d. are sold 
at a profit of 9 %. 

3-67625 
9 



32-186 Ana, £32. 8«. 8fd 

Exercise XLVIL 

(1) Find the insurance on £560 at 2f %. 

(2) Find the insurance on £712. 10«. 8^. at 3| %. 

(3) Find 5| % on £77. 7«. 7d. 

(4) Find the brokerage on 750 guineas at 1 J %. 

(5) Find the brokerage on 4593 doz. at 58, lO^d, per doz, at I %« 

(6) Find the commission on £2595 at 2J %. 

(7) Find the premium of fire insurance on £1550 at 3«. id. %. 

(8) Find the profit realized on £1470 at 12| %. 

(9) Find the loss on goods bought for £370 and sold at a loss of 

n %. 

(10) Goods bought for £275. 13«. lOd. are sold at a profit o£ 
15| %. What were they sold for ? 
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(11) 17,500 dozen bandkerchiefs were bought at 4«. i^d. per dozen, 
and sold at a profit of 17 J %. How much were they sold for ? 

(12) A population of 357,600 increased 3J % in a certain year; 
the deaths were 11,920. Find the number of births. 

§ 2. Interest. 

Interest is money paid for the loan of money, and is calculated at 
so much % per annum. The calculation is rendered more complex 
than the questions in § 1 by the introduction of the element of 
Time. The difference between the two is that between Simple and 
dompound Proportion. 

Find the interest on £340 at 4 % (per annum) for 3 years. 
If on £100 ^ for ^ 1 year we pay £4, 
on £340 I „ I 3 years „ £x. 

1 : 3/ ~* •*• 
8-4xl2 = 40-8. An$. £40. ie«. 

Find the interest on £/> at r % for t years. 

1 year we pay £r, 
i „ £x. 




Find the interest on £463. Us. 9d at 2f % for 1 year, 5 months. 

Here ;) = £463-7375, r = 2-75, « = 1t^ = 1-416, 

.-. -5^^*- = £4-637375x2 -75x1 -414 

4-637375 (4 places.) 
672 

9 2747 

3 2461 

2319 



12-7527 



* The money lent is called the principal ; the yearly sum to be jMdd for £100, 
the rate; the interest + the principal = the amount. The letters ja, r, t, /, have 
4)eeD chosen as the initials ot the words principal, rate, time and interest 
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12-7527 (3 places.) or thus : 

^^^^^ 2fxlA = Vx«=W =8-89583. 

4-637375 (3 places.) 
85 983 



12 753 


5 101 


128 


76 


7 


1 



18 912 
8 710 
417 
23 
18-066 8 



Ans. £18. U id. 18-065 Ans. £18. 1». 3frf. 

Find the interest on £212. lOs. id, lor 2f years at 2^ % per annum. 

2ix2i = V=^6'876 or 2-126l5x 2-5x275. 

2-125ld 52 

5 786 

. 4 2503 

12 750 1 0626 

1700 

-UH 6-3129 



iTeiT ^ ^^2^ 

^ 3718 

266 



14-610 ultM. £14.12«. 24(i. 
Experience alone win enable the computer to determine by in- 
spection in which order it is best to take the factors. 

Eind the interest on £417. 7«. 9d. for 1 year, 10 months, at if %. 
4-173875x1-88x4-375 or 4-173875x V x Vv 



166955 

12521 

.2921 

209 

a8:2606 
833381 

18 261 83-^477 

14 608 
548 
55 



4-1739 
80 208 


83391 

88 

8 



83-477 An$, £88. 9a. ^4. 
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Find the intemt cm £713. lOt. 9J. at 4{ % for 79 days. 
7135375 X 4^25 x^. 





5)7» 






7-13637 




73)15 8(-«l«43rS'5'»'« 




5264 




120 






23 5415 




470 






4 2812 




320 






1427 




280 






357 




Olte 














33-0011 










44612 










6 600 










330 










198 










13 

1 




7142 










ilML £7. 9m. lOidL 






EzEBCiSB XLYIIL 




(1) 


Find the interest 


L 
on £350 for 2 yean 


at5%. 


(2) 


r» » 


£350 


ft 5 „ 


2%. 


(3) 


» M 


£765 


ft U „ 


2i%. 


W 


» n 


£548. 


16& Zd. for 9 months at 4^ %. 


(5) 


ft ft 


£3156 


;. 17«. 6d. for 4J „ 3f %. 


(6) 


» » 


£279. 


12«. lOd for 6 „ 4f %. 


(1) 


Find the interest 


n. 

on £37. ISs. 9d. at 2 


n % for 47 days. 


(2) 


9t ft 


£U3. 


10«. 8d at 4| % for 100 days. 


(3) 


ft ft 


£75. : 


16«. at 6i % for 42 days. 


W 


ft ft 


1000] 


guineas at 5 % for 12 days. 


(5) 


ft •> 


£10490 at 4f % 


for 80 days. 


(6) 


ft ft 


£876. 


13«. M. at 


3f % for 146 days. 



* SeeOh.YL§§10andl2;andnote(a)tfaat61 + 12=73; (i) that the accented 
figures are obtained at once by cemplementing 9. Or the period for f} might hafe 
been imad at once from ring B, p. 1<^. 



CH. Z.] PERCENTAGES. 195 

III. 

(1) Find the interest on £1745. Us. Sd. at £12. 15«. Sd. % for 

130 days. 

(2) „ „ £2495. 178. id. at £13. 16«. lOd. % for 

67 days. 

(3) „ „ £65. 4*. lOe^. at £5. U7it?. %for9ldays. 

(4) „ „ £147. 168. Sd, at £7. 12«. lO^d. % for 

39 days. 

(5) „ „ £439. 10«. 3d. at £9. 8». 5d. % for 117 

days. 

(6) „ „ £455. 58. 5d. at £8. 158. 6|ci. % for 19 

days. . 

Find the amount on : iv. 

(1) £1483. 17«. id. for 1 year, 5 months, at 6i %. 

(2) £1517. 16«. 2|^. for 4 years, 8 months, at 5 %. 

(3) £2045. 3«. lOd. for 76 days at 3f %. 

(4) £439. 11«. 5(£. for 91 days at 4f %. 

(5) £254. 8«. 7d for 145 days at £5. 88. nid.%. 

(6) £7777. 7«. 7d. for 77 days at £7. 7«. 7(i.%. 

V. 
Find the interest for 1 minute on the national debt, £730,000,000^ 
at 3 % per annum. 

§ 3. Converse of Peboentagb. 

We have seen (§ 1) that ^ =^. Since pxr must be divided 
by 100 to obtain -P, 100 x P =p x r. Again, since p must be mul- 
tiplied by r to yield 100 x P, /> is the rth part of 100 x P, op 

100 xP 

^^iiM^ (in.) 

Similarly, r='^.^^^ (IV.) 

If, then, of the three quantities, P, p and r, any two be given, 
the third can be found by means of the formulae (L), (HL), (TV.), 

Find the brokerage on £475 at | %. 

P=^ =^ ^^y^ =4'7g X •75=8-5626. An$. £8. lU 8dL 

02 
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On what principal will the brokerage at f % amonnt to £3. 11<. ZdA 

lOOxP 100x8-5625 ,.,„ .^- , ^,^^ 

/>» — ;: — = rjg =»W*=*75. Jm. £475. 

At what rate will the brokerage on £A75 amonnt to £3. 11a. ZdA 
100 xP 100 X 8 -5625 856*25 ^, ^ . o/ 



r* 



EXBROISE XLIX. 

♦ (1) If goods are bought for £415 and sold for £500, what is the 

(2) If the goods had been sold for £400, what wonld have been 
the loss %? 

(3) On the breaking out of the war of 1870, the marine insu- 
rance of certain goods was raised from 2 to 5| %, making a difference 
of £140 in the premium to be x>&id. Find the value of 4he goods. 

(4) A bought a horse for £40, and sold it to B at a profit of 8f % ; 
B sold it at a loss of 7^ % to C. What did C pay for the horse t 

(5) What would C have paid if B had made TJ % profit 1 

(6) I bought French jewellery for fr. 7490, and paid an import 
duty of 15 % ad valorem ; I sold it for £420. Find my gain or loss 
%, reckoning the £ at fr.25-22. 

(7) If 3 J tons of sulphur are required to make 31 tons, 5 cwt. of 
gunpowder, what is the percentage of sulphur in gunpowder 1 

(8) At what rate will the brokerage on £1720. 16«. Sd. amount 
to £6. 9«.'0frf.? 

(9) On what sum will the brokerage at f % amount to £10. 15<. f 

(10) In a school of 80 child ren 1 7:J^ % are girls. Fmd the nanaber 
of boys. 

(11) Find the rates to be paid on a house rented at 60 guineas 
and rated at 85 % of the rent, paying 1«. 3^d, in the £. 

(12) The total number of prisoners in a certain county was 493, 
of whom ^ were males. The number of male prisoners in the 
following year was 272, and that of females 108 J % of the former 
number. Find the total increase or decrease %. 

* "When not othorwiae stated, find to 8 places. 
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(13) This yoar the number of out-door and in-door patients of a 
hospital were 1575 and 333 respectively ; in the previous year the 
former were -96 of this year's number, and the total was 1870. 
I'ind to one place the increase or decrease % of the in-door patients. 

(14) A certain grocer's weekly business is as follows : 

Goods. Cost price. Selling prii^e^ 

5 cwt. of raw sugar @ 368. per cwt. @ id. per lb. 
2| „ loaf sugar „ 44^. „ „ 5id. „ 

^ ff cojSee )) 84^. ,, ,| Is. 6d. i^ 

which loses 20 % in roasting, and costs further 
3d. per lb. duty and 28. Qd. per cwt. roasting. 
40 lbs. of tea „ 2«. 8c2. per lb. „ 3i. id. „ 

i ewt. of rice ,, 268. per cwt. ,, id. ,, 

10 lbs. of cocoa ,, 1*. Icf. per lb. „ 1*. 4d ,, 

15 „ „ ^ 6}d. „ „ 8d. „ 

Sundrieft ^19. 12«. £25. 8^. 6d, 

Find (a) the weekly profit realized ; (b) the gain or loss % on each 
article ; (c) the total gain %. 

(15) If an investment of £91. 17^ 6d. yield me £3. 10a per 
annual, what percentage da I get 1 

§ 4, CoNYBRSB OP Interest. 

100 X I=p xrxt, 

-•^ '-^-* (V., 

m2^=p (VII.) 

Iff then, of the four quantities, p, r, t, 7, any three be givQn, th^ 
fourth can be found from the formulae (II.), (V.), (YL), (VIL). 
Find the interest on £540 at 6 % for 4J months. 

/=^^< = ^^^.-Yoo'^^^ = 6-4 X 6 X •375=12-16. Ans. £12. 8* 

In what time will £640 at 6 % yield an interest of £12. 3* I 
, 100x7 100x12-15 121-5 .«^- _^^,. 
^^J^^ 540x6 =32r=^^^=^l^- 

Am. } of a ;«ar, ov^ H months. 
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At what rate will £540 in 4| months yield an interest of £12. 3&t 
_ 100x/ , 100xl2'lg _ 1216 
**" !> X « 640 X -876 64 x 876 " ^"*" ^ /c 

What principal will in 4^ months at 6 % yield an interest of 
£12.3*.? 

100x7 100x1216 1216 -.. ^ ^,,^ 

^=T7F= 6X-876 =2^=^^^' ^•^- ^"^• 

In what time will the interest on £318. lis, Zd. at £4. 12*. % 
amount to £16. 4«. 9d. 1 

lOOx/^ 100x16-2876 ^ 1623:76 multiplying both terms 

pxr 818-7126 X 4-6 818-7126x4-6' muitiiixjriiig uumx boruw 

by8» = 



j)xr 

12990 



2649-7x4-6 

26497 -1076 

46 



668 f ^eeP"»« <>'»« P>«»- 



162982 828 

101988 64 

mW!?)1299000(l-107P 



126138 6 89 -S( ^iw. 1 year, 89 dayi. 

8862 

642 

66 

Exercise L. 

(1) In what time will the interest on £455. 10a amount to 
£1. 17«. ll^c?. at5%? 

(2) In what time will the interest on £368. Ids. 4d. amount to 
£15 at £6. 13«. 10d%1 

(3) In what time will a principal of £360 amount t to 400 guineas 
at5%? 

(4) At what rate will the interest on £15 in 4^ months amount 
to 7s. lOJrf. ? 

(5) What principal will, at £4. IBs. 9d.%, yield 500 guineas a 
yearl 

(6) In 2 years, 53 days, a principal of £1000 amounted to £1200. 
Find the rate charged. 

* See foot-note, p. 188. f See foot-note, p. 192. 
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(7) What sum will, at 8 j %, yield 19 guineas interest in 3 months? 

(8) Find x in ea^ch of the following : 

Principal. Bate ^. Time. Interest. 

a. £465, 3J, 47 days, x. 

b. £x, £L 17&, 1 yr., 4 mos., £70. 14«. Id. 
6. £24,000, Xy 1 year, £900. 

d. £230. lis. Zdy 2\, X, £3. 8*. Bd. 

§ 5. Discount. 

What sum of money will, at 3 J %, in 2 J months amount to £75 ? 

The formula, p = ^ > will not avail us here, as / is unknown. 

We have recourse, therefore, to an artifice which is known in old 
books hy the name of " Supposition," subsequently worn do¥m to 
^* Position,*' and which is applicable to a large class of questions 
besides the present. 

Assume or suppose any sum of money whatever, say £86, laid out 
for the given time at the given rate, and find the interest thereon, 
and hence the amount 

T X X 1*00 86 X 3-5 X 2-5 - 
Interest on £86 = ^^^^^^ = £ 



Amount =£86*( 

We have now tho following question in Proportion : 
If ^ £86 amounts to M £86*627085, 
I £» „ I £75. 

86-62708S : 76=86 : «. 

86-627811811^) 64500000 (74-457 
8861042 
895959 
49451 
6137 An$, £7i. 9«. lid. 

Since for the " position" we may choose any sum we please, it ia 
best to select the easiest, which obviously is in this case £100. 

Interest on £100= W;^';f,^/'^ = '72916. 



If, then, f £100 amounts to f £100-729X6, 

£75. 



m £100 amounts to ^ 
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100-7291d : 75=»100 : m. 
1-00T1?$X)76 0000 (74-457 
4 4896 
4604 
676 

71 Afa. £74. 9«. lid. tm before. 

Hence, generally : 

What sum of money will, at r %, in ^ years amount to £A% 
Interest on £100 =r x t. 
Amount , , = 100 + r x *. 
Hence the proportion : 

100+rx« : ^4=100 : x, 
and ._l00x^ 



100 +rxr 

The sum of money which at the given rate and time will amount 
to il is called the present value of A, which we will call V. Hence : 

The sum of money paid in cash for the transfer of a debt due 
some time hence, should he the present value thus found The 
difference between this present value and the amount of the debt ia 
called Discount, which we will call D. Hence : 

D=A - V (IX.) 

D can, however, be obtained independently, thus : 

If ^ r X ^ is the discount on W 100 + r x <^ 
\ X „ I A. 

100+rx« : A^rxt : », 

' • ^"100+rx« ^^-^ 

Discount questions occur mo»t frequently in connection with Bills 
of Exchange. 

Knd th© true discount on a bill for £387. lis, lOcf*, dated May 
5th, at 5 mfonths, and discounted June 4th, interest being calculated 
at 4 %. 

This means that £387. 14«. 10c?. will fall due on August 5th, but 
in most countrfea the usage of commerce allows 3 days' " grace," 
and accordingly the money will be payable August 8th. From June 
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4tli to August 8th are 66 days, which is the time the bill has yet 

to run. 

. ^ £887. lis, lOrf. x4xAV 
• • ^ 100+4x^ 

18 

r X <= 4 X ^ =«= •? 128287« 78) 520 (•? 1282'8T4' 

^^ 170 

887-7416 x-f 1232876 240 



D-- 



10a-tl28287d 



&0. 

Or Bee ring Q, p. 163. 



387-742 
W32 17 

271419 

8877 

775 

116 

8 

8 

100-T!,!?!^) 276 198 (2-742 
74 773 
4 275 
247 Am. £2. lis. lOld. 

Practically, in England, the true discount is never calculated, but 
the banker deducts simple interest from the amount of the bill. 
Comparing the formulae for / and D, we find the numerators the 
same, while the denominator in the former is 100, and in the latter 
•100 + rx<. 

In the above sum the interest is : 

8jr741^_n232874^2.y,^,3.^2 16*. 2f<i 

Deducting the true discount we get 4^., which is the banker's 
surcharge. 

Exercise LL 

(1) Find the present value of : 

a. £427. 10«. 6d, discounted at 3^ %, due in 3 months. 

b. £6359. 188. 4d „ 4f %, „ 4 „ 
e. £794. Us. „ 6 %, „ 6 „ 
d. £82. 138. id. „ 61 %, „ 70 days. 



202 APPROXIMATE CALCULATIOKS. [CH. X. 

e. £:lr46. 10*., discounted at 3| %, due in 94 days. 

/. £1250 „ £2. 17«. Sd, %, due in 114 days. 

(2) Find the discount on a bill of : 

a. £700, due March 5 — 8, discounted January 4, at 5 %. 

b. £376, due August 20—23, discounted May 11, at 4^ %. 

c. £40. 10a 6d.y due September 30 — October 3, discounted Sep- 
tember 17, at 3i %. 

d. £461. 3«. 6d, due October 9—12, discounted May 6, at 7J %. 

(3) Find the present value of a bill of : 

a. £629. 12a, drawn May 11, at 3 months, discounted June 2, at 

b. £485. 19& 3d., drawn July 31,* at 4 months, discounted ^o- 
vember 11, at 8 J %. 

c. £374. 16&, drawn March 10, at 90 days, discounted April 1, 
at 61 %. 

(4) Find the diiference between simple interest and discount on : 

a, £760 at 3f % for 68 days. 

b, £1848. 10«. lOd, at 4| % for 80 days. 

c, £2466. 13«. id. at 5| % for 99 days. 

In a similar manner may be treated questions such as the follow- 
ing : 

For how much should goods worth £540 be insured at 3 %, so as 
to recover in case of loss both goods and premium ? 

Goods worth £97 ^ should be insured for W £100. 
£540 I „ „ j £x. 

97 : 640 = 100 : x. 
97)54000(656-701 
560 
660 
680 
100 Jns. £556. lit. 

If goods sold at a profit of 12J% realized £360, find the cost 
price. 

We have only to remember that gain or loss is always calculated 
on the cost price. 

♦ This will be due November 30— December 8. 
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Cost price, £100, f Selling price, £112-5. f 
£aj I £360. | 

112-5 : )(HI)=100 : w 

1^ 80 

4x80=320 Ana. £820. 

Exercise UI. 

(1) If by selling an article at £1. 1«. M. a pound I gain 16 %, 
what was the prime cost 1 

(2) I bought 100 gallons of brandy at 17«. 6d, per gallon; 9 J 
gallons are lost by leakage ; the remainder is put into bottles holding 
1 J pints ; at what price per bottle must it be sold so as to gain 18^%? 

(3) For how much should goods worth £635 be insured at 2J % 
to recover the value of goods and premium ? 

(4) Also goods worth £100 at 6 %? 

(5) „ £67. 10&at4%? 

(6) Goods bought at £2. 5s, lOd, per cwt are sold at £2. 14«. Id. ; 
what is the gain per cent. 1 

(7) Of goods worth £1000, one-third is sold at a profit of 15 % ; 
for how much must the remainder be sold to gain 20 % on the 
whole ? 

(8) I bought sugar at £1. 18«. 6^. per cwt. ; at how much per lb» 
must I sell it to lose 4 % ? (To be worked accurately.) 

(9) If by selling wine at 15«. a gallon I lose 10 %, at what price 
must I sell it to gain 15 % ? 

(10) A person buys coflPee at £5. 12«. 6d per cwt, and chicory at 
£2. 5«. 5d., and mixes them in the proportion of 2 of chicory to 5 
of coffee. He retails the mixture at Is, 3d. per lb. ; what is his 
gain or loss % ? 

(11) I bought 4 cwt. of sugar at id. per lb., and 7 cwt at 5d. 
per lb.; at how much per lb. must I sell the mixture to gain 20 % ? 

(12) A bought 150 eggs at 2 a penny, and 150 at 3 a penny; he 
sold them all at 5 for 2d. How much % did he gain or lose 1 

(13) I bought 580 metres of silk at 6*65 fr. per metre, and sold 
300 yards at (5s. 9^d. per yard, and the remainder at 7«. per yard ; 
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lind the gain or loss %, reckoning 1 ine(xes39'S7 in., and £l=» 
25-22 fr. 

(14) K apples are bougM at i for Ij^d^ how many should be sold 
for 3 Jt?. to gain 75 % ? 

(15) I bought a Geneva watch and paid duty at the rate of 10 %. 
I sold the watch for X21, making a profit of 15 % on my whole 
outlay. Find the original cost in francs at 9j^d. each. 

§ 6. Compound Interest. 

When the interest is not drawn, but is added from time to time, 
as it becomes due, to the principal, and is calculated for each interval 
on the amount thus increased, the total charge made for the loan is 
said to be reckoned at Compound Interest. 

Find the compound interest on £256 at 4 % for 1| years^ reckoned 
half-yearly. 

In this case -j^ will for each half-year be -jqq- = -05 ; heace each 

successive amount will have to be multiplied by '02. 

1st method. 

Mod, op.: 

On^iiiftl principal ...- £256 

Interest lor lat period, £256 x '02 5*12 

Amoant due at end ollst period 261*12 

Interest for 2nd period, £261 '12 x '02 5 -2224 

Amount doe at end of 2nd period 266*3424 

Interest lor 3rd period, £261*3424 x 02 5*8268... 

Amount due at end of 3rd period 271*6692 

Deduct original principal 256 

O>mpoand i*iterest ^ £15*6692 

Am. £15. 18& iid. 

Multiplying any number by '02 and adding the product to the 
original number, is equivalent to multiplying at once by X*Q2, which 
i!sin be done in one line (Part I. p. 99)^ thus : 
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261-12 
'266^3424 
271-6692... 
256 

15-6692 Ant. £15. 13«. iid. 

2nd method. Find the amount at compound interest of £845. 
12a 8^. at 5 % for d years, reckoned yearly. 

First find the amount of £1 at compound interest at 5 % for 

rxt 
5 years. Uniform multiplier 1 + j^q = 1 -05. 

Original principal £1' 

Amount at end of 1st year 1*05 

„ 2nd „ 1-1025 

„ «rd „ : 1157626 

„ 4th 1-21550625 

„ 5th „ 1-2762815625 

Now multiply the last line by the principal, 845*63 : 

1-276281 X 845 •6S 
83 36548 

10 21025 

51051 

6381 

766 

38 

4 

1079*265 Afu. £1079. 5$. Zid. 

A computer who has often to calculate compound interest would 
find it useful to make tables similar to the above, carried out furth(^r 
according to need, for various rates and periods. 
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EZEROISB LIII. 

(1) Find the compound interest on : 

€L £585 for 2 years, reckoned quarterly, at 4 % per annum. 

b. £1000 for 10 years at 5 %, reckoned yearly. 

c. £60 at 5 % for 1 year, reckoned monthly.* 

d. £145. 17«. Qd. for 2 J years at 3 J %, reckoned half-yearly. 

e. £624. 128. Sd. for 5 years at 3| %, reckoned yearly. 

/. £815. 13a 9d at £2. 17«. 9(?. %, for 3 years, reckoned half- 
yearly. 

(2) Find the difference between simple and compound interest 
reckoned half-yearly, on £850 for 3 years at 5t^ % per annum. 

(3) Find the difference between simple and compound interest 
reckoned yearly, on £738. 15«. at 4f % per annum, for 4 years. 

(4) Find the difference in compound interest between reckoning 
yearly, half-yearly and quarterly, on £1000 for 3 years at 4 % per 
annum. 

§ 7. Converse of Compound Interest. 

What sum of money will in 3 years amount to £3000 at 3 J % 
per annum compound interest, reckoned half-yearly ? 

9* X t 

Uniform multiplier 1 + jqq = 1*0175. 

Table for £1 (keeping S places). 

Original principal £1* 

Amount at end of 1st period 1'0175 

„ 2nd „ (1-0175)« 1-03680626 

„ 8rd „ (1-0176)» 1-06342410... 

„ 4th „ (1-0176)* 1-07185903... 

„ 5th „ (1-0176)» 1-09061656... 

„ 6th „ (1-0176)« 1-10970236... 

* This question can by the second method be worked thus : 
(Amount of £1 for 1 month )* = amount for 2 months 
(Amount „ 2 months)* = „ 4 „ 
(Amount ,» 4 months)'^ „ 12 „ (Cf. Oh. XL § 26.) 
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m amounts to £1 -10970235, W 
\ „ £3000. I 



1-10970235 : 8000=1 : x. 
iVmi^X^'lt) 30000000 (2703-427 
7806958 
88037 
4746 
307 
85 Ans. £2708. S$. 6id. 

Exercise LIV. 

What sum of money will amount to : 

a. £500 at 5 % per annum compound interest, reckoned yearly^ 

in 4 years 1 
h. £750 at 4 %, reckoned six-monthly, in 2 J years 1 
c 1000 guineas at 3J %, in 5 years, reckoned yearly ? 

§ 8. Equation op Payments. 

Occasionally it is proposed to find the time at which several debts 
due at different times might be discharged by a single payment of 
their sum total. 

Find the " equated time" for the following bills : 
£800 due in 4 months at 5 %. 
£560 „ 6 „ 

Je375 „ 9 „ 

Present value of the £800 = ^^^''}^^. = 786-8852 

100 + 5X -8 

. ^> £560 = ^^=546-3414 

» ^375 = jg^^,= 361-4458 



£1735= 1694-6724 

In what time, then, wiU £1694-6724 amount to £1735 at 5 %? 
(Formula V. p. 197.) 

/= 1735 - 1694-6724= 40 -8276 

^ 100x40-8276 .-^ . ,^^ ^ 

* " 1694-6724x5 = ^^« '^ » ^^^^^^^^ ^^ 

Am. 173dajB. 
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This is reckoned rigorously, by discount ; but in commerce, when 
4BUcli questions occur, a mere average is struck : 

800 X 4^-560 X 6+378x9^^.^3 mpnth. (.bout 171 day). 
lloo 

§ 9. Stocks and Investments. 

Stock is another word for capital, not expressly divided into shares, 
in any joint undertaking, whether that undertaking be the loan of 
money to a government or the placing it in the hands of the managers 
of a trading company. 

From various causes the market value of this stock fluctuates. 
When the market price is the same as the sums for which the holder 
stands credited in the books of the government, the stock or shares 
are said to be at par ; when less, at a discount ; when more, at a 
premium. We must therefore carefully distinguish between two 
kinds of principal, viz., stock money or sterling value, the former 
being the original price, or at any rate the sum credited to the 
holder's name in the books of the company or govenunont ; the 
latter, the market value per cent 

On June 22, 1870, Consols (i.e. stock in the Consolidated Three 
per Cent. Annuities of England) are quoted at 92f , which means 
that a claim on the government for the yearly interest on J&IOO can 
be bought in the market for £92. 12«. 6d, or that £100 stock = 
X92. I2s. 6d, sterluig. 

This leads to such questions as the following : 

a. How much stock for a given sum in sterling money ? 
h. How much sterling money for a given quantity of stock 1 

How much stock can be bought for £2416. 10«. at 92|?* 

« stock I £2416*5 sterliqg 
92| sterling I 100 stock 

92^y(^) 241650000 (2608*906 
664000 
825006 
84000 
.637 

^^ ^nt. £2608. 18». lid 

* An problems worked by cbain rule can also be worked by direct proportioB| 
juidviee tersa (see p. 89). 
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How much money will be loalized by solliiig £815 Consols at 92| t 

X sterling i 8X5 stock 

100 stock I 92i sterlii^ 

•99626 

518 

741000 
9268 
4631 



754*894 Am, £754. 17«. md. 

Exercise LY. 

(1) How much stock can be bought for £8450 at 93 J 1 

(2) „ „ £748. 165. at 89 J 1 

(3) What^wHl be realized by selling out £350 Consols at 91|t 

(4) ,, „ £68. 4s. Gd. Consols at 

87f1 

§10. As a matter of practice, every transfer of shares is effected 
by a broker, who charges ^ % to both buyer and seller. The pur- 
chaser has thus to pay ^ % more, and the vendor receives ^ % less, 
than the price quoted. 

How much stock can be bought for £520 at 93^, with J broker- 
age? 

Each £100 stock costs 93^ + 1 = £93| sterling. 

X I 520 
m 100 
749 I 8 
7>^8i) 416000 (555-407 
4150 
4050 
8050 
54 Arts. £555. 8c. 1^ 

How much will be realized by selling out £520 stock at 89f ; 
brokerage ^ % 1 

Each £100 stock realizes 89| - 1 = £89^. 

X I 52QI 
lOQl I 89-5 
8 -95 X 52 =466 '4. Am, £465. 8«. 

P 
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EXBROISB LVI. 

Find the sum to be paid for : 

(1) £8350 3 per cent Consols, at 94|, brokerage J. 

(2) £746. ISs. 6d. 3 per cent Consols, at 91J, brokerage J. 

(3) £844. 48, 4d. 3 per cent Consols, at 89 J, brokerage |. 

(4) £768. 17«. lid. 3 per cent Consols, at 88, brokerage ^. 
What will be realized by selling out : 

(5) £600 3 per cent. Consols, at 90, brokerage ^. 

(6) £937. 12«. lid 3 per cent Consols, at 90^, brokerage ^, 

(7) £666. 13«. id. 3 per cent. Consols, at 86f, brokerage J. 

(8) £27468. lOa. 3 per cent Consols, at 91^, brokerage J. 

§11. The operations of most frequent occurrence on the stock 
exchange lead to questions like the following : 

Bought £16,000 Consols at 93f , and sold out at 94J. Find profit, 
allowing for brokerage ^ % on each operation. 

Profit on £100 8tock=(94i - i) - (93| + i) = 94 - 93i=i, 
„ £16,000 =160xi=£40. 

Bought fr. 25,000 in the French Rentes at 71*75, and sold at 
66-90. Find the loss (brokerage ^ % both ways). 

Loss on 100 fr. 8tock=(71-75+ 125) -(66*90- -126) =51, 
„ £r. 25,000=250 X 5-1 = 1275 £r. 

Exercise LVII. 

(1) If the English 3 per cent funded debt amounts to £723,120,000, 
find the diminution of its value in the market caused by the out- 
break of the German-French war in 1870. Quoted 92f on June 22, 
and 88f August 5. 

(2) Find the profit or loss on each of the following operations 
(brokerage ^ % on each transaction) : 



stock. 


Bought in at. 


Sold out at. 


a. £80,000, 


91f. 


90. 


6. £17,500, 


88J, 


m- 


c. £51,600, 


86i, 


89^ 


d. fr. 30,000, 


65-76, 


67-35. 
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§12. What yearly income will be derived from the investment of 
je7850 in the 3 per cents, at 90 ? 
£20 sterling buys an annuity of £3. 

$Ql ^ 8 )785 

8 ^£261. 13«. id, Afu. £261. ISt. id. 

How much must I invest in the 3 per cents, at 90f to obtain an 
income of £150 a year (brokerage J %) 1 
Each £100 share costs 90f + J = 90J. 



X 


AW 

90-76 90-76x50=4537-5 

50 Am. £4587. lOt. 


If I invest in the 4 per cents, at 89^, what rate of interest do I 


get for my money 1 

X 100 88(1^) 4000 (4-469 
89-5 4 4200 
620 
83 
2 Am. £i. 9f. iid.%. 




EXEROISB LVIIT. 



(1) What yearly income will be derived from £895 invested in 
the 5 per cents, at 105 ? 

(2) What yearly income is derived from the investment of £10,000 
in the 3 per cent. Consols at 91|^1 

(3) Find the yearly income derived from investing £750 in the 
5 per cent. Austrian Metalb'ques at 48J. 

(4) How much must I invest in the 4 per cents, at 93f to realize 
a yearly income of £120 1 

(5) How much must be invested in the S^ per cents, at 87f to 
realize a six-monthly dividend of £75 1 

(6) Work the above five sums, allowing ^ % brokerage. 

(7) Find the yearly rate of interest obtained from the following 
investments : 

a. Consols 3 per cent, at 88f . 

b. French Eentes 3 per cent, at 66*90. 

c. Prussian 5 per cent, at 88. 

p2 
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d BmsBian 4^ per cent at 86. 

e. Turkish 6 per cent. (1854) at 81^ 

/ Turkish 5 per cent (1865) at 38 J. 

§ 13. Which is the most profitable stock for inyestment^ the 4 % 
at85, orthe3.%at63l 

Suppose £100 invested in each kind,. the 4 % wiUyield 1^^ 

r= 4-706 ; the 3 % wiU yield l?5ii? = 4-762. il«i. .The 3 %. 

It is simpler to suppose £1 invested in each limd, and then the 
resulting fractions are ^ and ^, which decimalized become -04706 
and 04762. -^y then, is the larger fraction, and the 3 % are the 
better investment. Ans. The 3 %. 

§ 14. Find the diflference in income between investing £866. 
13«. 4ef. in the 5 per cents, at 107f and in4;he 4^ per cents, at 95^^ 
brokerage ^. 

£1 in the 5 per cents, yields ^A- = £-0464037 

iBl „ 4i „ ^ =£0471821 

Diflference in income 'on £1 = -0007784 

„ „ £866-6 =866-6 K -0007784. 

•00077«4 
768 



46 
5 



-673 Ans, 18». 5Jrf. 

» Exercise LIX. 

<1) Which of the following pairs is the more profitable investment: 
a. 4 per cents, at 95, and 3^ per cents, at 84. 
h. 3^ „ 67i, and 4 „ 81|. 

c 5| „ 110^, and 3 „ 67|. 

(2) Find the dififerences in income, supposing £584. 10& were 
invested in each of the pairs in (1). 
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(3) Find the difference in income between iiiv;ea4ing£1500 in the 
3 per cent Consols at 88|, and in 12^ per cent Bank stock at 185J^ 
brokerage ^. 

§ 15. What should be the price of the 3 per cents, in order that 
investments in them should make 5 % interest ? 

X 3 

20 8 X 20s 60. Ant. 90. 

What should be the price of the 3^ per cent& to yield the same 
rate of interest as the 4 per cents, at 95 ? 

x\ 3-5 
4 I 95 8-5x95 



-=834. ^ 

Exercise LX. 

(1) Find the price of 4| % to equal the 3| % at 88|-. 

(2) „ 3| „ 4 ^ 92i. 

(3) „ 4 „ 6 « lOOj. 

(4) „ 21 „ 3J „ 68|. 
<5) What should the 5 % be when the 3 % are at i 



88| 



(«) 



5f 



9Jt 



par? 



§ 16. If I transfer £3850 from the 3^ per cents, at 91| to the 
5 per cents at 102|^y find the alteration in (a) the amount of stovk 
held, (ft) the yearly income, (c) the rate of interest for my money. 



a. 



b. 



X* 

102-5 



100 
102-5 



8850 
91-375 



3850x91-3 75 
102-5 



= 3432-134. 



8850 
3432-184 
Difference 417*866 

8850 

91-875 

5 



Am. 171-607. 



Am. £417. 17t. id. decreaaeu 

X I 3850 
100 I 3-5 

Ans. 134-75. 



171 '607 income in new investment. 
184-75 „ M 



IHiEarance 86-867 Ans. £86. 17«. IJcT. increase. 

* Bead, How much 5 pes cent, stock fQr£a85<^ 34 per cent, stock, if £100 84 per 
cent, stock yields £91 875 sterling, and £102 *& sterling bnjrs £lOSy 5 per centb 
stockT 
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m 


100 




X 


100 




911 


H 




102*5 


5 




Ant, 8-880. 




Ant. 4-878. 








4-878 late of interest in new inTestment 






8-830 


ft 


old 


99 




Difference 1048 


Ant, £1. 


0*. 114d % 


increase. 



EXEBCISB LXL 
Find the alteration in the amount of stock held, the income 
deriyed and the rate %, if the following transfers are effected : 



Amount transferred from 


at 


to 


at. 


(1) £7850, H %. 


66-90, 


5%. 


90. 


(2) £5466, 4i „ 


m> 


Hn 


471, 


(3) £690, 3 „ 


76i 


4 .. 


82|, 


(4) £3667. 14ft lOd., 3 „ 


88, 


H» 


par. 


(5) £1487. 11«. 8d., 3^ „ 


90, 


6J„ 


180. 


(6) 10,000 guineas, 3 % Consols, 88f, 


5%I< 


^ians 



§ 17. Shares. Calculations on stock are, with slight alterations, 
applicable also to shares,, and it is most convenient preliminarily to 
suppose share capital converted into stock, as this enables us to cal- 
culate by percentages, irrespective of the issue value of the shares. 
Thus shares issued at £20, " fully paid up,'* and sold at a discount 
of £6, i.e. for £14, may be compared to £100 stock at £70, share 
and price being both multiplied by 5. 

If shares in a certain company, issued at 25 and bought at 2 pre- 
mium, yield a six-monthly dividend of £1. 16«., find (a) the sterling 
value of the shares per cent., (6) the rate of interest, and (c) the 
yearly income derived from investing £540 in these shares. 

a, a; I 100 

25 I 27 Ant. £108. 

b. a; I 100 

27 I 2x1-8 Ant, £IH%. 

€, a; I 640 

27 I 2x1*8 Ant. £72. 

The issue price of shares is usually not "paid up" on application, 
but " called in** by the managers according to necessity or stipulation. 

Find the rate of interest on an investment in railway shares issued 
dt £50, on which were paid £10 on application and four successive 
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<jall8 of £5 eacb, bought at If premium, and yielding a six-monthly 
dividend of 17«. 6d per share. 

Capital invested : £10 + 4 x £5 + £lf = £31. 12*. 6<£. 
X I 100 251!^) 1400 (5-538 

81*625 I '875x2 1850 

850 
91 Am. £5. 10«. 8d.%. 
EXEROISB LXII. 

(1) Find the six-monthly dividend derived from investing 1000 
guineas in £50 railway shares at par, yielding 3 J per cent, per annum. 

(2) Find the price per cent of mining shares issued at £15 and 
43old at 2| discount. 

(3) Find the rate of interest on shares, £35 paid up, yielding a 
half-yearly dividend of £2. 14«. 

(4) Find the rates of interest obtained by investing in the fol- 
lowing railway shares : 

a, London and North Western, quoted at 1 24^, paying 6 % per an. 
h. Midland, „ 124, „ 6}% „ 

c. Great Western, „ 67f, „ 3^% „ 

d. South Eastern, „ 67, „ 2J% „ 

(5) Find the yearly income derived from the investment of every 
£ 1 00 in the Austrian 5 per cents, at 48 55, deducting 1 6 % income tax. 

(6) I invested £1450 in the 3 per cents, at 88 J, and sold out 
-when they had risen 2\ %. What was my gain 1 

(7) How much stock must I sell out of the 3^ per cents, at 81^ 
to enable me to buy £5000 4 per cent, stock at 94^, brokerage \ in 
•each transaction 1 

(8) What is the price of stock if £8000 stock can be bought for 
je5830 1 

(9) My half-yearly dividend from the 3 per cents, is £247. 10«. 
How much stock do I hold, and what shall I realize by selling out 
at 89|, brokerage^! 

(10) How much stock must I sell out from the 4 per cents, at 
^6|^ to raise a sufficient sum for discounting a bill for £1000, due 
^2 days hence and discounted at 5^ % ? 

(11) Find the yearly income derived from investing a legacy of 
£4583. 10«. in the 3 per cent. Ck)n8ols at 91^, allowing for legacy 
duty 5 %, brokerage \ %, deducting an income tax of 5d in the £. 
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(1 2) I invested j£1460 in the 4^ per cent& at 100|^, and sold when 
they had Mien, losing £100, inclasive of the double brokerage. 
Find the selling price. 

(13) What would this selling price have been if I had cleared 
£1001 

(14) I bought Jan. 1st, £5000 Consols at 92| ; I sold Feb. 10th, 
£1500 of this stock at 93^, March 12th, £2000 at 93, and the 
remainder April 1, at 92|, brokerage 7 % on each transfer. Find 
my total gain or loss, supposing that I could have made 5 % per 
annum by other investments. 

(15) I invested £2460 in the 3 per cents, at 90|, with | % broker- 
age ; on their falling to 87^, I sold out, paying again /g- % brokerage, 
and put my money out on a mortgage at 4^ %. Find the alteration 
in my capital and in my yearly income. 

(16) I bought £5000 stock at 88|. At what price must I sell 
it to gain £1001 

(17) If I buy at 85, at what price must I sell to make 12|% 
profit, brokerage ^ on each transaction. 

(18) I invested money in the 3 per cents, at 75f, and after draw- 
ing half a year's dividend, I sold out at a rise of 1|- %, increasing 
my capital altogether by £91. 2«. 6d. How much did I originally 
invest 1 

(19) I invested in the 3 per cents, at 89 J, brokerage ^.. How 
much stock did I purchase, and what was the broker's commission, 
if I paid for investment and commission £410 1 

(20) The issue price of certain railway shares was £50, to be 
paid ini five instalments of £10 each, the first payment on applica- 

. tion. After a " call" or second payment of £10, the shares stood at 
£1 per share premium. I then invested £756, and after paying a 
further oall of £10, a dividend was declared of 8^ % per annum, on 
the paid-up capital What is the amount of my dividend, and what 
interest do I get for my money 1 

(21) A friend lent me £475 at 4 % ; but to raise the money lie 
sold out 3 per cent. Consols when they were at 87f (broken^ |^). 
I kept the money three months, and meanwhile the fundfr rose to 
92 j^. How much have I to pay my friend to cover the interest and 

to replace thd stock he previcyuftVy \v^^ (^TOV^Ye.%<&-«,'^itt^ t 



CH. XT*] 



SaUASB AND CUBE BOOT. 



2ir 



CHAPTER XL 

SQUAEB AND CUBE BOOT. 

§ 1. If a number be multiplied by itself, the product is called the- 
8QUABB of that number, and the number is called the squabb boot 
of the product. 

Roots : 1, 2, 3, 4, 5, 6, 7, 8, 9, &o. 
Squares : 1, 4, 9, 16, 25, 36, 49, 64, 81, &c. 
If this table were carried out ad infinitum, inspection would shew 
us the root of any proposed square. In absence of such, a lable^ 
methods must be found to answer the same purpose. 

§2. 12 = 1; 102 = 100; 1002 = 10000; 1000^ = 1 000000, &c.; from 
which we see that a power of ten is squared by doubling its ciphera. 
Again, any number between 100 and 1000 will have a square be- 
tween 10000 and 1000000, and will therefore have either five or six 
figures ; or, generally : 

Numbers with I figure have in their squares 1 or 2 figures. 
„ 2 figures •, 3 or 4 „ 

i» 3 „ 5or6 „ 

If f »f 7or8 „ 

„ n „ 2 X n - 1, or 2 X w figures. 

§ 3. The expression, "the square" of a number^ is derived from 
the fact that to find the area of a square surface we multiply th& 
number of units of length in one side by itself the result being 
square units. 



D 


C 


A 


B 



Suppose the whole side of a square of 8 units to be divided into 
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two parts of 5 and 3 units respectively, then the whole square will 
have 64 square units, while the sum of the two smaller squares, 
A and B, will be 25 + 9, or 34 square units. This differs from 
the whole by 30 square units, which is consequently the area of the 
two surfaces C and D ; and as each of these surfaces is 5 unit« long 
«nd 3 units broad^ and therefore has 15 square units, we see that 
this is cori'ect. 

§ 4. Square the number 37. 

37 X 37 = (30 X 37) + (7 x 37) 

= (30 X 30) + (30 X 7) + (7 X 30) + (7x7) 
= (30 X 30) + 2 X (30 X 7) + 7 X 7 ; 
op37« = 302 + 2x30x7 + 72; 
1369-900 + 420 + 49. 

Similarly, 8^ = 5* + 2 x 5 x 3 + 3^, as in the illustration of § 3 ; 
and, generally, if A = a + 6,A2 = a2 + 2 xaxb + h^. 

Learn by heart : The square of the sum of two numbers = the sum 
-of their squares + twice their product, 

§ 5. We may also notice that if one of the two numbers be 
the greater, the product of the two numbers is greater than the 
square of the less, and still more is twice the product greater than 
the square of the less. 

§ 6. Find the square root of 4096. From § 2, we find that as the 
square has 4 figures, the root has 2 figures, or, which is the same 
thing, the root is between 10 and 100. 

The square of 10 is 100 
20 „ 400 
„ 30 „ 900 

„ 40 „ 1600 

„ 50 „ 2500 

„ 60 „ 3600 

„ 70 „ 4900 

whence it appears that the root lies between 60 and 70. 
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Subtract^ then, 60^ from 4096 ; remainder, 496. 
4096 
A 8600 

496 

This remainder, now, contains not only the square of the part of 
the root yet wanting, but also 2 x 60 (or 120) times that part ; and 
as this last is much the larger of the two quantities (§ 5), we may, 
to begin with, disregard the square of the number sought, and try 
to find that number itseK by dividing 496 by 120. 

120)496(4 
16 

We obtain the quotient 4, as a guess at the second part of the 
root Trial: 

496 

B 120x4=480 

16 

4x4= 16 



In A, then, we have subtracted 60*; in B, 2 x 60 x 4 ; and in 
C, 4* ; consequently, we have altogether subtracted (60^ + 2 x 60 
X 4 + 4^), or (60 + 4)^, or 64^, and as there is no remainder, 64^ = 
4096, .*. 64 is the required square root. In other words, if the 
two parts of the root are respectively a and h, we must subtract 
from the square a2 + 2xax6 + 6^ to entitle us to say that we have 
subtracted (a + 6)2 (§4). 

Find the square root of 339889. The root lies between 100 and 
1000 (§ 2). Trial shews that it also lies between 500 and 600. 
Call 500 the first part of the root, or a. 

889889 

a«=600«=260000 

89889 

2xax6 = 2x500x80= 80000 



9889 
6«=80x80= 6400 
" 34*89 
If ow the second part^ or &, must be contained more than 2 x 500, 
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(=1000) times. Dividing, tben» the renuunder 89889 by 1000, we 
obtain for quotient 89 ; therefore the tens* figures is 8. Perform- 
ing the two subtractions, we obtain for remainder 3489, and wo 
have now subtracted 580*. The third part of the root, or the units* 
figure, must be oontained in t^e last remainder more than 2 x 580 
( = 1160) times. Dividing 3489 by 1 1 60, or coBsidering 580 as our 
new a, we find 3 for the units' figure. 

339889 
a«=580»= 336400 

8489 1160)3489(8 

axax6=2x 680x3= 3480 
9 
6«=3»= 9 



Now we have subtracted 583^ with remainder 0, and 583 is the 
required square root. 

Find the square root of 12866569. 

1st step. The root lies between 3000 and 4000. Sttbtract 3000*. 

12866669 2nd step. Divida 3866569 by 2 x 3000, and 

_??222?? it appears that the hundreds' figure is 6. Sub- 

6000)3866569(^00 ^^^^ g x 3000 x 600 + 600 x 600 = 3960000. 

7nnnTfii fi^fio ^80 '^^ *^^^' however, is more than the remainder, 

666400 ^^ cannot be subtracted, whence we see that 6 

7160)50169(7 ^ ^^ ^^^® * figure for the hundreds' place. 

60169 Take 5, and subtract 2 x 3000 x 500 + 500 x 

500 = 3250000. 

3rd step. Divide 616569 by 2 x (3000 + 500) 
= 2 X 3500. This gives 8 as the tens' figure. Subtract 2 x 3500 
X 80 + 80x80 = 566400. 



4th step. Divide 50169 by 2 x (3000 + 500 + 80) = 2 x 3580 = 
7160. This gives 7 as the units' figure. Subtract 2 x 3580 x 7 + 
7x7 = 50169, and we have no remainder, and the square root re* 
quired is 3587. 
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1st step 
2nd step 
drdstep 
4th step 



2xax&a 
6»= 



Exhibition of thb Suooessitb Steps. 

^ o b a bah 

* V 12866569 = 8000 + 500 jl 3500 + 80 113580 + 7 

a*= 3000> 9000000 



3000000 
250000 



3866569 
8250000 



2xax(= 
6«= 



560000 
6400 



616569 
566400 



!xax&= 
6»= 



50120 
49 



50169 
50169 



Ana. 8587. 



This process may l)e coniraoted by the following considerations 
and methods : 

a. In the 2nd step we had to take 500 first 2 x 3000 times, and 
then 500 times ; in all, we had to subtract 500 x (2 x 8000 + 500) 
which could have been done at once by subtracting it 6500 times. 
In the 3rd step, we had to subtract 80 first 2 x ^500 iiimes, and 
then 80 times, or altogether 7080 times. In the 4th step, 7 had to 
^e subtracted 2 x 3580 + 7 times, or altogether 7167 times. 

b. The multiplication and subtraction can be done together as 
in division. 

c. By substituting dots for ciphers, it will become evident that 
the figures will receive their true values by mere juxtaposition. 

First contraction. 



6... 
5.. 


V" 12866569 = 8... 
9 6.. 


65 . x6.. 


8866569 «• 


70.. . 
8. 

708.x 8. 


825.... 7 
616569 8587 
5664.. 


716. 


50169 


7 
7167 k 7 


50169 




Second contraction. 




V12'86'65'69 = 8587 


es 


886 


708 


6165 


7167 


50169 



The-«3rmbol V represents r, the initial letter of the word radix, root 
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Eule: 

a. Mark off the given number into "periods" of two digits, be- 
ginning with the units* figure (§ 2). 

6. Find the nearest square root [3] below the 1st period [12^ and 
the figure thus found is the first digit of the answer. 

c. Subtract the square of this number [9] from the first period 
[leaving remainder 3], and bring down the next period [86]. 

d. Double the first figure of the root and use this [6] as the trial 
divisor. 

e. Divide all the figures but the last in the second line [38] by 
this trial divisor ; place the quotient [5] to the right both of the 
part of the root already found [35] and of the divisor \j^^\, multiply 
this by the new figure [5] and subtract [remainder 61]. 

/. Bring down the next period [65] ; double the part of the root 
abeady found [35], and again use the residt [70] as trial divisor. 

g. Divide all the figures but the last in the third line [616] by 
this trial divisor, and write the quotient [8] to the right both of the 
root [358] and of the trial divisor [708] ; multiply this by the new 
figure found [8], and subtract, &c. 

Find the square root of 1144992021849. 

V 1'14'49'92'02'18'49 = 1070043 
20*7 1449 

214004 92 0218 

2140088 6 42 02 49 

Exercise LXIII. 
Find square roots of : 

(1) 4. (8) 289. (15) 285970396644. 

(2) 49. (9) 3249. (16) 501264. 

(3) 100. (10) 15129. (17) 1607448649. 

(4) 900. (11) 582169. (18) 41605800625. 

(5) 160000. (12) 61009. (19) 9610000. 

(6) 25000000. (13) 956484. (20) 123454321. 

(7) 169. (14) 68492176. (21) 2892816758847744. 

* When the trial divisor gives a for quotient, care mnst be taken before bring- 
big down the next period to place a cipher both in the root and in the trial divisor. 
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(22) A general arranges 8649 men in a solid square ; how many 
men are there in each line ? 

(23) What is the length of the side of a square field 10 acres in 
extent i 

§ 7. The square root of a fraction is found hy finding the square root 
of the numerator and that of the denominator. For f x f = A, •*• 
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§ 8. Find the square root of 4317. 

\/irl7=66 
125 717 

92 over. 

From this it appears that 65^ is less while 66' is greater than 
4317. The square root then lies between 65 and 66. 

EXBROISB LXIV. 

(1) A miser wished to arrange 5000 sovereigns in a square. What 
would be the length of each side, and how many sovereigns would 
be over ? 

(2) How many more sovereigns would he want to have one more 
sovereign in each side of the square ] 

(3) What must be subtracted from each of the following numbers 
to leave for remainder the greatest square each contains : 8000, 
80000, 3492, 75912, 25601. 

(4) Find the next exact square below 56135, 82060, 10000000, 
123456789, 777777, 4853741. 

§ 9. Find aJT. 

It lies between 2 and 3. Error, if either be taken, < 1. 

Try 2J ; I X 1= Y = 6i ; too little. 

Try 2|_; V >< V = W =7^^ too much. 

.'. J7 lies between 2^ and 2f. Error, if either be taken, < |. 

Try2|; V><V = W=6^; too little. 
Try 2^; 48 ^ 43 ^ i^4q ^7^ . too much. 

. •. V flies between 2f and 2^J-. Error, if either be taken, < ^\ ; 
and 80 on to within any assigned degree of accuracy. 



1224 APPBOXnCATE calculations. [cH. XI. 

§ 10. Instead of approximating by binary fractions, it is more 
convenient to work with decimals. 

#/7 lies between 2 and 8. Error, if either be taken, < 1, 
CaU V7'= VI!!, = ^(§7). 
\/7W=26 
46 800 

24 

^•. Vioo jjgg between 2*6 and 2-7. Error, if either be taken, < -L 

Call V7-= ^^^^ 

V7'00'00'=264 
46 800 

524 2400 

804 

. Vl^ lies between 2-64 and 2-65. Entn^ „ < -01 ; 

and so on to any assigned degree of accuracy. 
Mod. op,: 
Find J7 to within ioooooo > i« ©• to 6 places. 
Call aJT =z V^ 00000 OOP 00 00 ^ 

V 1000000 

VtWooWooWoO' = 2645751 
46 8 00 

524 2400 

5265 80400 

52907 3&7500 

629145 2715100 

5291501 6987500 

1645999 Am. 2 645751. 

The twelve ciphers might obviously be omitted 'from the first line 
«nd yet brought down two at a time, care being taken to put the 
decimal point in the root before bringing down the first pair of 
ciphers. 



Find ^/^l||_ 



Vnff=VW = T^= ¥=3-375. 



Vr29'=27 
47 8 29 

* Even powers of ten are chosen as denominators because they Axa.«xaet aavaTa 
02)- 
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or VnH = ^^1 1-390625. 

Vll'-39'06'25=8'875 
68 2 39 
667 5006 
6745 33725 

Ans. 3-375. 

When the first pair of figures after the decimal point [39] was 
l)rought down, we were finding the root of Vxn?> *^^ hence our 
answer was |4> i-®* ^'^ i t^© i^ext pair yielded hundredths, and so 
on. In marking off the periods, then, we must, as before, begin 
Jrom the units^ jplacCy i e. the decimal point, and mark both ways. 



Find n/673()9|4 to 5 places. 
^^67309^= n/57309 -36586. 





\/6'73'09'-36'58'58'=289-89374. 


48 


178 


469 


4409 


4788 


18836 


47869 


448768 


478788 


1793753 


4787867 


36740465 


47878744 


222639685 




81024709 




^ 



This root cannot be conveniently found by vulgar fractions, the 
denominator 41 not being a square. 

§ 11. The successive divisors continually become longer, in con- 
sequence of the addition of a figure to the right, which figure, how- 
ever, becomes of less and less importance. Instead, then, of adding 
two figures to the remainder and one to the divisor, we may simply 
cut off one figure at a time from the divisor (p. 148), and proceed by 
simple division. We shall then get one place in the root for eveiy 
figure in the divisor cut off. Accordingly, we may begin to cut off 
as soon as more than half the number of significant figures required 
have been obtained. 

<2 
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f rmd ^/5^tol2placea 

: ^ = -0384616. 



V03'84'6r68'...= 19«1161M18€l 

29 284 

886 2361 

8921 4553 

89221. 63284 

.892226 2406361 

.. 8922321 5300558 

If ^mVH 1878232 

t 201585 

Vf 5419 

: r 1497 






; f 



H. 



820 iliw. -lociieississ. 

6 

Exercise LXV. 
L Find the sqnare root to 4 places of : 

(1) 3. (2) 19. (3) 11. (4) 5|. (5) 7^- 

II. Find to 8 places the square root of : 

(1) 2, -2, -02, -002. (3) -16, -16, -016. 

(2) 16, 1-6, -16, -016, -0000016. (4) -4, -197530864, -021 

III. Find by vulgar fractions and by decimals to 4 places th 
square root of : 

(1) 3^V (2) lAV (3) Sin. (4) 15if. 

IV. Find to 12 places the square root of: 

(1) I- (3) tAtt- (5) i (7) ^. (9) TiAnr- 

(2) tV W i- (6) tAt- (8) zh^ (10) ^ 
v. Simplify to 3 places : 

(1) -/59 + V|: (6) N/2^vf 

(2) V-T - -J^. (7) :;j^* 

(3) ^/Ui^rm (8);^. 

(4) Vii3«-im (9) ; ^. 

.(«) VITvT (10) Vs+vrTvx 

• — !- = ^^ = JT: = ^% whiehfind. 
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YI. iFind x from the iollo>wing (3 ptoces) : 

(1) 45 :« = iB:80. 

(2) 1 \x^^ : 2. 

(3) a:: 20 = 245 : aj. 

(4) l^y 0^ 84> three numheis in ap. ^. 140). 

Exercise LXVL 

The following require a slight knowledge of Geometry. Besolts 
to he found to 4 places : 

(1) A rectangular room is 24 ft. long Bud IB ft. hsoad. Find 
the diagonal of the floor. 

(2) A tower is 180 fb. high ; I stand 19 ft. away from the hasa 
How far am I in a straight line from the top of the tower 1 

(3) The disc of a pendulum 85 inches long touches in its sweer 
two points, A and B, which are in the same horizontal line, and ar^ 
1 inch ahove the lowest position of the disc. How far bxq they 
apart? 

(4) In the 3rd question, suppose the length of the pendulum to 
he 41 inches, and A and B to he 18 inches apart, how far are they 
above the lowest position of the disc % 

(5) !How long miust a ladder be to reach to the top of a house 60 
ft. high, wh^i its foot ib pkeed 11 ft. from the wall ? 

(6) Given in » right-angled triangle : 

a. Hypotenuse 200, base 70 ; find perpendicular. 
6. Hypotenuse 1, perpendicular "7=; find base. 
c Base J 3, perpendicular 1 ; find hypotenuse. 

(7) The foot of a column 200 ft high is 300 ft. from the base of 
a house 75 ft. high. Find the distance of the top of the column 
from the top of the house. 

(S) Find the diagonal of a square whose side is 100 feci 

(9) Find the side of a square whose diagonal is 100 feet 

Q2 
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(10) Find the length of the perpendicular from the vertex to the 
base of an equilateral triangle whose side is 100. 

(11) Find the side of an equilateral triangle, if the perpendicular 
from the vertex is 100. 

(12) Find the side of a square equal to a rectangle whose sides 
are 588 and 507 feet 

§ 12. CuBB Boot. 

If the square of a given number be multiplied by the given num- 
ber, the product is called the cube of the given number, and the 
given number is called the oubb boot of the product 

6^ = 26; 25x5 = 125; 5» or 125 is the cube of 5 ; and 5 is the 
cube root of 125, which is written V 1^^* 

Boots 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Cubes 1, 8, 27, 64, 125, 216, 343, 512, 729. 

§13. 1» = 1 

108 = 1000 
1008 = 1000000 
10008 = 1000000000, 

&C., &C. 

from which we see that a power of 10 is cubed by trebling its 
ciphers ; and reasoning analogous to that in § 2 shews that : 

Numbers with 1 figure have in their cubes 1, 2 or 3 figures, 
y, 2 figures f, 4, 5 or 6 „ 

„ 3 „ » 7, 8or9 ,, 

Hence we shall mark off the given cube into periods of thrte 
figures, beginning with the units' figure. 

§ 14. The expression, the cube of a number, is derived from the 
fact, that to find the volume of a cube we multiply the number of 
units in one side by itself, and the product again by the same num- 
ber. ^Part IL Ch. IV. S 6.) 
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§15. We have seen that if A=:a + 6, A' = a« + 2 xa x 6 + J« 
(§§ 3, 4). Similarly, it is shewn in books on Algebra, that A* = o^ 
+ 3xa2x6 + 3xax62 + 53^ora8 + (3xa« + 3xax6 + 62)x6, thus : 

378 = 37x37x37 = 372x37 

= (30« + 2 X 30 X 7 + 7«) X (30 + 7) 
= (302 + 2 X 30 X 7 + 72) X 30 + (30^ + 2 x 30 x 7 + 7«) x 7 
= 30» + 2 X 302 X 7 + 72 X 30 + 302 X 7 + 2 X 30 X 7* + 7» 
= 30« + 3 X 302 X 7 + 3 X 30 X 72 + 78 
50653 = 27000 + 18900 + 4410 + 343. 

Hence to subtract 37^ we shall have to subtract 30* + 3 x 302 x 7 
+ 3 X 30 X 72 + 78 = 303 + (3 X 302 + 3 X 30 X 7 + 72) ^ j^ ^^^ 
after subtracting 30*, we have from the remainder to subtract 
7 X (3 X 302 + 3 X 30 X 7 + 72). Of the quantity in brackets, 3 x 30« 
is the largest term, and may therefore be used as trial divisor. 



Find V 50653. 




V50658(30 + 7 
8x80« =2700 27000 
8x30x7 = 630 23658 
7"= 49 23658 

3379x7 

Here 2700, the trial divisor, is contained 7 times in the remainder 

23653. 

Oontraction. 


8x80* =27.. 
8x80x7 = 63. 


V50'653=87 
28653 



7«= 49 
8879 
Here the trial divisor 27 is contained at least* 7 times in all but 
the last two figures of the remainder (236). 

Exercise LXVII, 
Find the cube root of: 

(1) 68921. (4) 592704. (7) 3375. 

(2) 110592. (5) 389017. (8) 10648. 

(3) 205379. (6) 300763. (9) 54873. 

* k first inspeotion ▼onld lead ns to tiy 8, but the addition ol 8 x 80 x 8 and 8* 
fronld haye made the divisor too great. 
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Find the cube root of 42028039032*832: 

V42'028'039'082 '832= 3000 + 400 + 70 + 6 + '8 



3000» 



27. 



Knt trial diyisor : 
8x8000* «27... 

8x8000x400= 86.. 
400»= 16. 



15028 



Pint remainder. 



8076.. ..x4.. 

Second trial divisor : 
8x8400* a 3468.... 

8x8400x70 « 714... 
70« = 49.. 



12 304. 



2724039 



Second, remainder. 



353M9v.x7. 2477928. 



Third trial divisor : 
8x8470« = 361227.. 

8x8470x6 = 6246. 

6« = 36 



36185196 X 6 

Fourth tneH divisor : 
8x8476« = 86247728 

8 X 8476 X '8 = 8342*4 

•8" = -64 



246116 032 



217111176 



Thiitt 



29004856-832 Fourth iwnd&dMr. 



36256071*04 x *8 29 004 856*832 



Ani. 8476*8. 

Eemarks : 

(1) The second figure of the root^ 400, is found byi dividing; tbe 
1st remainder, 15028039032*832, by the 1st trial divisor, 27000000, 
or, which is the same, by dividing 150 . . by 27 ; but then the new 
figure is called 4 and not 400 ; similarly, the 3^'figum, 7, is'fbond 
by dividing 27240. . by 3468 ; the 4th figure, 6, by dividing 2910048 . . 
by 3^247728, and so on. 

(2) The 1st Iriil divisor, 27, is 3 times the squficre of tiie 1st 
figure ; the 2nd, 3468, is 3 times the squaie of the part alisady 
found, 34. Kow : 
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342= 302 + (2x4x30) + 4« and 
3x342 = (3x302) + (3x 2x4x30) +(3x42) 
=--(3x302) + (2x3x4x30) + (3 x 4^) 
= (3x302 +■ 3x4x30 + 42) + (3x4x30) + 42+4« 
3076 + 360 +16 + 16. 

Hence this 3468 can be formed by adding the three preceding 
lines together and adding in another 42. Similarly, th6 third trial 
divisor 361227 is 3 x 3472. Now : 

3472= 3402 + (2x340x7) + 7^, and 
3 X 3472 = (3 X 3402) + (3 X 2 X 340 X 7) + (3 x 72) 
= (3 X .3402) + (2 X 3 X 340 x 7) + (3 x 72) 
= (3x340« + 3x340x7 + 72) + (3x340x7) + 72 + 7« 
353989 + 7140 +49 + 49, 

and can therefore be obtained by adding, ariother 49 to the three 
lines last obtained. 

(3) Having fonnd the new figure of the root by thfe help of a 
trial divisor, the'Hne below that trial divisor ia found by multijdy- 
ing the old part of the root by 3 times the new figure; This can be 
done in one line unless the new figure be 8 or 9, in which case tha 
old part must be first multiplied by 3 aside. (Part I. p; 98.) 

OoAtracted form. 

?1L. V42^028'039'032 '832 = 8476 '8 

36 ] 15028 

_i5 . 2724039 

8076 246116032 

_i?j 29004856882 • 

8468 • ••••• 



714 
49 




853989 
49 




861227 






6246 
36 




86185196 
36 




S6247728 
8842^ 


14 



8625607104 



282 
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Ilnd the cube root of 127268840262-941343. 



7600 



Vl27'268'840'262 •941'848 = 6080-07 
2 268 840 

6 818 262 941843 



460 
9 

754609 
9 

7690270000 
1066800 
49 

769087668049 
Ist trial divisor, 75 ; Ist remainder, 2268 ; 75 in 22 . . , O*, which 
vre place after 5 in the root. The first part of the root is now 50,. 
and 3 x 50^ = 7500. Hence a in the root requires 00 in the trial 
divisor. 

§ 16. To find the cube root of a fraction, reduce the fraction to a 
decimal to 3 times the required number of places, unless the de-^ 
nominator happen to be obviously an exact cube, in which case find 
cube roots of numerator and denominator separately. 

Find cube root of -^ to 4 places. 



12 

42 
49 

1669 
49 

2187 



V-020=-2714 

12000 
817000 
97489000 
9190066.. 



81 



Am. -2714. 



219M1 
1 

220328 
3242 
16 

22064786 

EXEROISB LXVUI. 

I. Find the cube root of: 

(1) 884736. (5) 115145914626. 

(2) 40353607. (6) 017173512. 

(3) 1191016. (7) 000000004096. 
{4) 8108486729. (8) 000064481201. 
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II. Find the cube root (to 4 places) of: 

(1) I4I- (3) k^. (5) |. (7) f (9) 01. 

(2) T^. (4) n- (6) 15f (8) -1. (10) 001. 

III. (1) If 12167 dice are piled up into a solid cube, how manjr 
dice will there be in each edge ? 

(2) Find the area of the surface of a cube whose volume ia. 
3 cubic yds., 10 ft., 216 in. 

§ 17. Properties of Squares and Cubes. 

Some integers have square roots wliich are themselves integers,, 
such as 4, 9, 16... 1024, &c. (§ 1). The question arises whether the 
numbers between any two of these squares have a fractional square 
root, or no square root at all. Take any number between 4 and 9,. 
say 6 ; its square root, if it have any, lies between 2 and 3, and must 
consequently be an improper fraction, say -^. Now ^ x -^ = -^, ;. 
since a and h are prime to one another, we have in squaring the 
terms introduced no common factor, and .*. 4« ^ &^o &^ lowest terma. 

and consequently fractional, and .*. not 6. Hence the square of a- 
fraction cannot be integral, or, which is the same thing, an integer 
cannot have a fractional square root. 

The number of exact squares is infinite ; but there are within^ 
any assigned limits many more numbers not having exact square^ 
roots than there are of exact squares. 

These remarks (mutatis nmtaiidU) apply also to exact cubes. 

§ 18. The square of a number ending in 1 or 9 ends in 1, 
••• 1 X 1 = 1 and 9x9 = 81. 

The square of a number ending in 2 or 8 ends in 4. 

3 or 7 „ 9. 
„ „ 4 or 6 „ 6. 

» » ^ w ^• 

„ 00. 

Hence no exact square can end in 2, 3, 7, 8, or an odd number 
Df ciphers. 

A cube may end in any digit, but if it end in 0, it must end ia 
a number of ciphers divisible by 8. 
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The cube of a number ending in 1 ends in 1, 



If » 

n ff 

n n 

n If 

If 9f 

9f n 

If 9f 

IT ff 



i « 7, 

4 „ 4, 

6 „ 5, 

6 „ 6, 

7 „ 3, 

8 „ 2, 



§ 19. Terminating decimals can only be squares if the number of 
places be eyen, and then tbey follow the rule of § 18^ 

Terminating decimals can only be cubes if the number of places 
be divisible by 3. 

§ 20. Eecurring decimals may or may not be exact squalen or 
cubes ; thus : 

V-4 =Vy= «, exact 
VT= V l" = ^^, not exact 
V^ =V «J« =V"^= f^ exact 
V-IoT =V|fJ =V'^ not exact 

§21. 
If a > 1, a« ^ a, and a* > o^ ; .-. if 6 > 1, sfb< 5, V & < V ft. 
If a < 1, a2 < a, and a* < a^; .-. if ft < 1,. JJ> h,y.V> JJ. 

§ 22. If an exact square end in 6, the tens* iigure is odd ; if in 
any other figure, the tens' figure is even. 

§ 23. If any number is not an exact square we can find two 
numbers diflfering from one another by as * small a quantity as we 
please, of whose squares one shall be greater and the other less than 
the given number. This we have called finding the squarie rddt to 
so many places of decimals. For example : 
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1J2 lies between 1*0 and 2*0 to the nearest integer, 
„ 1*4 and 1*5 to one place, 

„ 1-41 and 1-42 to two places, 

„ 1-414 and 1*415 to three „ 

„ 1-4142 and 1-4143 to four „ 

and so on. 

§ 24. Here and in § 9 we liave_in our expressions tacitly assumed 
that there are such things as n/ 2, V 7, &c., although they are not 
expressible by exact numbers. Such language is justified by the 
following considerations, which will be understood by those who 
have been able- to work EXMoise LXIY. 

If the side of a square be 1, the square on the diagonal is 2 
(Euc. I. 47), and the length of the diagonal is is/2. V 2, then, 
is an actual quantity, and measurements of the line continually 
increasing in accuracy by stages of the decimal scafle will 'yields the 
above approximations. 

Similarly, lines can be found whose length is \/ 3, \/ 7, &c. 

§ 25. 3* = 3 X 3 X 3 X 3 = 32 X 32 = (32)2. Hence the square root 
of the square root is the 4th root, or V «" = *J\J'a' 

3«=3x3x3x3x3 x 3= S^^x 32 x 32 = (32)8. 

Again, 3« = 3«x38 = (33)2,.-. V"S = Vv?= n/V7- Hence the 
cube root of the square root, or the square root of the cube root, is 
the 6th root. Similarly, the cube root of the cube root is the 9th 
root ; the cube root of the 4th root, or th& 4th root of the cube root, 
18 the 12th root; and so on. 

§ 26. Find ^ 63361 in the septenary scale. 



V6'38'61 = 236 
43 233 

466 41 61 Am. 236 septenaiy. 



Khd ,^234 (quinary) to three places of quinals. 



V2'34= 13-123 
^ 134 

311 1000 

8122 13400' 

812^ 2101 Am. 18-123. 
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CHAPTER Xa 
VAEIOUa 

§ 1. Inteboonysbsion of Fbaotions in different SOALRai 

Eeduce 'l23 (quinals) to duodecimaLs (to 6 places). 

*= -123123 

5«x 5=123123123 



(ft*- 1) X tf s 444 X «= 123 » = tIt ^^ *^® quinary scale, 

= 'nrrlT7 ^ ^^® decimal scaIo» 

Dee. Dee. Dnodec. 
62)19xl2(*88166et 

228 
42x12 



504 
8x12 

96 
J4xl2 

408 
86x12 

432 
60x12 

720 
88x12 



456, &e. 
§2. Duodecimals. 



Am. -8816711. 



The Duodecimal scale, both integral and fractional, can be use- 
fWly applied to the calculation of small areas and volumes. The 
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foot is taken as the unit ; the inch, ys^^^ ^^^^9 ^s in the/r«^ place^ 
and the "part" or 12th of an inch, or -L of 1 foot, in the second. 

Hence in square measure, the square foot being the unit, the 

square inch is in the second place, and the square part in the fourth ; 

and in cubic measure, the cubic foot being the unit, the cubic inch 

is in the third place, and the cubic part in the sixth place. 

Given length, 1 ft,, 11 in., 3 pts. ; breadth, 1 ft., 7 in., 6 pts.; 

Ind area. 1 ^3 x 1 76. (Part I. Ch. X.) 

If 3 
176 

e76 
1169 
le 8 



8-1 946=8 sq. ft., (1x12 + 9) sq. in., (4x12 + 6) sq. pts. 
= 8sq. ft., 21in., 64pt8.jT«^|i, 
= 8 8q. ft, 21} sq. in. 

or by contracted multiplication, keeping 2 places, to be correct to 

«quare inches. 

Ie8 
671 
1 eZ 
117 
10 
81 1 =8 sq. ft 22 in. Error, { of 1 sq. in. 

§ 3. International Calculations.* 

a. Length. 

Multiply by : or Divide by : 

To turn yards into metres -9143862 109363 

Prussian ells 1-371 -7294 

Austrian ells 1-1743 '8516 

Spanish varas 1-0784 -9273 

Portuguese varas -8318 1 2022 

Russian arsheens 1 -2857 -7 

miles into kilometres 1-609315 -6213824 

Prussian miles -21364 4*6807 

Austrian miles -21212 4-7142 

* These calculations are mainly based on Woollioase*s Measures, Weights and 
Moneys of all Nations. 



» 


99 


99 


99 


» 


99 


99 


99 


99 
99 


miles 


99 


99 


99 


99 
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Multiply bj : or Diyide by : 

To turn mfles into Spanish leagues -23723 4-2152 

„ „ Portuguese miles -7821 1*2786 

,, ,, Eussian verstB 1*50652 -6629 

b. Surface. 

To turn sq. yds. into centiares (sq. mntres) -836 12 1-196 

^ acres into hectares -404671 2-47114S 

„ „ Prussian morgen 1*5848 •681 

„ „ Austrian joch -70308 1-4223 

„ „ Portuguese geiras -69187 1-4453 

c. Capacity. 

To turn gallons into litres 4-54348 -220097 

„ „ Prussian eimer -06614 15*118 

„ „ Austrian eimer -08027 12*4572 

„ „ Spanish cantaros ... '28264 3*538 

„ busbete into hectolitres -363476 2*751211 

„ „ Austrian metzen ... -15762 6*3442 

„ „ American bushels... 1-03152 -96944 

„ quarters into Kussian chetverts . 1-3863 -7213 

d. Weight. 

Totumlb8.av. into lbs. troy 1-21527 -82285714 

„ grains into grammes *06479895 15*4323487 

„ lbs.av. into kilogrammes *45359265 2*2046212 

„ „ Prussian pounds ... *96983 1*0311 

„ „ Austrian pounds ... *80959 1*2352 

„ „ Spanish pounds ... *9858 1*0144 

,y „ Portuguese pounds . -98828 1*01186 

„ „ Eussian pounds ... 1*10786 *90264 
„ cwts. into quintals (metric) ... -508023765 1*968411 a 

„ „ Prussian zentner ... *987428 1*012732 

„ „ Austrian zentner ... *90674 1*102857 

„ „ Portuguese quintals *864745 1*1564107 

„ „ Spanish quintals ... 1*10414 -90571 

„ „ Eussian berkowitz . 3*102 -32237 

„ tons into French tons (milliers) 1*01604753 -984205? 

„ „ Eussian packen 2-068008 •483557 
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^ A. UaB OB THB Tables. 

Express 9 tonS) 13 cwt., 1 qr., 16 lbs., as metric tons or milliera^ 
9 t<»iB, 18 ewti 1 qr. (£9. 18«. Sef.) =9*6625 tono, 
16 lbs. (f of -05)= -007142. .. 







9-669642 ,, 


Multiply by 1-015652: 


or divide by -9846875 : 


1-015652 

46 9669 

91409 

6094 

609 




•98^1G11BIW) 9-669642 (9-820 
807454 
1^704 
10 


91 
5 




4n8. 9-820. 


9-82I01SI 

1 


Ans. 


9-821 millieTB. Bnor < 1 kilog. 



For conversion of foreign weights and measures to English, mul» 
iiply by the given divisors or divide by the giv^i multipliers, ieu 
reverse the processes. 
. Express 419-785 kilometres as miles. 



Multiply by -6213824 : 

419-785 

4283 126 



or divide by 1-609315: 
l'6IW\l^) 419^7850 (260*8470 



2518710 




83957 




4198 




1259 




835 




8 




2 




260-8469 X 


:8 


6-775 > 


:20 


15-5 -• y 


:11 



;97 9220 

13631 

757 

113 

1 



J_ 

6-776 

20^ 

15-52- 

11_ 

170-7 



170-5 
§ 5. Coinage. 



Ant. 260 m., 15 for., 170^ yds. 
Error < 7 inches. 

Am, 260 m., 15 for., 170^ yds. 



The ratios for interconversion of the coinage of dififerent nations can 
only be given at par, and would accordingly be nearly useless, as that 
rate rarelyprevails. If the exchanges* are given, Chain Eulo will apply. 

* By ''•zohaoge^' is meant the rate at which billa due inifbroign ooontnes are 
negotiable here, which fluctoates with the state of trade, &c. 
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Find the value of j£647. 11«. Id, in reis (Portugal), at b7^d, per 

xnilrei 

X I 647*55414 2-8$^lSl^l^l^]^) 6475-6417 (2702*835 

*28953S I 1 1688 8760 

6 7917 

2 0000 

884 

116 

An8. 2702-835 reiB=2702 milreb, 886 reis. 

Find the arhitrated exchange* between London and lishon, if 
1 milrei = 5-95 fr., and £1 = 2515 fr. 

£a; I 6 -95 £r. 25 '\^) 6 -950 ( -236 

£r. 25-15 I £1 920 

165 
14 
Am. U. Sid., or 56f<{. per milrei. 

§ 6. Find the price per yard in English money at 7*85 fr. per 
metre; also at 4*27 fr., at 5*19 fr., and at 6*45 fr. per metre; ez- 
•change, 25*75. 

To turn metres into yards, we multiply by 1*09363. Multiplying, 

then, this ratio by the exchange, we obtain the common divisor for 

the several prices given. 

28-W) 7-850 (-27)91^ 
2 218 9 



25-76 

868 901 

26750 

2818 

77 

16 

1 


247 
22 

28*XWI,) 4*270 (-1516 
1454 
46 
18 


Am. 
Am. 


68. 7d. 
Zt.Oid. 


28161 


28-X)S^) 5-190 (*1848 
2 874 
121 








9 


Am. 


U. Sid. 




28-X6iX) 6*450 (-229 
818 








225 








2 


Am. 


U. Id. 



* The "aibitrated exchange** is the rate realized by remitting to a place abroad^ 
not directly, bat vid some other place or places. 
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Thus common multipliers or divisors can, as occasion requires, be 
established for the working of classes of questions. 

§ 7. For ordinary purposes francs are valued at 25 per £, which 
leads to easy calculations. 

The following are ratios compounded on the Metric System, the 
money being calculated at par (fr. 25-2215 =^£1), i.e., according to 
the intrinsic value of the coins. 

To find in one operation the price in English money : 

Multiply by : or Divide by : 

«. Per yard, given price per metre in francs -03625 27 -5862 

h, „ sq. yard, „ sq. metre „ -03315 30*1649 

c. „ acre, „ hectare „ -016044 62*3275 

d. „ gallon, „ litre „ -1765735 5*66335 
A „ bushei w hectolitre „ -0144113 69*3897 

/. „ lb. av., „ kilo „ -01798432 55*6038536 

g, „ cwt, „ quintal „ -020142488 49*646298 

h, „ ton, „ milUer „ -040282976 24*823149 

Find the cost in English money of 1 yd. at fr. 7*72 per metre, 

•03625 

277 

2588 

254 

7 



-2799 Ans. 5«. 7Jrf. 

Exercise LXIX. 

(1) Express 73 lbs., 12 oz. av. in : 

a. Kilogs. c. Austrian pounds. 

h, Eussian pounds. d, Prussian pounds. 

(2) Express 25*625 French tons as : 

a. English tons. 6. Eussian packen. 

(3) Find the cost in English money per yd. at fr. 2*45 per metre. 

(4) „ „ per cwt. at fr. 1 6*75 per quintal 

(5) „ francs per French ton at 14«. ^d, per Engl. ton. 

(6) How many litres in 4 J Austrian eimer ? 

(7)*The average height of the barometp.r at Paris is 76 centi- 
metres. Eeduce this to inches correctly to three places of decimals. 

* No8. 7 to 20 are copied from an excellent tract on the Metric System, by 
i. J. Walker, Esq., M.A. 
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(8) Reduce the hectare to a. r. sq. po. yds. exactly. How much 
does it differ from 2^ acres 1 

(9) Supposing the quadrant of the meridian of Paris to be 6213 
m., 6 fur., 23 po., 4 yds. in length, calculate the length of the metre 
in inches to five places. 

(10) The Fi-ench post-office allows 7*5 grammes for a single post- 
age ; the English J of an oz. av. By how many grains does the 
French exceed the English allowance 1 

- (11) How many hectolitres = 1 cubic metre 1 A tank is S7^ deci- 
metres long, by 25 wide and 18 deep. How many gallons would 
it hold? 

(12) If wine be sold at 457 francs the cask of 7 hectolitres, what 
would be the corresponding price in s, d, of the bottle of 6 to the 
gallon] 

(13) How many bushels = 1 hectolitre? If wheat be sold at 
29 francs the hectolitre, what would be the corresponding price per 
bushel in 8, d,l 

(14) The length of the tunnel through Mont Cenis will be about 
12*22 kilometres. What will this be in miles? 

(15) The diameter of bore and weight of a piece of French ord- 
nance are given as 27 centimetres and 22,000 kilogrammes. Give 
the corresponding measure and weight in inches and cwt. 

(16) A building plot in Paris is offered for sale at 75 francs per 
sq. metre. What would be the corresponding price per Bq. yard in 
£. 8. dA 

(17) The distance between two stations on a Belgian railway is 
set down as 7^ kilometres, and is done by a train in 12 minutes. 
What is the rate per hour in miles 1 

(18) The pressure 6f the atmosphere at the average height of the 
barometer is 14f lbs. av. to the sq. inch. What would be the cor- 
responding pressure in kilogrammes to the square centimetre ? 

(19) If the sack of flour of 157 kilogrammes be- sold at fr3'75'fr., 
what would be the corresponding price of the quartern (4 lbs.) in 8,d, f 

(20) The rent of a farm of 23-25 hectares is 1 225 francs. What 
18 the rate per acre in X. «. d 1 . 
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CHAPTER XIIL 

ARITHMBTICAL COMPLEMENTS* 

§ 1. The Arithmetical Complement of a number is the quantity 
hj "which it falls short of the next power of 10 above it, or, in other 
words, the Defect of the number from that power of 10. Thus the 
A. 0. .or 4efect of 3792 is 10000 - 3792 = 6208. (Cf. Part L Ch. I. 
§11.) 

§ 2. This defect is obtained by complementing to 9 each digit but 
the units' figure, which must be complemented to 10. By its means 
several arithmetical processes can be performed in shapes very 
different from those in common use, and these are useful when 
the A.O. is smalL The same principle can be extended to cases 
where complementing only the right-hand portion of a number will 
yield a number not greater than 12 followed by ciphers. 

§ 3. Addition can be performed by the aid ef subtraction. Thus 
•*to add 9, add ten and dedtict one.*' (Part I. p. 11, line 10.) Simi- 
larly, to add 3995, it is shortest to add 4000 and subtract 5. Con- 
versely, subtraction can be performed by the aid of addition; thus 
to subtract 9, subtract 10 andadd 1 ; and to subtract 3995, subtract 
4000 and add 5. 

§ 4. Multiplication, which is a series of additions (Part L p. 44), 
can accordingly be performed by a series of subtractions, or by a 
multiplication and subtraction. Thus to multiply by 998, multiply 
by 2 and subtract the product from the multiplicand three places to 
the right. (Part I. p. 108.) Similarly, to multiply by 3995, we may 
multiply by 4 and subtract 5 times the multiplicand three places 
lower down. 

7243-849516 x 39-95. 

72^8849516 x4., 
289753 98064... 
289391-78816421) Ant. 2893917881642. 

* The matter of tliis elwplff i» motfllj drawn from a pamphlet by Qeoige Snf* 
ield, Bfl^, MjL, dare Oolkge, Cambridge. 

b2 
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2345-76 X 79-993. 

2845f«x8.... 



18766i4|1414 

1876449 93HS 

76 Ant. 187644-993;$ 

Warding; 48*, amy 4; 66, 60', cany 6; hence (Ch. VI. § 16) 08 + 6=14', 

cany 6 ; 40, 46^, cany 4 ; 82, 86', cany 8, fcc Pat on 1414 for the ( ) and 

Bobtract 7 times the multiplicand, thna : 42 and 2', 44, cany 4 ; 49, 58, and 8', 
61, cany 6 ; hence (Oh. YI. § 16) 82 - 6= td', cany 6 ; 85, 41, and 3', 44» cany 
4 ; 28, 82, and 9', 41, cany i, fcc 

§ 5. Division, which is a series of subtractions (Part L p. 76), 
can be performed by a series of additions. 

Divide 123456789 by 7384. 7384 = 8000 - 616 ; hence for every 
8000 deducted we have deducted 616 too much, which must there- 
fore step by step be added to get the true remainder. 

8000)123456789(166 ) 18 ) 

"T... 1/1/ 

1x616 J16 

49616 1st remainder. 
1... 

6x616 8696 

58127 2nd remainder. 
5... 

6x616 8696 

8823 8rd remainder {a)' 
0... 

1x616 _616 

14398 8rd remainder (6), 
6... 

1x616 _616 

70149 4th renudnder. 
6... 

8x616 4928 

11077 5th remainder [a)\ 
3... 

1x616 616 

8693 5th remainder (&), 

An$, 16719 timea and 8633 OTcr. 
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Ebmabeb: 

(1) The successive remainders are the same as by the common 
method. 

7384)123456789(16179 
49616 
53127 
14398 
70149 
3693 

(2) 8000 in 12345, once and 4345 over, .-. 7384 in 12345, once 
and 4345 + 1 x 616 = 4961 over; 8000 in 49616, 6 times and 
1616 over, .-. 7384 in 49616, 6 times and 1616 + 6 x 616 = 5312 
over ; and so on. 

(3) This method gives for third remainder 8823, which contains 
8000, and a fortiori 7384, one more time, altering the 6 in the quo- 
tient to 7, and the remainder, after an addition of 1 x 616, to 1439. 
A similar case occurs in finding the last remainder. But for this 
•* doubtful case," which is peculiar and inherent to it, this method 
would be preferable to ordinary long division. 

Divide 123456789 by 499. 

5..) 123456789 (247408 
2.. 

^ ^ ^ ^g 499) 123456789 (247408 



^•- 3696 

^xl _i 2087 

^96 4189 

1.. 197 

7x1 _7 

2037 
0.. 

4x1 _4 

4189 

1.. 

8x1 __8 

197 oYor. 

Ihis mode of division is called Synthetio Division, from sytUTiesis, 
which means putting together. The ordinary mode might, per con- 
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tra, be called << Analytic Division.'* The 5 is called tbe Sxnthbtio 

DlVISOB. 

Examination of this synthetic division shews that to find th* 
true successive remaindersy each figure of the quotient is added to 
the dividend two places to the right of that figure from whicli it 
was obtained. All this can be done mentally thus : 

ff..) 128456789 

247^08 and 197 over. 

Warding: 5 in 12, 2' (beneath i), cany 2 ; in 23, 4' (b^eatli 5)^ oany 9; 
in (84 + 2) 86, T, carry 1 ; in (15 + 4) 19, 3', cany 4 ; in (4«+ 7) 68,^ lO' (alien- 
ing the previous 8 into 4'), cany 8 ; in (37 + 4) 41, 8', and (189 + 08) 197 oyer. 

Ans. 247408 and 19Z.0Yer. 
<n we maj find deeimal places : 

5..) 123456789 

247)^08 -3947895791583, &o. 



r , in.(89 + 
44, 8', &c 



4 

Wordhiff (tsontlnned) : In 41, 8', cany 1 ; in (18 + 0) 18, 3', cany 3 ; h 
8) 47, 9', cany 2 ; in (20 + 8) 28, 4', carry 8; in 89, T, cany 4 ; in 44, 

§ 6. When the synthetic divisor is 1, the doubtful case occurs so 
often that the following form will be found more convenient. 

Divide 27689954373 by 999. 

Dividing by 1000 we obtain for quotient 27689954 and 372 
over; hence dividing by 999 we obtain the sam^ quotient and 
372 + 27689954 over, which being again divided by 999 will yield 
27689 and 954 + 27.689 over; and so on. 



Mod. op,: 27689954 

27689 

27 



372 

954 

689 

27 



27717672 042^ 

•044^ iliMi 2yn7672-644. 

The 2 carried from tbe sum of the remainders to the quotients 
being 2000, yields another complranentary % tOv tbot mamiodktf 
fvhicb ia accordingly 4.4. Aikd to«>= '644 
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§ 7. A slight extension of this method will adapt it to division 
by synthetic divisor 1, when a. c. is any number by which we can 
multiply mentally in one line. (Part L Ch. IX. §§ 3, 4, 5, 6.) 

Divide 27689954372 by 992. 

Here the compensation is each time 8 times the quotient 

27689954 872 

221519'682 

1772152 



U 



176 
112 



27913260 444 
__8 
452 Am. 27913260 and 452 over. 



To decimalize 4I1« 



l...)4|520 
32 



5|520 
40 
5|600 
40 
6,40, &a 

which can be worked nearly mentally i 

452 
52 
60 
40 
48 
512 
160 
608 
128 
288 
)a96 
9024* 
320 
224 



Am, '45564516129082.. 



* Here carriage makes the 8 a 9, and oonseqnently we ha^e to add m one 
8 to tbe 24, making the remainder 82. 
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173648U6 + 9983. (a.o. 17.) 

17864 8146 
29 5188 

498 

17894 8827 
17 
l....)8844 
91 

5046 
5450 
85 
918 

265 Ah». 1789488505492. 
Multiplication by 17 is done in one operation by the method of 
Part I. Ch. IX. § 3, and the same mod, op. can be used in all casea 
to which §§ 4, 5, 6, in the same chapter can be applied to the a. a 
327568994 + 9799. (a.o. 201.) 



82756 
658 



88428 



8994 
8956 
182258 
2618 
7821 
201 



1.. 

1828 
481 
6418 
5386 
4865 
9454, &0. An$, 83428-8186549... 

§ 8. All numbers not divisible by 2 or 5 can be multiplied so a» 

to yield a product of the form 9999 (Format's Theorem, p. 160). 

Take 37. To obtain 9 in the units' place we multiply by 7. 
7x37=259 
20x37=740 
999 
To change the tens' figure 5 into 9 we have to add 4 tens, andf 
must therefore multiply by 2 tens; hence the required multiplier is 
27. If, then, we have to divide by 37, we multiply the dividend 
by 27 and divide synthetically by (1...). 
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Take 67. Multiplier 597 obtained from the right, figure by figure* 

697 
67 

469 
649 
899 

Hence 67 x 597 = 39999, synthetic divisor 4...., without requiring 
to carry out the whole process. 

§ 9. Decimalize »« «8e9 2^ 177 = 3 x 59. 

8 ) 8258692 by common division. 
6.) 1086230-660... by synthetic diysioa. 
18410 689265536, ko. 

Decimalize ^sV* 

Mod, op.: Multiplier, 53 

183 



549 
969 



U X 63 : 9699. (A.a 301, ao. 1 . . . .) 

l....)-07420 
6307 
^876 
9964 
502349 
2650 
7102 

8127 Ans. -07650278. 

Decimalize ^. (s. d. 2.) 

2.)6* 

•263157894 | 7, &c. 

The remaining figures can be obtained by complementing (Ch» 
YI. § 10), and it is most convenient to write the second half of the 

period under the first : 

2.)5- 

•263157894 | 
736842105 

We know that we have arrived at the complementing stage be- 
cause the remainder 14 complements the dividend 5 with respect to 
the divisor 19. (Ch. VI. § 12.) 
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§ 10. Synthbtio Division Subtraotivb. 

827^71. 

7.)827 

1164788732394... 
Wording: 7 in 8, 1', carry 1 ; in (12-1) 11, 1', cany 4 ; in (47-1) 46, &, 
carry 4 ; in (40 - 6) 84, 4', carry 6 ; in (60 - 4) 66, )9(, 7', carry 7 ; in (70 - 7) 
•63, 8', carry 7, &c 

§ II. Synthetic division can of course be applied to other scales of 
notation by complementing to the next higher power of the radix. 

13564^266 (septenary). 

8..) 18564 

84325541604^ &o. 
Wording: 8 in ten, 3', cany 1 ; in (7 + 5) 12, 4'; in (6 + 8) 9, 3'; in 8, 2', 
«arry 2 ; in (2 x 7 + 3) 17, 5', cany 2, &c. 

EXEROISB LXX. 

Simplify : 

(1) ^ 3 X (49993 + 2 X 3997) [ + 9998. 

(2) p X (49993 - 2 X 3997) [ x 9998 x 70L 

(3) 793-716 X 3-997. 

(4) -153846 X 3-9. 

(5) -584616x91000. 

{6) By synthetic division (integral) : 

a. 7473684^ 19, 29, 39, 49, 59. 

b. 226543817-199,4999,399,3990. 

c. 8543764333^99,999,9999. 

d. 4623814^98,997,9996. 

e. 54376146^983,9799,9898. 

(7) Decimalize by synthetic division, completing the period : ^^^ 

«S84 5284 628A 62 a4 0284 5284 6284 6 2 84 
TS 9 TT > TV 9 HF > "ST * IT » TTT > 2997* 

(8) To 12 places: 73 + 9995; 47 + 989; 119 + 9992. 

§ 12. These methods will, save much time to those who have 
acquiied aptitude in detecting opportu^tie^. 



en. XIY.] ItlSCELLANEOUS EXAHFLE8. 251 



CHAPTER XIV. 

MISCELLANEOUS EXAMPLES. 

(Answers to money sums to be brought to the nearest farthing ; other problems to 
three places, unless otherwise specified.) 

(1) By vulgar fractions and by decimals, work the following, and 
shew that the results coincide : 

^. 6|-3^. 

c I X ^x 2^ X -001 ; A ^ I ^ TT ^ 1000000, 

// 11 . Ql . Ol . 8.1. 2 

a. x^-T-tJ^, ^^-Ts> ¥~^rw- 
(^)< Eind the limits of the following : 

•135, -153, -0135, -2135, -0136, -OISS, -0153. 

(3) By decimal calculations only,, find the following : 

a. The cost of 6437^ articles at £1. 13«. \0\d. each, 
h, n 287694 articles at 9^ each. 

c. „ 157 tons, 13 cwts., 2 qrs., 13 lbs., at £38.. 

lO^f. Sd, per ton. 

d. The dividend on £347. 18*. lOrf., at 13*. 9^d in the £. 

e. The profit on £468. 17«. 5^., at £9. 13«. 4Jd per cent 
/. The brokerage on £1267. lOjt., at 2^ per mille. 

g. The premium on £768, at 3^ per cent., insured so as to 
recover both goodis and premium in case of loss. 

(4) Extract the square root of 191810-713444. 

(5) Find to 4 places the difference between the square and cube 
roots 0^32-14. 

(6) Find to 3 places 2 x iJi-\ x ^12 + n/27. 

(7) Prove that n/T8^ = 4^. 

(6^ Find the discount, the single interest} and the compound 
intenast, on £465 for 18 months at 4j^ % (compound interest calcu- 
bted halfcyeaply).. 

(9) Find' a fourth proportional to 1^ *09^ ■^. 



252 APrBOXnCATE CALCOLAnONB. [CH. XIT» 

(10) Shewthat^^of jei0.l6fi.8(^. isequalto*002of je2.U8d:» 
and that 001 of £2 = ^^ of Id. 

(11) Eeduce to a decimal : -A- 

^ ^ 4+2 

3+2^ 
8 

(12) Extract the square root of 272-316004. 

(13) Extract to 9 places the square root of -034. 

(14) Sum the series 1 + ^ + 2 + 4 + ... to 30 terms. 

(15) Sum the series ^^ + ^oggSoo + lOooVo^oooo ^ ioSnity. 

(16) A can dig a certain ditch in 3 days, B in 4 days, and C ib 
5 days. How long will it take the three together to dig the ditch^ 
and what fraction of it is dug by each ? 

(17) Find the amount at compound interest at 12^ % on £819, 4&. 
for 6 years, reckoned yearly: 

(18) Extract to 6 places the cube root of '054. 

(19) If the carriage of 1 cwt, 12 lbs. for 105 miles comes to 
Zs. lO^d, what should be charged for the carriage of 8 cwt, I qr.» 
24 lbs. for 245 miles ? 

(20) Simplify U of :^|f^ 

(21) Find in what time £452. 10«. will amount to £644. ISs. 3d. 
at 4^ % per annum simple interest 

(22) Express £4. 6«. i^d. + ^ of 1 farthing as a decimal of £5. 

(23) A grocer mixes 3 cwt., 15 lbs. of sugar at 5ld. per lb. with 
10 cwt., 10 lbs. at id, per lb. At what price per lb. should he sell 
the mixture to gain 25 % ? 

(24) Find g.o.m. and L.aM. of 6*3375, 73-125, 39, 12-1875. 

(25) Find the cost of 6 reams, 13 quires, 10 sheets, at £1 per 
ream. 

(26) A man who has -3 of the profits of a partnership sells '25 
of his share, and the buyer makes £89. 6fi. Sd, per annum. What 
28 the yearly income of the whole business, and if the buyer pay 

£1000 tor his share, wtat mlei^al does he get for his money 1 
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(27) Sum the series : 

a, 2 + 5 + 8 + 11 + to 20 terms. 
h. 3 + -^ + -^j- + to 10 terms. 

(28) One sample of tea costs 3«. id. per lb., and another 4«. per 
lb. At how much per lb. must the mixture of 60 lbs. of the former 
and 26 lbs. of the latter be sold to gain 7J % 1 

(29) Find the side of a square grass plot which is of the same 
area as a rectangular grass plot 63 ft. long and 28 ft. broad. 

(30) Find the difference between the simple and compound inte- 
rest reckoned yearly, on X210 for 2 years at 5 %. 

(31) Find the difference to 3 places between V 3 and V 2. 

(32) A carpenter makes 2 chairs in 3 days, and 3 chairs and 1 
table in 8 days. In what time would he make 6 chairs and 3 
tables? 

(33) A man walks 80 miles ; he begins by walking 4 hours a 
day, at the rate of 5 miles an hour, and each day increasing the 
number of hours by 1, he diminishes the pace by 1 mile per hour. 
How many hours does he walk, and how many days 1 

(34) If a model of a cathedral is to be made on the scale of 6 ft. 
to f of an inch, what will be the dimensions in the model of a 
tower 120 ft. high, a roof 50 ft. long, and a floor 40 square yards 
in area 1 

(35) Simplify: 

«. U^(A-^)^ + 0^(l-i)^--|i-^(l+i)^ 

M|.f^Jx|.(l-|xtzA) 

ixVSxixVS 

C. ' z^^ — ^ 

|xV2x^xV3 

(36) The items of a journey on the continent are £,i, 10«. 6d, 
50-75 francs, 66 thalers. Find the whole cost of the journey in 
English, French and German money, when XI =25*22 francs = 6 J 
thalers. 

(37) In the morning I solved |^ of ^ of a certain number of pro* 
blems ; by the end of the afternoon I had done f of f of the number. 
Suppose the whole number of problems to be 300 ; how many did 
I solve during the afternoon ? 
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(38) Multiply and divide to 4 places -380952 by l4, and verily 
the results by reducing the decimals to their limits. 

(39) How much 3 per cent, stock must I sell out to pay a debt 
of £550, the price of stock being 94^, and brokerage |^ % I 

(40) Find accurately the value of: 

a. £003, XOOS, £003, and £003. 

b. -083, -063, -083 of a ton. 

c. -416, -416 of 1 lb. troy. 

d. -0099, -OOd of 1 lb. av. 

e. -lOS, -118 of 1 gallon. 

(41) Find the reciprocal of the difference between 31 •24 and 
81-23768142857. 

(42) Which is cheaper, to buy napoleons (20 £r.) at 16«. lO^d., 
or 25*22 fr. for a pound sterling. 

(43) A kilogramme is 2-205 lbs. avoirdupois; a French ton = 
1000 kilogs. What fraction of an English ton is a French ton ? 

(44) Find the diiference between 5^ sq. ft and 5^ ft square. 

(45) How much stock must I sell out of the Consols when they 
are at 9 3f (brokerage ^), to raise a sum of £1265 1 

(46) Find the square roots (to 4 places of decimals) of 1979649, 
7J, f, -25, -35, 000025, 025, -001. 

(47) Find the cost of a case lined with tin, 5 ft, 10 in. long, 4 ft. 
broad, and 1 ft., 8 in. deep, inside measurement, at 2d, per sq. ft. foi 
the wood, and 2ld, per sq. ft. for the tin. 

(48) If a napoleon be worth 16«. lOJi., find the lowest exact num- 
ber of napoleons that must be given for an exact number of English 
sovereigns, stating the number of each. 

(49) Simplify to 5 places of decimals : 

a/1024+ Vi024+ a/TO^+ ^/V02l+ V 001024. 

(50) Find the cost of papering a room 1^ ft. long, 11 ft wide, 
and 10 ft. high, with paper 30 inches broad, at 7^d. a, yard. 

(51) Multiply (by the metihod of duodecimals) 7 ft, 5 in., 8 parts, 
by 9 ft, 4 in., 11 parts. 
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(52) Express the result of the last question as square inches. 

(53) Arrange the following journeys in order of rapidity : 

Departure 
Name of Line. from London. Arrival at Distance. 

Great Northern 10 a.m. Aberdeen 3 a.ni. 526 m. 

Great Western 9.15 a. m. Penzance 9.30 p.m. 328 ni. 

JSTorth Western 10 a.m. Carlisle 6.10 p.m. 299 m. 

Great Eastern 5 p.m. Yarmouth 9.45 p.m. 146 m. 

South Western 11.10 a.m. Weymouth 4 p.m. 147 m. 

(54) The fares for these journeys are £4, £3. 10&, £2. ISs,^ 
£1. 10a, £1. 9fi. Qd. respectively. Arrange them in the order of 
cheapness. 

(55) What is the average charge per mile 1 

(56) If I invest 7000 guineas in the S^ per cents, at 93, what i» 
my nett income, deducting 5 % income-tax ? 

(57) A room costs £8 to paper. What would a room cost half 
as high again, half as long again, and half as broad again, with paper 
costing half what it did before per yd. ? 

(58) If 144 men can dig a trench 40 yds. long, IJ fib. broad, and 
48 ft. deep, in 3 days of 10 hours each, how long must another 
trench, 5 ft. deep and 2^ ft. broad, be, in order that 51 men may 
dig it in 15 days of 9 hours each ? 

(59) The discount on a sum due one year hence aii 5 % per annfEraL 
is £15. What is the sum 1 

(60) How many dice a third of an inch long can be packed inta 
a box whose dimensions inside are 2, 3 and 4 ft. respectively 1 

(61) How many dice a third of an inch long can be packed into 
a cabical box 1^ ft. long inside? 

(62) Emd the square root of -508641976. 

(63) A mass of lead ore weighing 800 grains troy, was fcmnd to 
contain '6 grain of silver. What is the value of sHver in one ton 
of the ore, at the rate of 5«. the oz. troy ? 

(64) If £24. 7& 10^. be paid as income-tax on 4n income of 
£650. 109., what ought to be paid at the same rate on an income of 
£2450. 6«. 8c^. t And at what lat^ in the £ isthe tax letried 1 
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(65) In how many years will £625. 10«. amount to £813. 3«., at 
.4 % simple interest 1 

(66) Find the value of 159 cwt, 3 qrs., 22 lbs., at X2. 12«. 6d. 
per cwt. 

(67) Add J of a guinea, £^, ^ of a crown, and xi ^^ * shilling, 
■and express the whole as a decimal of £1. 

(68) What sum of money will at 4J % simple interest amount 
in 3J years to £U97. is. Id. 1 

(69) If the price of 3 bushels of wheat is 16«. 9cf., find the price 
of 12 qrs., 2 bus., 1 peck. 

(70) Find the cost of making a road, length 9 miles, 5 fur., 44 
jds., at £25. 8«. id, per mile. 

(71) In what time will a sum of money double itself at 5 %, 
^a) at simple interest, (6) at compound interest, reckoned yearly 1 

(72) If when wheat is 6O5. a quarter the sixpenny loaf weigh 4 
lbs., how much should be paid for 25 lbs. of bread when wheat is 
40«. a quarter ? 

(73) What decimal of an English mile is an Indian league, of 
^hich 30 go to a degree (60 geographical miles), I geographical 
.mile being 1*1508 English miles? 

(74) A Eussian gold ducat is worth 9«. 5d, sterling ; 3 roubles 
make a ducat, and 100 kopeks 1 rouble. Find in English money 
the value of 315 ducats, 2 roubles, 80 kopeks. 

(75) Gun-metal consists of 100 parts of copper and 11 of tin. 
How much of each metal will there be in a cannon weighing 3 tons, 
^cwt., 1 qr., 16 lbs. 1 

(76) Find the income arising from investing £740 in the 3 per 
cents, at 92|. 

(77) Eeduce to lowest terms 4t|, ttt^. 

(78) Find the sum of 19 terms of the series 7, 14, 21, &c 

(79) If a degree of longitude at X be § of the length of a 

•degree at the equator, how many miles at the latitude of X 

will the sun pass over in a minute and a half, given that the equa- 

^(>r is J 31 470665 feetlong^ 
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(80) A ship's company take a prize of £1000, which is to he 
■divided amongst them in proportion to their pay and to their tinJ^ 
of service ; the officers, 4 in numher, have 40«. each a month, i^nd 
the midshipmeQ, 12 in number, have 30^. each a month, an4 they 
have all served six months; the sailors, 110 in number, have jach 
22s. a month, and have served 3 months. Find each man'c dhare. 

(81) An Austriai^ baul^rupt OAves a London merchant 6784 florins, 
^nd pays 68J %. How much is that in tjip £, and how much ster- 
ling money will be remitted to the Englishman (exchange 1 1*45 fl. 

= £1)? 

(82) The rent-roll of a certain estate amounts to £3580 a-year. 
The repaira average 7J % per annum. Find the value of the estate 
^t 28 years' purchase. 

(83) Which is the heavier income-tax, 3 % or 7d, in the £ ? 

(84) A steamer working with a given force can travel down the 
river at the rate of 12| miles an ho]iir. Of this speed, ^ is due to 
the current. How long would the steamer take to travel 15 miles 
up th^ ^tre^m } 

(86) Find the rent of 204 acres, 1 rood, 20 poles, at £2. 15«. 9cL 
per acre. 

(§6) Find the discount on £972, due 10 months heuQQ, at 5^ % 
per annum, and shew what rat€ of interest is charged in this case. 

(87) ;f the rations of 3264 men for 48 days cost £4787. 4«., 
\yhat is the cost of the rations of 6000 men for 90 days ? 

(88) Two persons have invested £11. 17«. 2|(^. and £17. 16«. 8J<^., 
and the return is £46. 28. 0|cf. Find within a farthing what the 
share of each must be. 

(89) Of £121. 13«. 4|d and £29. Ss. lOd., what percentage is 
each of the other (6 places) ? 

(90) Determine without any superfluous work v/ 1*0097626 to 8 
places. 

(91) Find correct to one 10,000th of a unit 16-112734 x -20708 
X 1146-339^ -OOOOt. 

(92) A ship valued at £14,600 is insured at £3. 10«. %, and her 

cargo valuepl ^t £32,000 is insured at £4. 17«. 6d.%. Find the 

-whole cost of insurance. 

8 
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(93) I invested ^680 in Consols at 89| ; 3 days later the fnnrls 
rose to 90 J. What would have been ray loss of income had L 
waited these 3 days, brokerage J % ? 

(94) A speculator bought in Consols at 88 1, and sold out at 91 J^ 
brokerage ^ % each time ; his total gains amounted to £350. Find: 
the value of the stock when bought in. 

(9/5) I bought 3 J per cent, stock at 95 J, and after drawing one- 
half-yearly dividend, I sold at 92 J^ ; my total loss of capital amounted, 
to £8. 15«. Find the amount of stock I had held. 

(96) The prices of the 3 per cent. Consols, and Midland Railway 
Stock, paying 5 J %, were quoted at 95f and 108^ respectively^ 
Find the difference in income from investing XI 00 in each. 

(97) Find the average of 17|, 25J, 96|, 10, 0, 42», 56, and ex- 
press the answer decimally. 

(98) The income of a parish is £6529. 10^. 6d. How much iiv 
the £ will produce a rate of £150 1 

(99) If the time after 1 p.m. is ^j of the time before midnight,, 
what o'clock is it 1 

(100) Find cube root of I776J24. 

(101) Express 1 acre, 3 roods, 26 perches, as the decimal (in full)^ 
of a square mile. 

(102) If 120 men make an embankment | of a mile long, 30 
yards wide, and 7 yds. high, in 42 days, how many men would it 
take to make an embankment 1000 yds. long, 36 yds. wide, and 22 
ft. high, in 30 days 1 

(103) A person invests £1365 in the 3 per cents, at 91 ; he sells 
out £1000 stock when they have risen to 93^, and the remainder 
when they have fallen to 85. Find his gain or loss. 

(104) A and B have gained £600 between them ; A has to re- 
ceive 10 % less than B. Find their respective shares. 

(105) Distribute £1250 among A, B and C, giving to A 15%. 
more, and to B 12 % less than to C. 

(106) Distribute £760 among A, B and C, giving to A 17|%. 
less than B*8 share, which is 20 % more than C's share. 
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(107) A bankrupt's estate amounts to ^910. Ss. 1^. and his 
debts to £1875. What can he pay in the X, and what will • 
creditor lose on a debt of £57 ? 

(108) An estate with a rental of £8790 is sold for £351,600 
In order that it may yield the purchaser 3| % for his money, how 
much % must he raise the rent ? 

(109) A square court-yard costs £38. 10*. 5d, to pave, at 3«. 9<l. 
per square yard. Find the length of its side. 

(110) Express 37048 (decimal) in the nonary scale; also 347102 
(nonary) in the decimal scale. 

(111) The Hanoverian mile is 25400 Hanoverian feet long, each 
foot being '9542 English feet. Find to 4 places of decimals the 
fraction that an English is of a Hanoverian mile. 

(112) How many times will a wheel whose diameter is 3^ feet 
revolve in travelling over 5 miles 1 (JST.B. Circumference : diameter 

= 314159 :1.) 

(113) If a package weighing 7*5 cwts. be carried 125 miles for 
14a, 7d.f how much will be charged for the carriage of 3 tons, 15 
cwts. for a distance of 200 miles 1 

(114) If 770 gallons of creosote at Id, per gallon have the heating 
power of 8*75 tons of coal at £6416 per ton, find the yearly saving 
in money in a factory which burns 1000 gallons a day, omitting 52 
Sundays. 

(115) Extract the square root of 1194*3936 and of H^. 

(116) Simplify : 

•v-^j-l^nf^ 21 5 071 

^x-^l^of^ 1?-T8?-^^^ .x..25..ai X . 1) 

(117) Express + 40^ and - iO^ Fahrenheit on the Centigrade and 
E^tumur scales. 

(118) Find the cost of 3047^ articles at £1. 15«. 9Jrf. each. 

(119) What capital will at 3J % in three months amount ta 
X348. Ofi. 4^d 1 

s2 
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(120) A bankrupt's debts amount to £27485. 10«. 9d, and his 
assets are worth X9328. 6«. Zd. What is he to pay on each of the 
foUowing debts : X248. Ua, 5d,; £7642. 10«. 6d.; £19. 4«. 2d, H 

(121) Find the cost of 47 iron plates, each weighing 127 tons, 
13 cwt, 1 qr., 19 lbs., at £50. €c lOd per ton. 

(122) Find the value of 21 acres, 2 roods, 15 perches, at 
£37. Ids. 6(2. per acre. 

(123) If the sixpenny loaf weigh 4*35 lbs. when wheat is at 5*75 
ehillings per bushel, what weight of bread ought to be purchased 
for 1813 shillings when wheat is at 18*4 shillings per bushel ? 

(124) Three gardeners working full time can plant a field in 10 
days. How long will it take them if one of them works half time I 

(125) A person bought into the 3 per cents, at 98, and after 
receiving 3 years' interest sold out at 90. How much % on the 
sum invested did he gain or lose ? 

(126) A Turkey carpet measuring 12 ft., 6 in., by 11 ft, 6 in., 
is laid down on the floor of a room measuring 14 ft. by 13 ft. 
Determine the quantity of floorcloth necessary to complete the 
covering of the floor, and its price, at 4«. per square yard. 

(127) Eeduce 9«. llfd to the fraction of half-a-sovereign, 

(128) Simplify l;§x 11^^ -00126. 

(129) Find the cost of 457 tons, 13 cwt., 3 qra., 19 lbs., at 
X5. 17«. 8^. per ton. Also of 17 lbs., 9 oz., 17 dwts. troy, at 
£3. 15«. lOJd per oz. 

(130) Find the compound interest for £55 for 1 year, reckoned 
quarterly, at 5 % per annum. 

(131) Find, without unnecessary work, to 3 placea: 

a. -40056 X 1605& x 26180853 x -00035, 

6. -4l5 X 9'g X 720 X 43-156 . _ 

c. 3-1415926536 x ^7000 x Vy x 1870. 

(132) Find the difference between the square and cube roots of 
3915380329 (to 1 place). 

(1332jimplify V25^Vv ^ "^25^-^^, Also' find the value 
of V '000729 -V "000729 ; and explain why the sign tj is placed^ 
first in one case, and y in the other. 
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(134) A buys 134 gallons of hoev for ^11. 18&; 6 gallons are 
lost by leakage; he sells the rest in jugs, holding f of a quart, at 
2\d, per jug. Find his total profit, and his profit %. 

(135) The receipts of a railway company are apportioned in tho 
following manner : 49 % for working expenses, 10 % for the reserve 
fund, a guaranteed dividend of 5 % on one-fifth of the capital, and 
the remainder, £40000, for division among the holders of the rest 
of the stock, being a dividend of 4 % per annum. Find the capitid 
and the receipts. 

(136) Find the square root of 242064; of 3124*81; of 
2-42064 X 312-481 and of |^?|^. 

ol2 4ol 

(137) Find the cost of paving a hall 50 yds. long by 50 ft. broad, 
with marble slabs 1 ft. long and 9 in. broad, the price of the slabs 
being £5 per dozen. 

(138) Simplify -0075 >< 2-1 ^4-255 x 00(54^ 
^ ' ^ '' -0176 -00032 

(139) Find the square root to 8 places of decimals of 38716, 
1600, 150, 7, -7, -07, 49, 4-9, -49, -id, -34027. 

(140) The quadrant is divided into 90^ and also into 100 grades. 
Express 37^ deg. + 50f gr. both as degrees and as grades. 

(141) A person having £1000 invests in the 3 per cents, at 92f, 
brokerage J ; after 3 years he sells at 94f , and again pays J. What 
did he receive as interest, and what did he gain on the whole ? 

(142) Divide £26. 3fi. Zd. between 3 persons so that their shares 
may be in the proportion of £2. 18fi. 6d.y £1. 19«. and £1. 9«. 3d. 

(143) If the price of candles 8 J inches long be 9d. per half-dozen, 
and that of candles of the same thickness and quality 10^ inches 
long be Is, i\d, for 9 candles, which is the cheaper kind, and liow 
much % is lost by buying the dearer 1 

(144) Find the profit or loss per dozen on a quantity of wine 
"laid down" in 1848 at a cost of £2. 8«. per dozen, and sold in 18.70 
at £5. 5«. per dozen, reckoning compound interest annually at 5 %. 

(145) Express *^ (in the quinary scale) as a decimal fraction. 
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(146) I sold goods at a loss of 7| % ; bad I sold them at a gain 
of 7^ % I should have realized £3. 15s. more than I actoallj re- 
ceived. Find the cost of the goods. 

(147) Multiply by duodecimals 9 ft, 7 in., 3 pis., by 5 ft., 7 in., 
11 pts., and the product by 2 ft, 7 in. What does the product 
become when expressed in cubic feet and inches ? 

(148) In 1841 the population of Gi-eat Britain was 21,476,000, 
and that of Ireland 7,310,000; in 1851 the former had increased 
8*46 % and the latter had decreased 12*5 %. Find the increase % 
in the population of the United Kingdom. 

(149) Eeduce ^^ to a converging fraction ; give the several con- 
vergents and the limit of error in each. 

(150) A certain book costs in production 2». i^d, per copy, and 
its retail price is 78, 6d; the publisher allows the bookseller 25 % 
on the retail price, and gives 13 copies to the dozen ; 3900 copies 
are printed and sold ; the author ia to have half the profits. How 
much will he receive? 

(151) A tenant pays a com rent of 20 quarters of wheat and 12 
of barley, Winchester measure. What is the value of his rent, 
wheat being at 60& and barley at 54s. a quarter imperial measure, 
reckoning a Winchester bushel to be ff of an imperial busheL 

(152) Express as a decimal ^ ^ y . 

(153) A ceii»in Building Society accepts £11. 14«. Id, at the 
beginning of the year in lieu of 12 monthly instalments of £1 each. 
What yearly payment will at this rate discharge a monthly liability 
of £5. 17«. lOd.'i 

(154) I wish to borrow of a Building Society £600, to be paid oif 
in 15 years by monthly instalments, paying interest at 6 % on the 
whole sum borrowed for the whole time. What should be my 
yearly payment at £11. lis. Id, instead of £1 per month? 

(155) I hold £43. 17«. 6d. Building Society stock for 7 months, 
and the year's balance sheet shews a dividend of £11. 13a 8|d per 
cent per annum. What dividend should I receive ? 
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(156) A cistern holding 820 gallons is filled in 20 minutes by 
3 pipes, the first of which conveys per minute 10 gallons more, and 
the second 5 gallons less, than the third. How muqh flows through 
•each pipe per minute ] 

(157) Gold is 19*3 times, and copper is 8*62 times as heavy as 
water. How many times as heavy as water is standard gold, which 
is a mixture of 1 1 parts of gold and 1 of copper ? 

(158) The annual retreat of the equinox along the ecliptic is 50". 
In what time will the equinox be carried round the whole cu'cle of 
the ecliptic (360^) ? 

(159) In what time will the sun move through 50'1", when it 
traverses 360^ in 365 days, 6 hours, 9 min., 9*6 sec, the motion 
being supposed uniform 1 

(160) A bankrupt's stock was sold for £520, lOs., at a loss of 
17 % on the cost price. Had it been sold in the course of trade, it 
Avould have realized a profit of 20 %. How much was it sold below 
the trade price ] 

(161) A foreign Government contracts for three loans in different 
markets : the first, a 5 % loan for 20 millions ; the second, a 4 % 
Ixrnn for 12 millions ; the third, a 3J % loan for 10 millions. For 
the first the Government received £65, for the second £50, for the 
third £42 for every £100 stock. How much money does Govern- 
ment receive for all these loans, what average rate of interest is paid 
•on the money actually received, and on which of the three loans 
does the Government pay the lowest rate of interest ? 

(162) A besieged garrison loses 5 men on the first day, 10 on the 
second, 15 on the third, and so on for 30 days, when the com- 
mandant, finding that he had only ^ of his original garrison left, 
surrendered. How many men were there at firet 1 

(163) A merchant sells tea to a tradesman at a profit of 60 %, 
but the tradesman becomes bankrupt and only pays 13«. id. in the 
X, How much per cent, does the merchant gain or lose 1 

(164) Find the sum which must be invested in the 3 per cents, 
at 90, to amount in 23 J years to £3317 sterling, the price of the 
funds remaining unchanged. If we sold out at 96, how many yeara 
«oouer could the required amount be realized ? 
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(166) The sidereal year consists of 365 days, 6 hours, 9 minutes,. 
9*6 seconds, reckoned in mean solar time, or of 366 days, 6 hours^ 
9 minutes, 9*6 seconds, reckoned in sidereal time. Find the ratio 
of a sidereal to a solar day, to 5 places. 

(166) Two shepherds, A and B, owning a flock of sheep, agree to 
divide it; A takes 144 and B 184 sheep, paying £70 to A- Find 
the value of 1 sheep. 

(167) Among how many persons must £15S. 17a Zd, he divided^ 
in order that half of them may have 10^ 7d, each, and the other 
half 7«. 2d. each 1 

(168) A and B have the same sum of money; A huys equal 
amounts of 3 per cent, stock at 91, and of 3^ per cent at 97^; B 
invests his money equally in the purchase of the same stocks. A'» 
income heing 1«. more than B's, how much money had each ? 

(169) Assuming a cubic foot of water to weigh 1000 oz. av., find 
the weight of a rainfall of one inch over an acre of ground. 

(170) A person has a sum invested in the 3 per cents., which h» 
sells and invests in the 3| per cents, at 87^. If his income remains, 
the same, what was the price of the 3 per cents. ? 

(171) A takes 6 steps while B takes 7 ; but 4 of A's steps aro 
equal to 5 of B's. Which is the quicker walker 1 

(172) An army lost 18 per cent, of its strength by disease and 
desertion, and then 14 per cent, of the remainder in battle; thft 
number then remaining was 84,624. Of how many did it originally 
consist 1 

(173) A person sells £5000 Consols at 94|, and on their rising 
he sells £5000 more at 95| ; on their again rising he buys back the 
whole £10000 at 96. What does he lose 1 

(174) If gold is 19*3 times as heavy as water, and copper is 8*96 
times as heavy as water, how many times its own bulk of water will 
a crown weigh composed of 9 oz. of gold and 16 oz. of copper ] 

(175) Find by inspection (table, p. 152) the number of recurring 
and non-recurring figures in the decimalization of each of the fol> 
lowing fractions : ^, ^L, _>!_, _1_^^, ^^ _!., ^, ^ ^^^ 

1 1 1_ _1 l_ 1 

/x37'2x5x7x37'l3x7tf Ux4V l^x^S' 2x3x5x7x11x18' 
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(176) If a mass of silver be worth ^6720,000 when silver is worth* 
jE4. is, per lb. av., how much would the mass be worth if silver- 
fetched 13*75 shillings fop 2*5 ounces troyl 

(177) A, B and C begin playing with £1, 6«. each; A Wins 5«. 
each game, and B loses -^ of A's gains. After how many games . 
wiU C have nothing left, and wtat will A then have 1 

(178) Reduce Iff to a converging fraction, and give the several 
convergents with limits of error to each. 

(179) I sold a watch for 5 guineas and thereby cleared 20 % of 
my money. How much % should I have gained or lost if I had 
sold it for 4|^ guineas 1 

(180) If the French 3 per cents, are at 60 when the l^glish are 
at 95, the exchange between the countries being 25 fr. per £1, how 
much French stock in francs can be bought by selling £6000 out of 
the English funds 1 

(181) I bought silk at fr. 7*40 per metre (39-37 inches) and sold 
it for 6«. lO^d. per yard. Find (to 2 places) my profit or loss %^ 
the rate of exchange being fr. 25*35 = £1. 

(182) I had a cistern 5 ft., 7 in. long, 3 ft., 11 in. broad, 2 ft., 8 J in. 
deep, re-lined with zinc at 8f d per square foot ; the plumber allowed, 
me |c?. per square foot for the old zinc. How much had I to pay ? 

(183) Find the length of a cubical tank holding 1 ton of water^ 
if a cubic foot of water weighs 1000 oz. av. 

(184) Find in two ways 5/1061620150601. 

(185) Find in two ways to 3 places V7-358. 

(186) If a merchantman sailing 9^ knots an hour is chased by a 
gunboat steaming lOf knots, how far ahead must the sailing vessel 
be just to escape into port from which she is 15| knots at the com- 
mencement of the chase ? 

(187) Divide £14. 11«. 8Jd into two parts that shall have to 
one another the same ratio as the sum of 2| and 1| has to their 
difference. 

(188) Also the same ratio as the product of the two numbera 
has to the quotient, the greater being divided by the less. 
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(189) Find the side of a square field an acre in extent (to tenths 
of a yard). 

(190) The discount on a sum due 3 months .hence at 5 % was 
^17. 10«. What is the sum ? 

(191) A grocer mixes 3 cwt of tea at £16. 168. per cwt. with 1 
xwt. at £19. 12«. At what rate per lb. must he sell the mixture 
BO as to gain 4 % f 

(192) A person having invested a sum of money in the 3 per 
•cent. Consols receives annually therefrom £233 after deducting 
Ahe income-tax of 7d, in the £, How much stock does he hold, 
and how much will it be sold for, at 9 4 J, brokerage ^. 

(193) From 122*5 grains of chlorate of potash there can be ob- 
tained 48 grains of oxygen gas ; 16 grains of oxygen occupy a space 
-t)f 44*4 cubic inches. What volume of oxygen could be obtained 

from a ton av. of chlorate of potash f 

(194) Find the length of the side of a cubical tank which con- 
tains 15 cwt., 7 lbs., 8 oz., of water, 1 cubic foot of which weighs 
aOOO oz. 

^195) Which money sums will when decimalized yield recurring 
xiecimals? and how could you get rid of the recurring figure if 
required ? 

^196) How long will it take me to travel 5 Hussian versts at the 
"rale of S^ miles an hour 1 

(197) Find the sum to be awarded on £87. Us. lOd. at £7. Ids. 
Hd. %. 

<198) Express Jt^ 'l„ as a continued fraction, and find the five 
^ ^ ^ 865-256 ' 

^rst convergents. 

{199) After the outbreak of the Prusso-French war in 1870 the 
-Prussian Government issued a 6 % war loan at 88 ; the French 3 
•^i^er cents, stood at 65|. State the ratio of the two rates of interest 

(200) If 9000 persons travelling each 20 milefl a week pay a 
Tailroad company £900 in one week, how many persons travelling 
•each 30 miles weekly will give a receipt of £62,400 a year when 
4ihe charge for travelling per mile is reduced one half? 
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(201) Find the amount of the national debt from the following 
«um8 paid as annual interest : 

£3 per cent. Consolidated Annuities £11871403 10 

£3 per cent. Reduced ditto 3188376 11 7 

Kew £3 per cent. ditto 6633792 10 10 

J^ew £3. 10«. per cent ditto 8426 2 4 

New £5 per cent. ditto 21687 9 8 

-Kew £2. 10«. percent. ditto 96176 7 

Interest on the Government Debt to the 

Bank of England at 3% 330453 

Ditto to the Bank of Ireland at 3 % 78923 1 6 

(202) A bar of gold weighing 8*75943 kilogs., of which ^f ia 
^ne, is sent over from Paris, and sold here at J&3. 17«. 9d. per 
standard oz., which is || pure. How many francs must be remitted 
in payment, exchange being 25*35 fr. 1 

(203) Find the value of a bar of gold which weighs 11 lbs., 8 oz., 
7 dwt., 12 grs., and is ^ pure at the rate of £3. 17«. 9d, per oz. 
standard. 

(204) How many cubic yards of gravel will be required for a 
walk surrounding a rectangular lawn 200 yards long and 100 yards 
wide, the walk to be 3 yards wide, and the gravel 3 inches deep ? 

(205) Find (to two places) the side of a cubical block of cast 
iron weighing a ton, if iron weighs 7*2 as much as water, and a 
cubic foot of water weighs 1000 oz. 

(206) A crown made of an alloy of copper and gold weighs 
16*5 oz., while the water it displaces weighs 1^ oz. How much 
oopper does it contain, gold weighing 19*3 and copper 8*96 times 
as much as water 1 

(207) A grocer buys some tea at is. per lb. and some at 5«. 6d. 
In what propoi-tion must he mix the two quantities so as to gaia 
20 % by selling the mixture at 6«. per lb. ? 

(208) Express -583, -583, -565 and -685 in the duodecimal scale 
:to 5 places. 
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(209) I bouglit £ZiS, 6$. Bd. 3 per cent Consols for the benefit of 
an old servant, but >vi8lied to raise his income to £26 a-year by means 
of an investment in £50 mining shares, all paid up ; the shares are 
at 8 J premium, and the dividends are 7^ % on the paid-up capitaL 
How much mining stock must I buy, and what will it cost me ) 

(210) A Lithuanian league is 9769 yards long. Find the third 
convergent to the fraction that an English mile is of this. 

(211) Express in inches the length of a French metre from the 
data that a metre is one ten-millionth of a quarter of the earth's 
circumference, and that the circumference is 3*14159 times the 
diameter 7911*7 miles. 

(212) State : 

a. Which vulgar fractions will yield recurring and which 

non-recurring decimal fractions. 
6. If non-recurring^ how the number of places can be 

foretold. 
6. If recurring, whether the decimal will be mixed or 

pure. 

(213) Find the value of a mass of silver weighing 15 lbs., 9 oz.^ 
10 dwts., 20 grs., of which ^ is pure, at the rate of 57 Jc?. per oz. 

standard silver. (Standard silver contains —^ pure silver.) 

(214) If income-tax be 6d, in the £ and interest 5 %, how much 
clo I gain or lose on an income of £1200 a-year by paying the whole 
year's tax at the end of the third quarter instead of paying it in 4 
instalments at the end of each quarter ? 

(215) Express | and 419^ in the binary, ternary, quaternary^ 
quinary, senary, septenary, octonary, nonary, decimal and duodeci- 
mal scales. 

(216) Any two numbers whose units' fig ares are odd, but not 5> 
and whose difference is a power of 10, must be prime to one another.. 
Prove this. 

(217) If the wages of a woman are ^ of the wages of a man, and 
it would require 8 men to earn a given sum of money, how many 
women must be added to 5 men to earn double the mou^ 1 Explain 
your answer. 



(218) Of the boys in a school, one-third are over 15 yeaw of ago, 
one-third between 10 and 15. A legacy of £100 can be exactiy 
divided amongst them by giving 10«. to each boy over 15, 6«. Sd. iQ 
€ach between 10 and 15, and 3*. 4d to each of ^e rest. Hqw many 
boys are there in the school 1 

(219) Express the fraction -^ : 

a. As a decimal fraction. 

b. As a septenal fraction. 

c. Also as a quaternal fraction. 

(220) The mint price of gold is #3. ITs. 10^. per oz. standard. 
Find the smallest exact number of ounces that can be coined into 
an exact number of sovereigns. 

(221) Find the weight of a cubical mass of iron whose edge is 
2 ft., 5 in., 3 pts., if the iron is 7*157 times as heavy as water, and 
a cubic foot of water weighs 1000 ob. av. 

(222) How high is a hill whose ascent is 1 J miles in length, if 
the road rises 4- inches in 55*25 feet? 

(223) A can copy 6 pages while B copies 5, B copies 15 while 
O copies 12, and C can copy 4 while D copies 3 ; A who can write 
20 pages a day receives a paper of 2.40 pages to copy; and softer 
doing a quarter of it calls in B, C and D to help him. When will 
the work be finished 1 

(224) A merchant buys 1260 quarters of com, \ of which he 
6ells at a gain of 5 %, ^ at a gain of 8 %, and the remainder at a 
^in of 12 % ; if he had sold the whole at a gain of 10 % he would 
have gained £23, 2«. more. What was the cost priqe per quarter! 

(225) The sum of £10552. 4«. 2d. is divided among 1000 persona 
in the ratio of the first thousand natural numbers. Find the share 
of the 150 th person. 

(226) The diameter of the fore wheel of a waggon is 3 ft., 6 in., 
that of the hind wheel 6 ft, 5 in. If two nails, one on the outside 
of each wheel, touch the ground together, in how many seconds (to 
two places) will they do so again, reckoning diameter : circumfer- 
ence ^ 1 : 3*14159, and the rate pf tiavelling 4^ miles aA hour 1 
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(227) I bought in London $1000 American 6-20 bonds at 87' 
(ie. 87 X 4a 6d. per $100 bond). What percentage shall I get. 
for my money if the coupons in New York fetch clear of expense- 
4«. O^d, per dollar, the bonds paying 6 % ] 

(228) I bought in New York $1500 5-20 bonds, brokerage J, 
at 111, in (paper) currency; gold was 15^ premium; I paid by- 
bill upon England, and the rate of exchange was 110 (i.e. $110^ 
in gold for 100 x is. 6d, payable in England) ; I re-sold these bonds, 
in England at 89 (see last question), brokerage J. Find my profit 
or loss. 

(229) The first term of an a. p. is J, the common difiference is ^^ 
Find the 50th term. 

(230) Suppose a debt can be discharged in a year by paying 1«. 
the 1st day, 2a the second, and so on. "What is the amount of the- 
debtl 

(231) How many strokes do the clocks of Venice, which go oik 
to 24 o'clock, strike in a day 1 

(232) Find (47-3l84)« to 3 places. 

(233) Find the equated time for the following amounts : £50- 
due in 6 months, £60 in 7 months, and £80 in 10 months, interest 
at 5 %, both by average and discount. 

(234) A debt is to be paid as follows : |^ at 2 months, |- at 3^ 
months, |^ at 4 months, |^ at 5 months, and the balance at 6 months. 
What is the correct equated time to pay the whole, interest at 5 %^ 

(235) An island is 73 miles in circumference, and 3 pedestrian«i- 
all start together to travel round it in the same direction ; the first 
goes 15, the second 17*5, and the third 10 miles a day. When will, 
all three be again together ? 

(236) A owes me the following sums : £480 due in 3|. monthv 
£607 due in 2 months, £577. 15«. due in 5 months. What sum. 
should I accept as a single payment at the end of six months, reckon- 
ing interest at 4 % 1 

(237) What effect is produced on (a) the sum, (6) the difference,, 
of two numbers, if the same quantity is added to each ? 

(238) What effect is produced on (a) the sum, (6) the difference^ 
of two numbers, if the same qaaatity is added to one and subtracted! 

hvm the other number 1 
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(239) What effect is produced on (a) the product, (6) the quotient, 
of two numbers, if both numbers are multiplied by the same num- 
ber? 

(240) What effect is produced on the remainder, if (a) the divisor, 
(6) the dividend, be increased by a number not large enough to 
affect the quotient ] 

(241) What effect is produced on the remainder, if both divisor 
and dividend are (a) multiplied, (6) divided by the same number ] 

(242) State the conditions of increase in the value of a fraction,, 
if the same number be added to both its terms. 

(243) What effect is produced on the ratio, if the antecedent is. 
multiplied and the consequent divided by the same number] 

(244) What effect is produced on the square of a number, if the^ 
number is increased by a given number ? 

(245) Find the difference between the sum of the squares and 
the square of the sum of two numbers. 

(246) What effect is produced on (a) the sum, (&) the difference,, 
of two numbers, if each is multiplied by the same number 1 

(247) What effect is produced on (a) the l.o.m., (b) the g.o.m.,. 
(c) the average, of several numbers, if each is multiplied by tha- 
same number 1 

(248) How must a number be altered to double its reciprocal ? 

(249) To what limits do the terms of the two following series, 
approach ; 



a. 



1234 ;^1234 



and find the first term in each which differs from the limit by a. 
quantity less than -000001. 

(250) To find the interest at 3 % per annum on any number of 
pounds for any number of days, multiply the number of pounds by 
twice the number of days, deduct -^ of the product, and cut off the 
last two figures ; the result will be the interest in pence. Shew that 
the error in the interest given by this rule for any time less than a 
year cannot exceed a shilling on every £2800 principal 
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Faxt I TEACHEBS' EOOE, Is.; EZESGISES only, 4d. 
„ n. ditto Is.; ditto 4d. 



OPINIONS OP THE PRESS. 

''•••• These books present to the elementary student tlie subject in such a way 
that he can deal with it from the very beginning by his own native powers, and 
lead him to form definitions and rules for himself ; and the inevitable result is that 
all his notions, as far as they go, are clear, definite and accurate. They must be 
60, because they are gained by himself, instead of being arbitrarily imposed upon 
him ; and further because, to use Messrs. Sonnenschein and Nesbitt's own words, 'he 
is led to the discovery of the several rules by some such paths as an original discoverer 
might have travelled.* The 'ABO* of Arithmetic of these authors is in most 
respects an admirable book of elementary instruction ; . . . a learner by its means 
will have gained a true insight into the principles of Arithmetic, and have become 
an apt and intelligent calculator, long before a pupil of the other method has pene* 
trated the bristling palisade of logical definitions, principles and explanations whioh 
beset his path.**— PaZ2 MaU Gazette. 

" . . . . The object of the author and lecturer is carefully to avoid the pupils 

reasoning out anything which they cannot see It must have been gratifying 

to the lecturer, as he carefully and ably unfolded his method to the young people, 
to find that they thoroughly grasped the system. At the second lecture the higher 
grades of arithmetical elementary science were touched upon, and the lecturer 
xequired his hearers to follow him through some heavy calculations. It was here 
that the beauty of the number-pictures came out, the scholars giving viva voce 
proof of their power to follow their teacher upon his own system.** — School Board 
Chronicle (Ist Notice). 

" . . . . Arithmetic taught on this principle is likely to be sound training, even 
if it has nothing further to recommend it ; but Mr. Sonnenschein is prepared to 
enforce his plan as the one best calculated to rear facile, clear-headed and accom- 
plished Arithmeticians The book is for the teacher, who is to carry out the 

method by the aid of a set of cubes invented by the author. Separate Exercise- 
books are prepared for the pupils.** — School Board Chronicle (2nd Notice). 

'' There is a story told of the late Professor de Morgan that, after examining a 
school in algebra, and even trigonometry, he asked the head class what they under- 
stood by the number seven, to which he got no reply, and that thereupon he recom- 
mended them to begin their mathematical studies over again. It is certainly nol 



Omxoiri ov thb Pbus— (eonfo'iMiaQ* 

too much to say that no children vho had receiyed their first notions of number 
bj the method nsed by Messn. Sonnenaehein and Nesbitt voold hare any difficulty 
in replying to such a question most satisfactorily. .... In Messrs. Sonnenschein 
and Nesbitt*8 method, their physical ten is really ten of their physical units ; the 
hundred, a hundred units ; and even the million, really a million units. . . . The 
fact that there are two kinds ol division is strongly brought out in the book, and 
a new symbol is introduced which means ' is contained in.' ... . The amount of 
theory taught, almost imperceptibly, by this method is considerable ; but still that- 
whidi is simply usef al is aimed at. ... It will be an evil day for England when 
instruction is substituted for education, and in no science is this so true as it is in 
Arithmetic, since Arithmetic is the one single aeience requiring logical reasoning 
that is taught to all, young and old, rich and poor, who pretend to any education. 
No one can doubt that it is very possible to make Arithmetic a mere mechanical 
operation, and we are very much afraid, from testimony that we get from different 
directions, that to do otherwise is the exception. We cannot but hope that the 
adoption of Messrs. Sonnenschein and Nesbitt's method may, to some extent at 
least, oblige learners to understand what they are doing, on the one hand, and to 
enable them to talk about the principles and rules, on the other." — SpectcUor. 

'*,,,, The authors of this work, or rather series of works — for they consist of 
four books, two for the teacher and two for the pupil — are already favoarably 
known by their advanced works on Arithmetic. . . . The principle upon which the 
authors proceed in teaching the science of number to the infantine mind is that 
which is universally recognized as the only true one, viz. that of showing by the 
evidence of the .senses that a certain number of given objects — ten balls, for in- 
stance—may by separation and re-arrangement be made to exhibit all the different 
set of numbers, the sum of which is equal to ten. • . . Thua the system of notation^ 
which presents so formidable a difficulty to young children, is, by these concrete 
quantities, exhibited clearly to the eye and made evident to the senses. We 
endorse all that the authon advance upon this part of the subject" — EdAUioiionol 
Timet, 






